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Where is NCSU? |

A Triangle: Duke (private), Durham; UNC (law/
medical), Chapel-Hill, NCSU (engineering), Raleigh

1 Research Triangle (centroid): Head-quarter of IBM &
Lenovo

d Head-quarter of Red-Hat (Linux)

d Home of SAS (largest statistics software, originated
from NCSU)

A NSF Center: Samsi (Statistic and applied
mathematics Institute)

d NISS, ARO, pharmaceutical, communications, ......

NC STATE UNIVERSITY IB-AM, Beijing
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Outline
d Problems - PDES & Analysis/simulations

» Can we model snowflakes?
» Drop spreading
» CFD and applications (flow past obstacles)
O  Numerical methods (IB, IIM, IFEM, Augmented IIM ( idea,
procedure, why & how)
» Why Cartesian/structured mesh?

» IB =2 |IM, regular problem - Source terms (Peskin’s IB model) >
lIM = AlIM

d How to evolve free boundary/moving interface?
» Front tracking method
» Level set method

d Conclusions

NC STATE UNIVERSITY IB-1IM, Beijing
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The Immersed

Interface Method

Numerical Solutions of
PDEs Involving Interfaces
and Irregular Domains
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Heat Propagation in
Heterogeneous material

dHeat propagation through heterogeneous
materials (an interface problem)

-p

(a) (b)
40 % 40

-1 0.5 1] 0. < 1

ttme = 0.01

Figure 1.1: Heat propagation in different materials. {a) Contour plot of the temperature.
(b) Mesh plot of the solution.

NC STATE UNIVERSITY IB-IIM, Beijing 7
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Heat propagation through
heterogeneous materials |l

u, =V -BVu, —1l<x,y<l1
i 1
1 if x> +y°<—

B =+ YT
1100 otherwise

BC: u(x,l,t)=sim((x+ 1)/ 4),
u(l, y,t)=sm((y+1)m/4),
u=20 clsewhere.
IC u=0, [u]=0, [Bu ]1=0, [« ]+#O.
IB-IIM, Beijing
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Formulations of Snowflakes (Crystal
Growth)

dHeat equation with non-linear BC

Solid T < T Liquid T < Ty
A
pca—T:V-(,BVT), pLV:_[ﬁa_T:|
ot on
dX
T 9t =—EK—E V, ° :V
(x,1) . y —en

NC STATE UNIVERSITY 9 IB-1IM, Beijing
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Stefan Problem and Crystal Growth

(b)

1 Stability analysis:
dynamically unstable
for some medium

L SR S SN S-S

modes (exp(-k1t)) o } a @

NC STATE UNIVERSITY 10 IB-IIM, Beijing
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Simulation: Crystal Growth
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Underground Water Flow

 Ideal flow (steady state, potential flow)
—Ve([Vu)=0, 1/f is the permeability

ou =1, ou =( along other sides
an x=a n Stream function, m=n=160, contour=50
1.5E \
2

0.5F

0\-

—0.5¢F

e
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Drop Spreading

A simplified model (Hunter, Li, Zhao): The velocity of the
moving front V=6, - 6, (difference in dynamic and static
contact angles). 6, is computed from the Laplacian
equation.

t=0 t=4.4481

i =0 i BEEE

05 b
05 05

NC STATE UNIVERSITY 13 IB-IIM, Beijing



Zhilin LI

Flow pass a cylinder

Re=20,-2:5:0.2:2.5
T T

Re=40,-2:5:0.2:25
T
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Flow pass a cylinder: li

Re=100,-2:5:0.2:25
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Icon on Math Dept Web-page

Mathematics Home
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People
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Chertock named Math Department head
Mathematics Resources

Professor Alina Chertock has been named the new

Faculty/Staff Resources head of the Mathematics Department.

Support the Department Chertock has been with NC State since 2002 and
was serving as interim department head prior to
her permanent appointment. She is also an
Contact Us adjunct professor at the Moscow Institute of
Phvsics and Technaoloav in Russia and has held

NC STATE UNIVERSITY 16

Visitors

Department

of Mathe

2006 NC State Departmental Award
for Teaching and Learning Excellence

2010 American Mathematical Society

Award for an Exemplary Program or
Achievement

in a Mathematics Department

2011 American Mathematical Society
Award for Mathematics Programs
that Make a Difference

IB-1IM, Beijing
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Flow pass a dumbbell, two cylinders

p=0.05
T
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Navier-Stokes Egns with Interface

O The PDE model is the basis of Immersed Boundary (IB) method.

%+u-Vu+Vp=,uAu+g

ot
Veu=90

u,, = given velocity

1 Projection method:

ok
u Atu + (u’VU)k+l/2 +(Vp)k—l/2 — %(Auk + AM*)+ Fk+1/2 + Ck
Veu o0
+Cf, —=0
At >’ on
U =u" - AtV +Cy
Vpk+l/2 — Vpk—l/z + V¢+ Cf

NC STATE UNIVERSITY IB-1IM, Beijing 18
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Permeability of concrete

 Estimate the permeability of
concrete
» Probability of random work

» Laplacian equation exterior
with Neumann BC.

Cordudp .S, Yol 0¥

Au =0, exterior

Jdu Jdu

—| =1, — =0 along other sides
on| _, on

S
Lt IR
O

1 1 1 1
o 0.2 o4 0.6 0¥ 1

NC STATE UNIVERSITY IB-1IM, Beijing 19
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Numerical Simulations

JAnalytic solutions are rarely available

JApproximate solutions

» Analytic approach: series solution, asymptotic,
perturbations, efc.

» Use computers

JNumerical solutions using computers

» A mesh (or a grid) Body fitted mesh, Cartesian,
structured or non-structured, mesh-free

» Discretization: Finite difference/element,
volume, ...

NC STATE UNIVERSITY IB-1IM, Beijing
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Why Cartesian grid method?

Cartesian or adaptive Cartesian grids.
why? :
1Simple (no grid generation) \
ANeed less adaptively due to high ol
resolution A

JCoupled with other Cartesian grid o
methods (FFT, level set method, Clawpack,
structured multi-grid method)

dLess cost for free boundary/moving
interface problems, topological changes

NC STATE UNIVERSITY IB-1IM, Beijing 21
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Simulation of free boundary
moving interface Problems

dSolve the governing PDEs

» Discontinuities in the coefficient, solution, flux,
iIrreqgular domain ...

dEvolve the free boundary or moving
interface Problems
» Front tracking (Lagrangian)
»Level set method (Eulerian) J O
»Volume of fractions (VOF)

2 0 2 4
NC STATE UNIVERSITY IB-1IM, Beijing 22
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A brief review of PDE solvers

dPeskin’s Immersed Boundary (IB) method
d Smoothing method

S [ rwe]

:

JHarmonic Averaging

dIntegral equation, FMM (Greengard, Mayo et al.)
d FEM with body-fitted grid (Chen/Zou, Babuska...)
dIFEM (Z. Li, S. Hou & X-D Liu, J. Dolbow.. ... )

d GFM (Fedkew), Hybrid method, Virture nodal

a IIM (LeVeque, Li, Lee, Calhoun, Zhao,...)
 Advantages and limitations ...

NC STATE UNIVERSITY IB-1IM, Beijing 23
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Immersed boundary (IB)

d C. Peskin’ s IB method:

» Modeling and simulation of heart
beating/blood flow: treat the complicated
boundary condition as a source distribution:
Irregular domain (with BC) - rectangular
box (no-BC)

inferior vena cava

A Human Heart Diagram

aorta
pulmonary artery

tricuspid valve

right ventricie

p(g—?+u-Vu]+Vp=V0u(Vu+VuT)+Irf(s) xX= ds+g

» Numerics: Use a discrete delta function to distribute the source

to nearby grid points

» Simple, robust, popular, application in bio-physics, biology, and

many other areas

» First order accurate, area conservation, non-sharp interface

method

NC STATE UNIVERSITY IB-IIM, Beijing
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Immersed Boundary Method

dImmerse the heart into a rectangular box
dThe NSE are defined on the entire box!

 The boundary condition is treated as a source
distribution (Dirac delta function)

p(%+u-Vu]+Vp:VO,LL(Vu+VuT)+jrf(s)5(x—X(S))dS+g

Veu=0, dar =u(X(s),Y(s),1)

Rk

NC STATE UNIVERSITY IB-1IM, Beijing 25
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A REU Project, 2010, NCSU

1 IB (smoothing + discrete Delta function) may not converge for the
following _
(Pu)'=Co(x—a)+CoO'(x— )
u(0)=0, u(1)=0
0 QUESTION lll: What is the solution or the jump
conditions for
(Bu"'=Co(x)+CS'(x)
linear BC at x=0, u(1)=0?
U Derived the jump conditions; Defined (consistent) weak
solution; Derived relation of the weak solution with the

- Confirmed theoretical results with
numerical implementation.

NC STATE UNIVERSITY IB-1IM, Beijing 26 26
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[IM in1D, simple case

dEquations: u"=f(x)+Co(x—a)
u(0)=u, u(l)=u,
dOr u"=f(x), xe0,0)U(x,1)
u(o+)=u(a-), u'(a+)=u'(a—)+C
u(0)=u, u(l)=u,

A uniform grid:

— +
:II():GB ¥ ’6 zy =1
—o—

— @ x-jo :i‘j+1

NC STATE UNIVERSITY IB-1IM, Beijing 27
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[IM in1D, simple case

Finite difference scheme: One finite difference
equation at every interior grid point

»Regular grid: Standard central scheme

Ui—l _2Ui +Ui+
h2
i=12,....7—-1Lj+1,....,n—1.
U, ,-2U,+U,

= f(x), x,So<x,,

. = f(x)+C,
U —2U ., +U .,
- hjzl 22 = f(x,,)+C,,

NC STATE UNIVERSITY IB-1IM, Beijing 28
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lIM for 1D problem & Analysis

dEquations: (Pu)'=f(x)+Co(x-a)
u(0)=u, u(l)=u,
dOr (Bu")' = f(x), xe(0,a)U(e,))
u(a+)=u(a-), fula+)=Lu(a—)+C
u(0)=u, u(l)=u,

A uniform grid:

- ¥
.

— @ x-jo :i‘j+1

NC STATE UNIVERSITY IB-1IM, Beijing 29
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IIM for 1D problem, I

JFinite difference scheme: One finite difference
equation at every interior grid point

»Regular grid: Standard central scheme

:Bi—l/zUi—l B (:Bi—l/z + i+1/2)Ui + IBi+1/2Ui
h2
i=1,2,...,j—1j+1,...n—1.

== f(x,)

»Irregular grid points,  x. and x,,,

NC STATE UNIVERSITY IB-1IM, Beijing 30
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Derive FD at the two irregular grid points

JFD scheme:
7/j—1Uj—1 + 7jUj + 7/j+1Uj+1 — f] + Cj

dDetermine the coefficients and the
correction term

dinterface relations: YoV Vi C;
u =u, u:=—+u;+C, u:xz'B—+u;x
B B

NC STATE UNIVERSITY IB-1IM, Beijing 31
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Derive FD at the irregular grid point, Il

L Undetermined coefficient method to minimize
the local truncation error at a

Tj — 7]—1u(xj—1) + 7ju(xj) + 7j+1u(xj+1) _.]Fj T Cj

(x i—1 a)z

u(x,_)=u +u (x,_,—o)+ / 5 u_ +O(h’)
_ _ (x'_a)z - 3
u(x;)=u +u, (x;, —a)+— u_ +0(h)

2
. —

u(xj+1) =u" +u; (xj+1 —a)+ (XJH ) U, + O(h3)

_ - (x.  —)?
:u_+—+1/t;()cj+1—0()+'6+ (21 ) u;x+0(h3)
p p 2

NC STATE UNIVERSITY IB-1IM, Beijing 32
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FD at the irregular grid point, Il

 Taylor Expansion + interface relations +
undetermined coefficient method

Tj — 7/j—1u(xj—1) + 7ju(xj) + 7/j+1u(xf“) - JF/ N Cj

(xj—l T 0()2

=7a (u +u, (xj—l —o)+ u,, + O(h3))

(xj _a)2
2

W)+ oy, %cu

W)~ f,-C,

+y,w +tu (x, —a)+ 1 — )

5

+ yj+1 (u_ + ﬁ+ u; (xj+1 —0()

4 ,B_ (xj+1 _a)z
Vo 2
= u_(?/jq + Vi + 7/j+1)+ u;(yj—l (xj—l —o)+ 7 (xj — o)
N _ (x,, —)’ (x, —)*
+ yj+1 % (xj+1 - 0()) + uxx(yj—l - 12 7/j . 2
ﬁ_ (xj+1 _a)z
o 2

NC STATE UNIVERSITY IB-1IM, Beijing 33
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Set-up equation

 The linear system for the coefficients:

ViatTV,atVia= 0
,B_
i

(x;,, — ) (x;, —)° T, —a)
]12 +7/j J2 +7j+1§+ J12 :IB

7/ 1( ~1 0()+7/j(xj_0()+7j+1 ()C]H_O() 0

Vi

L The correction term is

C =Cy,,, _,8 (x,,, — &)
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FD Scheme at irregular grid points

It has been proved that if g~ " >0 then the
solution exists and unique.

( vi1= (8" — [B)(z; —a)/h)/D;,
Vi2 = (=267 +[Bl(zj—1 — @) /h)/D;
\ ‘\.']3 - .‘3+/D]s

N

[ vi+11 =0 /Djqa,
Yi+t,2 = (=267 + [B](zj42 — ) /h) /D41,

{ Vi+1.3 = (BT — [Bl(zj41 — a)/h)/Dj41,

N

Dj =1’ +[ﬂ](xj—1 _a)(xj —0()/2ﬂ_, Dj+1 =h’ _[ﬂ](xj+2 _a)(xjﬂ _a)/2ﬁ+

NC STATE UNIVERSITY IB-1IM, Beijing 35
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Theoretical Results

JdThe scheme is consistent and stable.

JdThe scheme is 2-nd accurate in the
infinity norm (point-wise)

JNo interface: back to the normal center FD

scheme

dNo delta function (C=0), then correction term
IS zero.

If 7=/ then we have standard FD
coefficients, only correction term!

NC STATE UNIVERSITY IB-1IM, Beijing 36
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An example and Comparison

QEgn: (Bu)'=0(x—0), u(0)=0, u(1)=0

Bx(1— o) 1

DExaCt SOIn: M(X) :{Ba(l—x) B = ﬁ+a+ﬁ—(1_a)

1M exact

dSmoothing +
discrete Delta

NC STATE UNIVERSITY IB-IIM, Beijing
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Error Estimates

JThe determinant of the FD coefficient
matrix satisfies

dot( A4 CD, If 3 is piecewise cosntant
t(A) =
et(4) C(D; + O(h?)) otherwise

Dj — h2 +[ﬁ](xj—1 _a)(xj—l —0()/(2ﬁ_) = h2

2 2
% SV S % C= Zle_ax , C= 2P
h h Brin DB
=00, T,=0h), T,,=0m), |E|. =00)

Jj+1

NC STATE UNIVERSITY IB-1IM, Beijing 38
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1D example Il

dMany examples:

http://www4.ncsu.edu/~zhilin/lIM/index.html

d Natural jJump condition:

1 1 1
NV=12x%, u(0)=0, u(l) = —+| — — 4
(LBu') x°, u(0) u(l) Vs [,B 5 ja
0

< X<

u(x) =+

x* 1 1 4
—+ ——— | oa<x<l
BT\ BB

NC STATE UNIVERSITY IB-1IM, Beijing 39
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1D example Il
L Discontinuous coefficients only:

Table 2.1. A grid refinement analysis of IIM and harmonic averaging
(HV) for Example 2.2 with o = 1/2, 3~ =1, 8t = 2. Second order convergence in

the infinity is verified.

M | ||Em|lso(ITM) | ratiol/orderl ratio2 | ||Earlleo(HV) | ratio3
20 2.6285~1 5.0683~1

40 5.3523 75 4.9110 (2.2960) 1.2787~1 3.9634
80 1.5980 77 3.3493 (1.7439) | 16.4485 | 3.18427° | 4.0161
160 3.38026 4.7276 (2.2411) | 15.8342 7.9779~9 3.9912
320 9.9130~7 3.4099 (1.7697) | 16.1206 1.992376 | 4.0043
640 2.1176~7 4.6811 (2.2268) | 15.9622 | 4.9835~7 3.9978

NC STATE UNIVERSITY IB-IIM, Beijing

40
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Regular FD = IB =2 |IM

 Regular domain (rectangular, circles,..), no interface/
singularity

Au = f(x)

BC (e.g. Dirichlet, Neuman, Mixed)

4 The FD scheme at (x;y) T

ui—l,j +ui+1,j +ui,j—1 +ui,j+1 _4ui,j _7 _
=Lu fy

h2

EIAU=F; A Discrete Laplacian. Can be solved by a fast

Poisson solver (e.g. FFT, O(N?)log(N)), e.g., Fish-pack, or
structured multigrid

NC STATE UNIVERSITY IB-1IM, Beijing

41
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Poisson Eqn. with singular sources

O Interface problems, simplified Peskin’s IB model
Au= f(x) + jr c(s)o(x—X(s))ds+g

BC (e.g., Dirichlet, Neuman, Mixed)

O Equivalent Problem r
Ju

Au=f(x), x€eQ\T, [u] =0, [Vuen] = {%} = C(s) \
r b y—Yi
| 2

BC (e.g., Dirichlet, Neuman, Mixed)

4 FD scheme (x;y,), regular/irregular 4 el
U ;T U TU T U _4ui, '
J +1,7 hJ2 J+ J :Lhui,j :J(l‘
Uyt +u, ., +u, ., _4ui,j B B
e =Lu, , =f,+C,
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Analysis of IB Method

It is inconsistent! The local truncation error is O(1/h)!
Au=f(x) + [ c()8(x— X (s)ds+g
BC (e.g., Dirichlet, Neuman, Mixed)

+u, o —Au,

hZ

C,= > C6,(x,—X)8,(y,-Y,)As,

QBut it'is first order convergent in the infinity norm!

d Rigorous proof by Z. Li, MathCom, 2014, in press

» Obtain estimates of discrete Green with zero BC
(function and their derivatives)!

» Using the jmaﬁin%technique_to construct the Green
function with the Green function in the entire space

> Construct interpolation functions C’Q% and C?Q°
> Modified first and second discrete Green’ s theorem

Uiy T YU L

=Ly, =/f,+C,
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IIM for a 2D Model Problem

dTwo equivalent forms

Ve (V)= f(x)+

_UQ BVue«Vvdxdy = j

J B Cr=2x¢s)ds

'Q fodxdy+ | ()X (s)ds

»Equation on each domain coupled with the

jump conditions

[u] =0, or [u]=w(s) [ﬂVuOn]—v(S)

EISqutlon IS not smooth or even

discontinuous!

NC STATE UNIVERSITY IB-IIM, Beijing
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lIM for Singular Source

[B]=0, i.e. continuous coefficient

=V e (BVi) = f(x)+ [ V(S)Sr—X(s))ds

[u]=w(s), [Vuen]=v(s) '

dFinite difference scheme t— -x\f’ sV

(correction term only), one FFT
Y51
Ly, ; = J; +C, | \

l

NC STATE UNIVERSITY. IB-IIM, Beijing 45
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Outline of IIM (Finite Difference)

dSimple Cartesian/adaptive Cartesian grids
FD (algebraic) egn at every grid point
» Standard FD scheme away from the interface
(Buz)e + (Buy)y
% { Birrps (Uisrs — Uig) — Bimapog (Ui — Uicay)
+Bigrie (Uigrr — Uig) — Bigapp Uiy — Uig1)} -

» Modified FD scheme at grid points near or on the
interface

NC STATE UNIVERSITY. IB-IIM, Beijing 46
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Key steps of |IM

L Un-determined coefficient method at
grid point near/on the interface

N
(ﬁux)m + (,Buy)y ~ Z Yi U (xt'-l—t'k: 3}3+3k) + Ctj
k

JExpand at on the
interface from each side!

dUse jump conditions to eliminate the
quantities of one side in terms of the ¢
other

] Easier to do in the local coordinate:

NC STATE UNIVERSITY. IB-IIM, Beijing 47
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Set-up a system for FD coefficients

{ (Buz)e + (Buy)y ;- ={ (Bug)e + (Bug)y

— Z Tk U (x‘f-l—’ik: y.?"‘.?k) + Ct.? L
k
Ng \ Q+ /n
=Z’)’k{u*—i—&u?—i—muf—l—---}-I—Ct':f /
k
()Y =() & collect terms ¢ 0¥9 +—Yi
Q- | 2
=Ly Ve (s e )y \ Y1
Sal = O PRI W) LT o 1 (A PR W \
_ _ x oF
+ 35(’){1: e :’Yﬂ_g)u-qq + 36(”}’1: e il)(ﬂs)uf?j t H

+ g?('le "t Fnas [u]= [,Buﬂ]) +C’£§

NC STATE UNIVERSITY. IB-IIM, Beijing 48
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Interface Relations

dFor homogeneous jump conditions, we get:

ut =wu" known
uy =,

ul =pus, p=08/8", known
gy = Pigy + (1= p) uyX”

Uy = Uy T (1= p) ug X"

ufe = pige + (p — Dug, + (p— Dug X"
It depends on the curvature!

IB-IIM, Beijing
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Set-up a system for FD coefficients

Ly, Yag) = 0; (M, Ym) = B
l3(713 th ?71’13) = 181’}-; l4(71? T )7713) = IB-;
15(713 " 7'7713) = 16-; 16(71: T 7'7713) ={.

dHow many points in the stencil?
» ns=6, original [IM
» ns=95, 1-st order maximum principle preserving
» ns=9, 2-nd order maximum principle preserving

NC STATE UNIVERSITY IB-1IM, Beijing >0
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Stability: Maximum principle
preserving lIM
JAdd maximum principle constraint
ve 20, (k) # (0.0),

v <0, if (4, 7x) = (0,0), the center

Set-up an optimization problem:

1 1
min — (qfk — gk)2 = 1in — TH*)/ - fyTg
¥ 2 . ¥y 2

A
s.t. [ ] y=b >0, i (3 4)F#0.0),

Ay

v < 0, if (i, ji) = (0,0),the center

NC STATE UNIVERSITY 51 IB-1IM, Beijing
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Maximum principal preserving |IM

dns=9, nine-point stencil

 Correction term:

L Strictly theoretical proof of 2-nd order accuracy
in Infinity norm

dZero jumps, zero correction (C = 0).

dNo discontinuity in the coefficient ([]=0).,
standard FD scheme of 5-point stencil (-->FFT)

Ui + Ui +Uij1 + Uiy — 404y
h2

= fij + Gy

NC STATE UNIVERSITY IB-1IM, Beijing 52
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Convergence Analysis

Lemma 3.2. Given a finite difference scheme L; defined on a discrete set of
interior points Jo for an elliptic PDE with a Dirichlet boundary condition. Assume
the following conditions hold:

1. Jo can be partitioned into a number of disjoint regions

Jo = UJoUJy---Udng, Jindy =0, ifi#k. (3.36)

2. The truncation error of the finite difference scheme at a grid point p satisfies

Tyl <T3, Vpe€dJi,, i=1,2,---, Nao. (3.37)

3. There exists a non-negative mesh function ¢ defined on U;_,.J; salisfying

Lhép 2 CI > 01 V]) S ']‘ia 1= ]3 27 T, *I\TSZ' (3'38)

Then the global error of the approximate solution {U;;} from the finite difference
scheme at mesh points is bounded by

T;
Fpllee < max @a max — 7 > 3.39
[1Enllee = | max g (max 16 ( )
where I, is the difference of the exact solution of the differential equation and the
approxrimate solution of the finite difference equations at the mesh points, and Jsq
15 the set that contains the boundary points.

IB-1IM, Beijing 53



Zhilin LI

Convergence Analysis

Theorem 3.3. Let u(x,y) be the exact solution to (3.1) and (3.2a)-(3.2b) with
o > 0, and a Dirichlet boundary condition. Assume that: (1). The oplimization
problem (3.25)-(3.26) with the constraints (3.20) using the standard compact 9-point
stencil has a solution {v} at every irreqular grid points; (2). The solution u(x,y)
has up to third order piecewise continuous partial derivatives; (3). The mesh spacing
h s sufficiently small; (4). The following inequalities are lrue:

C &
| lﬂl ~ }) (lﬂd £z>:0 lkfk > T (340)
k

Then we have the following error estimate for {Uj;}, the solution of the finite dif-
ference scheme oblained from the mazimum principle immersed interface method

||U(11~l/_) zjllooSCh (3.41)

where the constant C' depend on the underlying grid and interface, as well as u, [,
and 3.
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Convergence Analysis

Proof: Consider the solution to the following interface problem

[6] =0, [Bén] =1, o0 =1. '

From the results in [11, 44], we know that the solution ¢ exists, and it is unique
and piecewise continuous. Therefore the solution is also bounded. Let

Nz, y) = oz, y) + “min_ ¢(x,y) | . (3.43)
(x,y) <2

Note that the second term in the right hand side is a constant. If (3.40) is true,
then we know that
1+ O(h?), if (x;,y;) is a regular grid point,
L Tri,yi) > Ch . . . . .
n(xi yj) = Z Y&k = = 4 O(1), if (z;,y;) is an irregular grid point.

7 £, >0 h
the first inequality above still holds. At regular grid points we have

Tyl Gl
Lnd(xisy;) — 1
At irregular grid points where (3.40) is satisfied, we have
|T,J| < C4h o C4

AAAAAAA h?

Lhcs(:l‘ia y;) — Cafh C
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A benchmark example

dVariable & discontinuous coefficients, singular
source

Ve(SVu)= f(x)+ jr CS(x— X (5))ds
f(x,y)zS(x2 +y2)+4

x*+y?+1, ifx’+y?<1/4
,B(x,y)={
b
”xz_l_yz’ ifx"+y°<1/4
u(x, = S i
(x,) 1_L_l /4 +| 4,2 /b+Clog(2r)/ b
| 8 b 2
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An Example

(2) (b)

"f"""(( .
KD
S
e A S e SN
Sk
?'f:‘:’:’t‘:‘:‘:":t‘:\‘t‘::u\\\'l{},}{(
'O“;‘:’:‘: "t':‘t:‘g::“u\\\m\\
R
WY
o
o

ffd

Figure 2.5: The solutions for Example 2.2, (@) The function u for the case b = 10, C' = 0.1,
(b) The function —u in the case b = -3, C'=0.1.
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An Example: grid refinement
analysis

Table 3.1. A grid refinement analysis of the mazimum principle preserving
scheme for Example 3.1 with b = 10, C' = 0.1, and Neparse = 6. Average second
order convergence is confirmed.

N finest ]Vb Ty || E N ||x order
42 40 | 4 || 4.8638¢ 1071
82 80 | 5 | 1.4476e 10" | 1.7484
162 | 160 | 6 || 3.012010~° | 2.2649
322 1320 | 7 | 822551079 | 1.8726
642 | 640 | 8 || 2.0599 10~° | 1.9975
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An Example: grid refinement
analysis

Table 3.2. A grid refinement analysis of the mazimum principle preserving

scheme for Example 3.1 with N.oorse = 9. Second order convergence is confirmed.

b =1000, C'=0.1 b=0.001,C =0.1
Niinest | No | ny | Ex || order | Ex |l order
34 40 | 3 | 5.1361 1074 9.3464
66 80 | 4 || 8.2345107° | 2.7598 2.0055 2.3204
130 160 | 5 || 1.8687 10> | 2.1878 || 5.8084 10" | 1.8280
258 [ 320 | 6 || 4.0264107°% | 2.2394 || 1.374110~" | 2.1031
514 640 | 7 || 9.43010~7 | 2.1059 || 3.5800 1072 | 1.9514
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Discontinuous Solution
Ve(SBVu)= f(x)+ jr CS(x— X (s))ds

x> —y°, ifx*+4y° <1
u(x,y) =5 .
sin(x) cos(y

AR
Y %A
//4,," & X
2 XXX
i
U M‘.‘ (W)
i, "

i
T
l/gl'qutlzl‘ ()

i

AN
O

\
N
LTRSS
LTS
it
S

Figure 3.3. (a). The solution of Example 3.2 with jumps in the solution
as well as in the normal derivative. The parameters are 37 = 1, 3= = 100, and
Nyinest = 82. (b). The error plot with the same parameters. The error distribution
is better than that obtained from the siz-point immersed interface method.
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A grid refinement analysis

Table 3.3. A grid refinement analysis of maximum principle preserving
scheme for Example 3.2 with N.oparse = 9, average second order convergence is
confirmed.

Bt =1000,8-=1 | At =18 =1000
Nyinest | Ny | ny | BN | order | En |l order
34 40 | 3 ][ 1.832210°! 8.0733107%
66 80 | 4 || 3.5224107° | 5.9574 || 3.0371 10~ | 1.4739
130 | 160 | 5 | 4.5814107° | 3.0090 || 7.1981 10~* | 2.1238
258 [ 320 6 | 1.4240107° | 1.7049 || 1.6876 10~* | 2.1162
514 | 640 | 7 || 3.1501 1079 | 2.1887 || 2.7407 10~ | 2.6371
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Algorithm, efficiency analysis

(a) (b)
LAAL) BN LAY LB LR ) LEELELELE R L R LB L R | LA | 2
100}
154
80 1+
0.5F
60
oF
40}
-05+
20+
_1_
G\9/"”’-6\9/6\e——F“‘o
oF 1 -5
il il il Al il Al Al
107 107 107" 10° 10' 10° 10° - s . . . . s s
2 15 -1 -05 0 05 1 15 2

Figure 3.4. (a). A plot of percentage of the CPU time used for dealing
vith interfaces versus log(8%Y/87). The azxes are about [1073, 10°] x [0, 100].
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Algorithm, efficiency analysis

Table 3.4. The CPU time for Example 3.2 with different parameters using

an IBM SP2 machine. The outputs vary with machines.

Nipinest | Ny | i | Neoarse | B~ AT | CPU time (s)
130 x 130 | 160 | 5 9 10 1 0.03
208 x 258 | 320 | 6 9 1 1 0.03
208 x 258 | 320 | © 9 1 100 0.05
208 X 208 | 320 | 6 9 1 10000 0.06
208 x 258 | 320 | © 9 100 1 0.06
208 x 258 | 320 | © 9 10000 1 3.29
514 x 514 | 640 | 7 9 1 1000 0.15
514 x 514 | 640 | 7 9 1000 1 0.35
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IIM in 3D

Q 1IM in 3D (Li, Deng,lto) using a level set
representation

Au=f(x)+]

[u]=w(s,s,), [Vuen]=v(s,s,)

v(s,,8,)0(x— X(s,,5,))ds

(Sl 952)

A regular grid point: standard central 7-point stencil

MNs
/ .- R .. r.., — £.. ..
E :Al-m Tz-+-zm J+im k+km — Oijk Lz_')k. — fz-]k. + Czjk.a

T
_ Bixas2,.k | _ Bijx1/2.k
Yitl,5,k = — 2 Yijt1,k = 72 )
_ Bijkx1/2
Yi, g, k1 = — 2z
Yi gk = — ( Z"/’iﬂ,j,k + Z"z’i,jil,k + Z":’i,j,kﬂ) ;
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IIM in 3D, at an irregular grid

A local coordinates

§ = @—X)azge+W-Y)aye+(2—-2) azx
n = (z—-X) agy +(y-Y) Qyn + (2= 2) Qzp
T — (:B—X)a;pr+(y_)/)ay‘r+(z_Z)a:‘r,

dcosines computed from level set function

— % — . . \T 2 12 2
§= "z (¥zs Py> ¥z2) /\/sow + 92 + 93,
N = (py, =@z, 0)7/1/02 + 2,
S ‘
T=—, where s= (.0, yp:, —2 — ).

s|
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lIM in 3D, at an irregular grid

dinterface T
relations:

»2 given =

» 8 derived : -
JdThe rest wa (v -5 ) e (v = 5o o
processisthe 7 77
Same . ':_,f;_ ,_+
»Need surface ..o ... (= ), (5 1)
derivatives of i (s ner - 5) ot (s )
jumps

I Il o I
t
|
;.
+

-%(; -8 *]+_%(f — Agtu?)
1
(e — o)) + L~ -
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[IM in 3D, an example

J Exact soln:
7'2, if r S %?
u(x) = 1 1 rt 2 . 1
(1— g5 — $)/4+ (& +72)/b+ C log(2r)/b, ifr> 1,
X +y +z7+1, x*+y*+z7 <1
’B = 2 2 2
b, X“+y +z7>1
b=1 b=10 b = 1000
N | En || ratio | En || ratio | En |l ratio
26 || 1.247 x 1073 1.525 x 103 3.485 x 1073
52 || 3.979 x 10~* | 3.134 || 5.240 x 10~* | 2.910 || 1.111 x 103 | 3.137
104 || 9592 x 10°° | 4.148 || 1.010 x 10~ % | 5.188 || 1.605 x 10~ * | 6.922
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IIM in 3D, example of multi-
connected domain

where
Si(z,u,2) = (x = 0.2)* + 2(y - 0.2)* + 2* - 0.01,
Sa(z,9,2) = 3(z +0.2)* + (y +0.2)* + 2* = 0.01.
Table 4.2. A grid refinement analysis for the multi-connected domain with
M=N=1L.
Ar =1, 3 =1 3T = 1000, 7~ =1
N | Ex |l ratio | Ex |l ratio
52 || 3.108 x 10~* 2.032 x 10~*
104 || 6.758 x 1077 | 4.599 || 4.771 x 10~ | 4.259

Table 4.3. Comparison of the CPU time (in seconds) of the SOR method
and the AMG method with M = N = L.

Example 3.1 in 3D || Multi-connected domain
N (b= 107) (Bt*=10% g~ =1)
SOR AMG SOR AMG
20 0.21 1.57 0.06 0.83
40 27.51 25.56 29.62 13.39
SO || 141054 | 265.26 1464.57 265.584
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