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Main theme: Compressible 2-phase (liquid-gas) solver for
metastable fluids: application to cavitation & flashing flows

1. Motivation
2. Constitutive law for metastable fluid

3. Homogeneous relaxation model (HRM) for compressible
2-phase flow with & without heat & mass transfer

4. Reduced 5-, 4-, & 3-equation model of HRM

Flashing flow means a flow with dramatic evaporation of liquid
due to pressure drop

Numerical solver of relaxation type will be discussed in next
lecture



Phase transition: Thermodynamic path |

Sample thermodynamic path for phase transition with
non-convex EOS (require phase boundary modelling)
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Phase transition: Thermodynamic path Il
Figure extracted from Saurel et al. (JFM 2008)
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FIGURE 7. Schematic representation of the thermodynamic path using a cubic EOS compared
to the kinetic process represented in dashed lines. (a) With the cubic EOS, hyperbolicity is
lost in the spinodal zone. (b) The present model consists of using a kinetic transformation
to connect the isentropes of liquid and vapour. As no thermodynamic path is involved, the
mixture sound speed is always defined. In the kinetic approach, from a metastable liquid (end of
liquid isentrope) non-equilibrium vapour and liquid are produced at constant specific volume
for the mixture. Vapour production makes the pressure increase. During kinetic evolution the
non-equilibrium points of liquid and vapour move in the direction of saturation curves. At each
non-equilibrium state pressure equilibrium is assumed. When thermodynamic equilibrium is
reached, liquid and vapour states are located on saturation curves. Then, if the specific volume
is increased, the equilibrium concentration evolves and as limit case, the vapour expands along
an isentrope starting from the saturation curve. Note that when the various non-equilibrium
states are omitted, the global transformation path (the bold dashed line), composed of two
thermodynamic paths and a kinetic one, gives a transformation very closed to that of van der
Waals. The main difference is that ill-posedness issues have been removed.



Dodecane 2-phase Riemann problem

Saurel et al. (JFM 2008) & Zein et al. (JCP 2010):
@ Liquid phase: Left-hand side (0 < z < 0.75m)

(pvs P11, p, ), = (2kg/m®, 500kg/m’, 0, 10°Pa, 10°%)
@ Vapor phase: Right-hand side (0.75m < z < 1m)

(pvs 1 1, D, 00) p = (2kg/m®, 500kg/m’, 0, 10°Pa, 1 —107%)

< Membrane

Liquid Vapor




Dodecane 2-phase problem: Phase diagram

Initial condition in p-V phase diagram
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Dodecane 2-phase problem: Phase diagram

Thermodynamic path in p-V' phase diagram
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Dodecane 2-phase problem: Sample solution

density (kg/m?) velocity (m/s) pressure(bar)
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Dodecane 2-phase problem: Sample solution

Density (log( kg/m Velocity (m/s) Pressure (log(bar))
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Expansion wave problem: Cavitation test

Saurel et al. (JFM 2008) & Zein et al. (JCP 2010):

o Liquid-vapor mixture ((yapor = 1072) for water with

Pliquid = Pvapor = 1bar
ﬂqu|d — Tvapor - 3547284K < TSat

Pvapor = 063kg/m3> pxs/aatpora Pliquid = 115Okg/m3> plsiiltuid
sat

g > Gvapor > Jliquid

@ Outgoing velocity © = 2m/s

< Membrane

— —u u —




Expansion wave problem: Sample solution

Density (log(kg/m®)) Velocity (m/s) Pressure (log(bar))
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Expansion wave problem: Sample solution

density (kg/m?) veIOC|ty (m/s)  pressure(bar)

10
-t=0
—t=3.2ms

—t=0
J|l—t=3.2ms

- 10°
0 0.2 0.4 0.6 0.8 1

vapor mass fraction g, — g; (J/kg)
1'; S = \ Equilibrium

i B Gibbs free
o8 ’ energy
06 ’ inside
o : cavitation
D'z pocket

0 0.2 0.4 0.6 0.8 1 1




Expansion wave problem: Phase diagram

Solution remains in 2-phase mixture; phase separation has not
reached

Liquid 2-phase mixture




Expansion wave @ = 500m/s: Phase diagram

With faster « = 500m/s, phase separation becomes more
evident
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Expansion wave @ = 500m/s: Sample solution

density (kg/m?) velocity (m/s) ~ pressure(bar)
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Constitutive law: Metastable fluid

Stiffened gas equation of state (SG EOS) with
@ Pressure

Pr(er, pr) = (e — 1)ex — VePook — (Ve — 1) pr7e

@ Temperature

Pk + Pook
T, =
@ Entropy
T,k

sk(pr, Tx) = Cyy log ( + 7,

Pk + pook)’wc_l

@ Helmholtz free energy a, = e, — Ty S%
@ Gibbs free energy gr = ax + piVi



Metastable fluid: SG EOS parameters

Ref: Le Metayer et al. , Intl J. Therm. Sci. 2004

Fluid Water
Parameters/Phase Liquid Vapor

0l 2.35 1.43
Poo (Pa) 10° 0

n (J/kg) —11.6 x 103 2030 x 103
n (J/(kg - K)) 0 —23.4 x 103
C, (J/(kg - K)) 1816 1040
Fluid Dodecane
Parameters/Phase Liquid Vapor

v 2.35 1.025
Poo (Pa) 4 x 108 0

n (J/kg) —775.269 x 103 —237.547 x 10?
n (J/(kg - K)) 0 —24.4 x 103

C, (J/(kg - K)) 1077.7 1956.45




Metastable fluid: Saturation curve

Assume two phases in chemical equilibrium with equal Gibbs
free energies (g1 = ¢2), saturation curve is

B
G(p,T) = A+T+Clog T+ Dlog(p+poo1) —10g(p+pocz) = 0

A:Cp1_0p2+7ié—771 g _Mm=m
Cp2 - 0112 ’ Cp2 - Cv2
C: Cp2_0p1 D= Cpl_c'vl

Cp2 - 611127 Cp2 - O’v2



Metastable fluid: Saturation curve

Assume two phases in chemical equilibrium with equal Gibbs
free energies (g1 = ¢2), saturation curve is

B
G(p,T) = A+T+Clog T+ Dlog(p+poo1) —10g(p+pocz) = 0

Cp1 — Cpa+1mp — 1 B = M — 72

A= , =_n_h
Cp2 - 0112 Cp2 - Cv2
02—01 Cl_cvl

O = 2P 2y D= 2P
Cp2 - CU2 Cp2 - O’v2

or, from dg; = dgs, we get Clausius-Clapeyron equation

dp(T) L}L

dT N T(Ug - Ul)

L, = T(sy — s1): latent heat of vaporization



Saturation curves for water & dodecane in T' € [298, 500]K
pressure(bar) latent heat of vaporization (kJ/kg)
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Homogeneous relaxation model: 2-phase case

Consider 1-velocity homogeneous relaxation model (HRM) for
compressible 2-phase flow of form

O (c1p1) + V- (aaprtd) = v (92 — g1)

Oy (a2p2) + V - (agpeti) = v (g1 — g2)

O (pti) + V- (pii @ @) + V (cup1 + aop2) =0

O (aup1Ey) + V- (aip1 Byl + aqprii) +3 (w, V) =
ppr (p2 — p1) + 017 (T = Th) + vgr (g2 — g1)

O (aapaEy) + V - (qopa Exti + qiopatl) — 3 (w, V) =
ppr (p1 — p2) + 017 (11 —T3) 4+ vgr (91 — 92)

Oroq + - Vay = p(p1 — pa2) +vvr (91 — 92)

¥ (w, Vw) is non-conservative product (w: state vector)

. a
Y =11V (ap2) = YoV (aip)], Y= l;pk




i, 0, v — oo: instantaneous exchanges (relaxation effects)

1. Volume transfer via pressure relaxation: 1 (p; — p2)

@ [ expresses rate toward mechanical equilibrium p; — po,
& is nonzero in all flow regimes of interest

2. Heat transfer via temperature relaxation: 0 (T, — T)

o 0 expresses rate towards thermal equilibrium 77 — 15, &
is nonzero only at 2-phase mixture

3. Mass transfer via thermo-chemical relaxation: v (g2 — ¢1)

@ v expresses rate towards diffusive equilibrium g — g9, &
is nonzero only at 2-phase mixture & metastable state
Tliquid > Tsat



Mass transfer modelling

Typical apporach to mass transfer modelling assumes
m =" +m"
@ Singhal et al. (1997) & Merkel et al. (1998)

m+ _ C'prod(l - al) max(p — Dv, O)
o o= C'lquélpl mln(p — Du, O)
pvtooplUgo/Q

@ Kunz et al. (2000)

o Coroadi (1l — o) — Chiqot1 pp min(p — py, 0)

m = s
pltoo pltooplUgo/Q




@ Singhal et al. (2002)

- Cpmd\/ﬁpl Fmax(p_pv’o)}lm

"o 4 3 P1
e 2 min(p — p,, 0)]"*
i = Cu,, [2mits =)
a 3 P1
@ Senocak & Shyy (2004)
ot - max(p—p,,0) - — _ pimin(p —p,,0)
(pl - pc)(‘/vn - ‘/ln)2too’ pv(pl - pc)(‘/vn - ‘/ln)2too

@ Hosangadi & Ahuja (JFE 2005)

. . O)
e Py min—p,
m prod pz( 0(1) pOOUOQO/Q
. — Pv max(p _me)

= O
" o T U2




HRM model in compact form

Ow + V- f(w) + B (w, Vw) = ¢ (w) + vo(w) + ¢ (w)

where

— T
w = lay, ai1pr, aope, pi, arp By, agpiBs, o)

f= [0410117, Qopotl, Pl @ U+ (aipr + 042172)?,
ay (p1Ey 4 p1) U, as (peEy + pa) 4, O]T
0,0, 0, ¥ (w, Vw), =% (w, Vw), @-Vay]"

B =10,
=10, 0, 0, pupr (p2 —p1), ppr(p1 —p2), u(p —pz)]T
= [0,
=[v

0,0, 0, 0Ty (T, = Tv), 0T, (Ty — T3), 0]"
(g2— 1), V(g1 —92), 0, vgr (92 — g1),
vgr (91 - 92)7 4% (91 - 92)]T



HRM: Mathematical structure

@ Balance Laws with non-conservative products

o Classical Rankine-Hugoniot conditions for discontinuous
solutions need to be modified

o Stiff relaxation terms

@ Model is hyperbolic when physical states lie in region of
thermodynamic stability

@ Reduced model when y — 0, 8§ — 0, v — 0, or u — o0,
0 — oo, v — o0 is popular in practice



Homogeneous relaxation model: Hierarchy

Flow hierarchy in HRM: H. Lund (SIAP 2012)




Sequence of HRM limits we considered are y1 — oo, uf — oo,
& by —




HRM: with pressure relaxation only

Assumes frozen thermal & chemical relaxation, i.e., 0 =0 &
v =0, HRM becomes 2-pressure volume-transfer model with
pressure relaxation

O (anpr) + V- (agpi) =0

O (azp2) + V - (agpati) = 0

Oi(ptl) + V - (pu @ @) + V (cup1 + aop2) =0

O (a1 Br) + V- (a1p1 Byt + agprid) + X (w, V) =

ppr (p2 — p1)
O (a2p2Es) + V - (aapa Esti + agpoti) — X (w, Vw) =
ppr (pr — p2)

Oy + U - Vag = pu(p1 — pa)
That is, model written in compact form

Ow+ V- f(w) + B(w, Vw) = ¢, (w)



Reduced 5-equation model: HRM with pressure

relaxation p — 00, 0 =0& v =10

Assume 1 = 1/ & apply formal asymptotic analysis to HRM
with stiff pressure relaxation term, Murrone & Guillard (JCP
2005) proved as ¢ — 0 leading order approximation is

O (a1p1) + V- (up1i) = 0
O (az2p2) + V- (agpati) = 0
9 (pui) +V - (pu® @)+ Vp =0
0,(pE) + (pm + p?a) —0

]

2 — pc?
ata1+a-v@1:< 2p22 pl; )V
pici/an + pacs /s

Mixture pressure p = p(pe, p1, p2, 1) determined from

pe = aiprer(p, p1) + aapaea(p, p2)



Reduced 5-equation model: Entropy transport

1. It can be shown entropy of each phase s; now satisfies

D:
%z@tsk—i—@Vsk:O, for k=1,2

2. Since product ajay is expected to be small, Shyue (JCP
1998), Allaire, Clerc, & Kokh (JCP 2002) proposed to use

Oy +1U-Va; =0

yielding so-called 5-equation transport model

In this case phase entropies follow

apl DSl ap2 D82 ) , )
2 s [0O0pP2 Dsy _ B .
<851)p1 Dt 9s2 ), Dt (mct = pac3) V - @



Reduced 5-equation model: Mixture EOS convexity

Define specific volume of mixture V' as
V="V +Y5Vs

Y}, remains constant across compression waves & each phase
follows its own isentropic curves Ds; /Dt =0 for k = 1,2

From second thermodynamic law de,. = T'dsy — pdV),, we have
dek(p, Vk) + pde =0 — Vk(p)

Derivatives of specific volume with respect to pressure are

dV(p) dVi(p) dVs(p) . dVi(p) 1
— =Y +Y <0 if — <0
dp Y dp > dp dp  pci
*Vip) ., dVilp) |, @*Va(p) . d*Vi(p)
07 =Y 0 +Y5 e >0 if e >0

Mixture compression waves have same qualitative bahavior as
single phase compressible flow



Reduced 5-equation model: Volume fraction

Volume-fraction equation can be viewed as differential form of
pressure equilibrium condition

p1(p1,51) = p2 (p2, 52)



Reduced 5-equation model: Volume fraction

Volume-fraction equation can be viewed as differential form of
pressure equilibrium condition

p1 (p1,51) = P2 (p2, 52)

That is, result from differentiating above along fluid trajectory
Op\ Dpr, (O Dsi_ (Opa Dpz, (Op2  Dsz
(9,01 1 Dt 881 o1 Dt 8p2 2 Dt 882 02 Dt

Using (i) phase sound speed ¢ = d,, px, (ii) phase mass

equations

Dow _ _pe Do o o
Dt an Dt

& (iii) isentropic assumption along Dsy/Dt = 0, we get
2D 2D
P16 Pag —plcfv-ﬁ*—pﬂ)g Q2

2 —
= — sV - U
(03] Dt (0] Dt P26




Rearranging terms & using a; + ap = 1, we find

Day _ ( 20205 —0102 ) V.
Dt Plcl/a1+P2C2/@2
D 0
=KV -u, —=—+4u-V

Dt Ot



Rearranging terms & using a; + ap = 1, we find

Da; _ ( pacs — p1ci ) V.
Dt p163 ey + paci/ag
D 0
—KV-i, —=—14i-V
Y Dt o ¢

Assume K < 0, i.e., pacd < p1c? (phase 1 less compressible)

@ Compaction effect (K V -4 > 0)
oy increases when V -4 < 0 (compression or shock waves)

@ Relaxation effect (K V -4 < 0)
a decreases when V - @ > 0 (expansion waves)

@ No effect
oy remains unchanged when V - @ = 0 (contacts)



Reduced 5-equation model: Subcharacteristic

Mechanical equilibrium sound speed ¢, < ¢, (frozen speed)

— Zak & Pff—ZOékPka

p Pk(‘



Reduced 5-equation model: Subcharacteristic

Mechanical equilibrium sound speed ¢, < ¢, (frozen speed)
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——p relax
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awater
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Non-monotonic ¢,
leads to stiffness
in equations &
difficulties in
numerical solver,
e.g., positivity-
preserving in
volume fraction



Reduced 5-equation model: Derivation

Take formal asymptotic expansion ansatz
_ 0 1
w=w +ew +---

Find equilibrium equation for w® as 1 = 1/ — oo (¢ — 0T)
Define material derivative

D 0

N TR V4

Dt ot

Rewrite energy & volume-fraction equations in form

Dp, e - mcphl
- V.= - _
Dt +pcaV-u o - (p2 — 1)
Dp, 2 L pachy 1
—— + sV U= —(p1 —
Dt P26y oy € (p1 — p2)
DOél o 1 ( )
Dt = P1— D2



Assume formal asymptotic expansion as

alza?+€a%+---
pe=pyt+epp - fork=1,2

We get
D
B P Fep+-) £V i =

Dt
1
AL (48— p8) + < (ph— ) + -]
a1 £
D
T e tepy o) + iV il =

71
S0} ) e (ol - ph) ]
1

D
Ft(a(l)jteaijt---)Zg[(p?—Zb)"‘g(p =) -]




Collecting equal power of ¢, we have

e O(1/e)
2 2
=p=0" =p=p" =0
e O(1)
Dp" 0 02 - :09092 1 1
E+P1C1 V-u= ol ( 2—p1)
Dp’ 0 02 - ch(2)2 1 1
E+PQC2V'“: al (1—p2)
Da(l] 1 1




Subtracting former two equations, we find

0 02 0 .02 P?C(f /)3032 1 1
<P101 — P26y ) V.-u= o T % (p2 - pl)
Qg Qg

ie.,

0 0 .02 0 .0?
Doy 1 _ P2C2 — P16 Vi
_pl_p2_ 0 .02 0 0 .02 0 s U
P1C1 /0‘1‘*‘ch2 /0‘2



Reduced 4-equation model

Assume frozen chemical relaxation v = 0, HRM in
mechanical-thermal limit as y — oo & 6 — oo reads

(Saurel et al. 2008, Flitten et al. 2010)
O (pid) + V- (pi @)+ Vp=0
OE+V - (Eu+pid)=0
9 (pY1) +V - (pY11) = 0

Model closure: isobaric-isothermal,i.e., p & T equilibrium

Mechanical-thermal equilibrium speed of sound satisfies

1 1 r r, \? 1 1
e G 1)/ e )
PCyr PG P63 P1Cy Q1p1Cp1 X2P2Cp2




Model closure: p1" equilibrium solution

With stiffened gas EQS, it follows from
v=Y01(p,T) + Yova(p, T)  (v=1/p, vi =1/px)
e =Yiei(p, T) + Yaea(p, T)

that we have

- 1Cy, T — 1)C, T
v, (71 = 1)Cun +Y2(72 )Clo2
p+poo,1 p+poo,2

e =Y1C,,T (M) + Yigi+
p +poo,l
D+ V2Doo,2
p +poo,2
yielding single quadratic equation for p (not shown) & explicit
computation of 7"

i % (71 - 1)Cv1 Y, (72 - 1)0112

1
pl P+ Poo1 P+ Poo,2

Y,C, 0T ( ) + Yaoqo



Reduced 3-equation model

As all relaxation parameters go to infinity; z — 0o, z = p, 0,
& v, limit system of HRM is homogeneous equilibrium model
(HEM) that follows standard mixture Euler equation

O (pi) + V- (pi @ 1)+ Vp=0
HE+V - (Bi+pi) =0

This gives local resolution at interface only

a1p1 (@)QJr Q22 (@)2
Cpl dp Cp2 dp

Speed of sound satisfies

1 1

2 o 2
pCpTg pcp




Equilibrium speed of sound: Comparison

@ Sound speeds follow subcharacteristic condition
Cprg < Cpr < Cp < Cf

@ Limit of sound speed

hmc-hmc-hch—ck lim c,r Cr,
ap—1 ! ap—1 P ap—1 P ’ ap—1 pLg #
10°* :
——frozen
——p relax
S10° ! ; . pTrelax |
3 ~' —+—pTg relax
2
SHo
é 1
Q_)Q‘lO
S
0
(80
107"

0 0.2 0.4 0.6 08 1
awater



5-equation model: liquid-vapor phase transition

Modelling phase transition in metastable liquids Saurel et

al. (JFM 2008) proposed

O (a1pr) + V- (i) =1

O; (a2p2) + V - (appati) = —1in

O (pi) + V- (pi @ 1)+ Vp =0
WE+V - (Fi+pi)=0

K, 1 L.
KL a

1
7 (03] (6) . 2
oo (i) - mend
K! K? r r
QIZ(—S+—S)/<—1+—2)7 Q=0(1>-Ty)
(03] 9 (03] (6)

K!  K? 2 2
pI:< =+ 5)/(—1‘1"—2)7 = v(g2 — g1)
(03] (6) (03] 9

atal +V. (011’1_[) = 7




Reduced model: Remarks

1. Mathematically, 5-equation model approaches to same
relaxation limits as HRM, but is difficult to solve
numerically to ensure solution to be feasible



Reduced model: Remarks

1. Mathematically, 5-equation model approaches to same
relaxation limits as HRM, but is difficult to solve
numerically to ensure solution to be feasible

2. Saurel et al. (JCP 2009) & Zein et al. (JCP 2010)
proposed HRM based on phasic internal energy as
alternative way to solve 5-equation model



HRM: Phasic-internal-energy-based

HRM based on phasic internal energy formulation of Saurel et
al. (JCP 2009) & Zein et al. (JCP 2010) is

a1p1) + V- (apii) = v (g2 — g1)
apz) + V- (qpti) = v (g1 — ga)
pi) + V- (pi ® @) + V (a1p1 + azps) = 0
arpier) + V- (aaprerti) + aipiV - i =

1p1 (p2 — p1) + 017 (Ty = Th) + vgr (g2 — g1)
O; (qapaea) + V- (appaeatl) + aopoV -t =

ppr (pr — p2) + 077 (11 — Tz) + vgr (91 — 92)

Oy +1 - Vay = p(p1 — p2) + vvr (92 — g1)

To ensure conservation of mixture total energy include

O (pE) + V - (pEU + pi) =0



HRM: Phasic-total-energy-based

Numerically more advantageous to use HRM based on
phasic-total-energy formulation than phasic-internal-energy
one; for ease of devise mixture-energy-consistent discretization
Pelanti & Shyue (JCP 2014), i.e.,

O (1p1) + V- (aupd) = v (g2 — g1)

Oy (a2p2) + V - (agpeti) = v (g1 — g2)

O (pti) + V- (pii @ @) + V (cup1 + aop2) =0

O (aup1Ey) +V - (a1p1 Byt + aqprii) + X (w, Vw) =
ppr (p2 —p1) + 077 (1o = Th) + vgr (92 — g1)

O; (opaFy) +V - (appa Byl + qopoti) — X (w, Vw) =
ppr (pr — p2) + 0T (11 —Tz) + vgr (91 — 92)

Oy + 1 - Vay = p(p1 — p2) + vvr (91 — g2)



Phase tranition models: Summary

1. T-equation model (Baer-Nunziato type)
o Zein, Hantke, Warnecke (JCP 2010)

2. Reduced 5-equation model (Kapila et al. type)
o Saurel, Petitpas, Berry (JFM 2008)

3. Homogeneous 4- or 6-equation relaxation model
o Zein et al., Saurel et al. , Pelanti & Shyue (JCP 2014)

4. Homogeneous equilibrium model

o Dumbser, Iben, & Munz (CAF 2013), Hantke, Dreyer, &
Warnecke (QAM 2013)

5. Navier-Stokes-Korteweg model



