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Intended Learning Outcomes

Get familiar with the DEOM theory, an exact and

universal method in quantum mechanics of open systems

>

DEOM : Quasi-particle generalization to the widely used
hierarchical equations of motion (HEOM) formalism

DEOM = HEOM + dissipaton algebra

DEOM construction = Schrddinger eq. + dissipaton algebra
DEOM evaluations of measurable quantities & illustrations

Prospects of further developments and applications



Outline

> [Quantum mechanics of open systems: Background J

» The HEOM formalism: Machineries & applications
» HEOM-QUICK package

» The DEOM theory and applications

» Prospects
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Control of local quam'um states

Zhao, Yang, and Hou et al. Science 309, 1542 (2005)
dehydrogenated-CoPc/Au(111)

B
Parks et al. Science 328, 1370 (2010)
Co(tpy-SH),
tocal s=1 state
Au(111)

local S= 1/2 state

Si

Pushing screw

embedded in break junction



Control of local quantum states:

Zhao, Yang, and Hou et al. Science 309, 1542 (2005)
dehydrogenated-CoPc/Au(111) i

diidV (nA V")

A Kondo peak

Au(111)
local S= 1/2 state .

500 -400 -300 -200 -100 D 100.200

Sample bias (mV)

~ Kondo physics: Requirements

Local magnetic moment (spin-unpaired d-electron)
Strong e-e Coulomb interaction
Screening of local spin by surrounding free electrons

Low temperature (suppressing thermal fluctuations)

_____

Kondo Singlet



Control of local quantum states

Density of States

LUMO
I

T< T, : Local magnetic moment
screened by free electrons,
forming a Kondo singlet

Kondo
resonance

HOMO




Control of local quam'um states

Zhao, Yang, and Hou et al. Science 309, 1542 (2005)
dehydrogenated-CoPc/Au(111)

B
Parks et al. Science 328, 1370 (2010)
Co(tpy-SH),
tocal s=1 state
Au(111)

local S= 1/2 state

Si

Pushing screw

embedded in break junction



Control of local quantum states

Competition between Kondo resonance and spin-orbit coupling

octahedral axial distortion +
field spin-orbit coupling

8 =1, +1
D
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Device A )
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A Electrode spacing (A) V(mV)

Split of Kondo peak by magnetic
anisotropy energy D

Parks et al. Science 328, 1370 (2010)
Co(tpy-SH),
B N

focal S=1 state

.~ | Pushing screw

embedded in break junction



Challenges for theoretical study

Strong correlation: Related properties:
= Large DoF (~1023) » Mott metal-insulator
=" High degeneracy transition

" Nonperturbative = Superconductivity; ...

~ -
L S

-----

Local quantum system: _ -
Highly accurate quantum EnvI:ronmznt (DO.F ~I . ):
mechanical methods Thermodynamics limit



Challenges for theoretical study

e Large composite systems with surface/interface
e Crucial roles of material environment
e Strong electron correlation (multi-reference nature)

e Computation of nonequilibrium response properties

A first-principles based approach

e DFT/post-DFT methods for geometric/electronic structure

* Quantum impurity model involving explicit e-e interaction and
impurity-environment couplings

* On demand of accurate, universal & efficient solver/methods
for strongly correlated impurity systems



Quantum impurity model

Htotal — Hlmpurlty _|_ heﬂv——_"”ﬂbyb

Arbitrary—=— Nonmteractmg Linear

Multi-level Anderson impurity model

1mpur1ty — Z Eus”us"’Z U nuT”uL"’Z Z qunusnvs
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Reny = S S anksdaks aks _ Ea+Uz
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What else needed?
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Temperature(s): via Fermi func. Eo 8
Applied voltage/external field |
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Quantum impurity model
Htotal — Hlmpurlty _|_ h V—""Hsys

Arbitrary—=— Nonlnteractmg Linear
Gaussian-Wick's bath, completely characterized by
(BB 005 = £ [T e oo g ==
aus Qvs B ™) 1—|—€U/8a [ ) ) J
and 0 = —0o

Fluctuation-dissipation theorem

HSYS‘GHV — Z t@Ukdeks&US + H.c. = Z(F;_usa’;s T &T—I,;SF(X_’{LS)

auks aus

where ), = al . = (a,,)" and |F] | = Ztauks ks = ﬁaus)T

hybr'ldlzmg bath
environment modes



Existing Methods

Numerical renormalization group (NRG) : Wilson (1975); Costi (1997);
Weichselbaum and von Delft (2007)

Single- and many-body Green functions: Kadanoff & Baym (1962);
Myohanen et al. (2008); Thygesen & Rubio (2008)

Quantum Monte Carlo: Hirsch & Fye (1986); Gull et al. (2011)

Real-time path-integral: Muhlbacher & Rabani (2008); Weiss & Egger
(2008); Segal, Millis & Reichman (2010)

Multi-layer-multi-configuration time-dependent Hartree:
Meyer (1990); Wang & Thoss 20(03)

Time-dependent density functional theory: Kurth & Gross et al.
(2010); Stefanucci & Kurth (2011)

Exact diagonalization: Dagotto (1994); Caffarel & Krauth (1994);
Si et al. (1994)



Quantum dissipation theories

> Let|p(t) = trg[pr(t)]| (reduced system density operator)

Total composite one satisfies Schradinger equation:

pr(t) = —i|Hs + hgy + Hesg, pr(t)] (Liouville-von Neumann eq.)

e Quantum master equations to open system: Problems

. , —= — (Nonperturb. & time-dep 2 ???)
pt) = —(ils + Re)p(t) dissipation superoperator

 Feynman-Vernon path integral functional formalism (1963)
for the reduced system propagator:

p(t) = ’Z/{(f tﬂ)})(to) (Numerically very expensive!!!)

e Hierarchical equations of motion method: Exact & tractable




Outline

> [The HEOM formalism: Machineries & applications}
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Hierarchical equations of motion (HEOM)

1 T
) _ ) N g ) NS e (D)
'0.] — (zﬁS T Zl a';}r) IOJ t Z AJ'{),].}' ! Zl C Tp.];
= j ?1:'

Reduced system
density operator

17



What do we obtain from HEOM?

T T
) _ (. NRAWNCOR L) N )
pj = — (E)CS + Z a'}‘r‘) I{)j ¢ Z Ajpj.}' ! Z C ij;
r—1 j r=1

> Electronic structure:

Pt = {p(o);p§n>0)}st

(steady-state solutions)

» Expectation values:
A(t) = tr[Ap(t)] = tr[A pO(t)]  (system properties)

Electric current (hybrid system-reservoir property):

Io(t) = —2Im Z tr |y, pj(-l) (t)]

JEQ



What do we obtain from HEOM?

-(n) . . | n . n+1 - . n—1
R CaRD M VLEE YY) oW
r=1 j r=1

> Correlation functions: (A(t)f?(())) = (A|G(t)|Bp™*))

Note also the time-reversal identity: |(B'(0)A(t)) = (AT(t)B(0))*

* Nonequilibrium Green functions (nGFs) and spectrums

G, (t) = (al,(t)a.(0))
d GT,(t) = —i6(t)({al (1), au (0
e< ) = @ at gy 9 Gwlt) = TP, 800

e Electric and heat currents versus nGFs

I, = % de QAQ.(G){G<(6) 4+ 2ifo(€) Im [G" ()] }
1

JH = h/ de (€ — jiq) QAQ(G){G<(€) + 20 fo(e) Im [G"(€)] }



HEOM formalism (path integral based)

» Bosonic: Tanimura & Kubo (1989); Shao & Yan (2004); YJY et al (2005)

/ Reduced system

density operator

Auxiliary Density Operators

(Physical meanings?) '<

» Fermionic: J. S. Jin, X. Zheng, YJY (2008), J. Chem. Phys., 128: 234703

Grassmann numbers: xy = — yx (rather than c-numbers)



HEOM formalism (path integral based)

Reduced system

size oc K

. Tier

density operator

Auxiliary Density Operators
(Physical meanings?)

i h
< ey
LYY

-

\4

Truncation
at level L

e K& L determine the size (computational cost) of HEOM
e K-dissipatons are used to unravel reservoir memory
 Kincreases exponentiallyasT— 0




HEOM formalism: Machineries (since 2009)

2009: Efficient propagator with on-the-fly numerical filter algorithm

2010: Padé spectrum decomposition of Bose/Fermi function ]

2011: Mixed Heisenberg-Schrodinger dynamics for multiple-dimensional
spectroscopy evaluations

2015: Derivative hierarchy truncation scheme (prescription-invariance)
2015: Symmetry-determined pre-screening sparse-matrix method

2017: Efficient steady-state solver: Self-consistent iteration method

2019: Fano spectrum decomposition of Bose/Fermi function

e Q Shi (2017-): Matrix-product and clustered ADOs methods

* JS Shao/JS Cao & JL Wu/Y Zhao: Stochastic + HEOM

e JS Cao/A Aspuru-Guzik: Machine Learning + HEOM

* Kreisbeck et al (2011)/Striimpfer & Schulten (2012): Parallel/GPU codes



Reducing the horizontal K-dimension

Unravel reservoir bath memory into K components

aus Qavs

<ﬁ1—|— (t)ﬁ— (0))813(] X / dw e’iwt'}clf'el_'lni w;T)mes (w)

K — A ’
i~ E Nakuvs€ Sum-over-poles (SOP)
k=1

HEOM constru&ion basis set
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Reducing the horizontal K-dimension

Search for the best SOP schemes for Fermi/Bose function
1 1 1cosh(x/2)

e.g. Bose function: — :
(X = Bw) 1—ex 2 2 sinh(x/2)

» MSD (Matsubara spectrum decomposition) -- Textbook

1 N1+1+2N: 1,1
1—e*x 2 x X+ i2mm = X —i27mm

m=1

» PSD (Pade spectrum decomposition) — Numerical standard now

N
1t 1 ; m (£}50 & {1 }>0:
— R g+ -+ + i I
l—e=* 2 ax 4 Machine-precision |

o T. Ozaki, Phys. Rev. B 75, 035123 2007
e JHu, RX Xu, & YJY, JCP 133 (2010) 101106; 134, 244106 (2011)



Superiority: PSD >> PFD > MSD

Accuracy Length

- | »
20000 L “°f » PFD-Fermi e | MSD (tradition method)
+ MSD-Fermi .}/K'
200} ] PFD (partial fraction decom.)
2 e Croy & Saalmann, Phys. Rev. B
Hé;ggoo L % 10 20 30 40 30 60 i 80, 073102 (2009) - J Xu, RX Xu,
N © PSD-Bose YJY, Chem. Phys. 370, 109 (2010)
s PSD-Fermi .
e s+ PFD-Fermi | PSD (standard now)
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Reducing the horizontal K-dimension

I Search for the best SOP schemes for Fermi/Bose function

Padé Fano decomposition
decomposition scheme (2019,
scheme (2010) submitted)
Matsubara scheme Non-SOP schemes
based HEOM (< 2010) (2016,2017)

J. Chem. Phys. 145, 204110
(2016); 146, 024104 (2017);
147, 074111 (2017).



Reducing the horizontal K-dimension

Search for the best SOP schemes for Fermi/Bose function
* Focusing on the low-T domain w.r.t. a reference high T,

Af(w,T;To) — fFermi(ij) . fFermi(w7TO)

. . - : 0.5
10 AT, ! — Af
—PSD(8)
0.5} [ 0.0
0.0
@ . o s
-50 -25 0 25 -50 -25 0 25 50



Reducing the horizontal K-dimension

Search for the best SOP schemes for Fermi/Bose function

* Focusing on the low-T domain w.r.t. a reference high T,
D

Af(wa Ta TO) ~
d=1

l l 4 E‘Xﬂf_‘tl - . : .g Af 4 05
1 Dd%ﬁﬁﬁw PSD(29) - __ AfFSD
—— PSD(600) i
—— PSD(20)+FFE(9) et
0.57 “*v/———o.ﬂ
0.0} bassasssssssmam sy RRIN
1-0.5

(@ | . . [ (b) .
-100 -50 0 50 -1.0 -0.5 0.0 0.5 1.0
w W
Superiority: FSD >> PSD for extremely low-T cases

baw Fano spectrum
1+ (agw)?]7d decomposition




Toward Experimental Low-T Regimes

Liquid N,: 77 K; Liquid He: 4 K

9

HEOM evaluation
Spectrum in Kond

on SIAM:
O regime

T=23K

7
........

PSD scheme

Li, Zheng, YJY et al. PRL 109, 266403 (2012)

FSD scheme

Zhang, Zheng et al (unpublished)




HEOM: Nonperturbative in Nature

Existence of an exact and finite hierarchy level truncation

> Forfermion HEOM p\"7"") = 0;  ny = N, NN K

N, = 2: Parity of fermions
N, : # of hybridization system modes
N, : # of baths (o = L,R)
K : Size of basis set (a large number)

n>n(2)
> For the exact p(®: pg-l _?jj“) = 0: n¥) =2N,N,

=

Han, Zheng, YJY et al, J. Chem. Phys. 148, 234108 (2018)



HEOM: Nonperturbative in Nature

Existence of an exact and finite hierarchy level truncation

TABLE 1. n¢.n|. and pyy of an SIAM calculated at different truncation tiers.
The converged (unconverged) digits are marked by normal (italic) font. See
the main text for the values of parameters.

n T

ny

P11

0.562479725093
0.499 440 108 806
0.503 648 803 692

10.502913 018 977
10.502953 417 487
10.502 949 750 959
10.502 949 706 728

10.502 949 709 239

0.399843457 389
0.461 089036 198
0.454 958 233 447

10.456 307 175 157

Ty i 20 70

10.456 224 386 764
10.456 285 095 328
10.456 235 182013
10.456 285 179 355

0.349 149952492
0.283 947 704 486
0.287476 336 354

10.286 620 580 229

Bl pi i

[0.286 684 865 267
:[}.286 6:?8 062 145
10.286 678 050 832
10.286 6178 049 926

L
1
2
3
_Accurate 4
5
6
;
Exact 3
9
10

10.502 949 709 23
'0.502 949 709 239

10.456 235 179 356
10.456 285 179 356

10.286 678 049 925
10286 678 049 925

Han, Zheng, YJY et al, J. Chem. Phys. 148, 234108 (2018)



HEOM: Numerical Accuracy

0.20

Local magnetic susceptibility

0.00

ml_[ml

NRG (ref. values)
o  HEOM (W =10)
e HEOM (W = 20)

I (eA/h)

Electric current

> ¥ 0O O

tRG

tDMRG

ISPI

real-time QMC A
HEOM

Uin=2

“UA=4

o % U/A=28

eV/A

HEOM agree well with the standard methods such as NRG

J. Eckel et al., New J. Phys. 12, 043042 (2010)

Wang and Zheng et al., Phys. Rev. B 88, 035129 (2013)
Zheng, Yan, and Di Ventra, Phys. Rev. Lett. 111, 086601 (2013)



HEOM: Numerical Accuracy

Single Impurity
Anderson Model

Fermi
energy
=0

() (O]
© ©
o o
4 4+
(@) (&)
o Q
()} ()]

A: s-b coupling

U: Coulomb energy

A(o) (1/7A)

Comparison to NRG evaluation on

symmetric SIAM at a finite T

1.0

0.8}

0.6}
Kondo peak

= HEOM
----NRG

— = 0.57A ]
— ] =1.07A
) = 3.0 TA

/A

HEOM often more accurate & efficient than the “standard” methods

Z Li, NH Tong, X Zheng, D Hou, JH Wei, J Hu, YJY, Phys. Rev. Lett. (2012) 109:266403



HEOM: Applications

34

Memristive system

W -xx
0.8 g, ==2A
0564 ¢ = -4A
044 g, =-6A
< 024
g 0.2 ] =
— 0.04 p—
E 4
§ 02] /
5 4
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eViA

Phys. Rev. Lett. 111, 086601 (2013)

Impurity solver for DMFT

U=1.175W —— decrease U
! — «— increase U

05

0.0 B

Phys. Rev. B 90, 045141 (2014)

Thermopower

[\@ T=0.5A

[ linear (-L/G)

@ Landauer

Phys. Rev. B 90, 165116 (2014)

Measurement of local T

detector

Ty, 1y,

Phys. Rev. B 91, 205106 (2015)



Outline

> [H EOM-QUICK package]




Outline

WIREs Comput. Mol. Sci.

[ » HEOM-QUICK package J 6. 608-638 (2016)

QUICK: QUantum Impurity with a Correlated Kernel

Combined DFT+HEOM approach for reality systems/processes

geometric and . strongly correlated
electronic structure P o nerer quantum impurity model
(DFT) —> (HEOM)



Advanced Review

HEOM-QUICK: a program for
accurate, efficient, and universal
characterization of strongly
correlated quantum impurity
systems

LvZhou Ye,' Xiaoli Wang,' Dong Hou,' Rui-Xue Xu,' Xiao Zheng'* and Yiling Yan?

WIREs Comput Mol Sci 2016, 6:608-638. doi: 10.1002/wcms.1269

HEOM-QUICK
¥ O 8y
i) t Alw) 14

V(i)

| 1=
=

37



Advanced Review

HEOM-QUICK: a program for
accurate, efficient, and universal
characterization of strongly
correlated quantum impurity
systems

LvZhou Ye,' Xiaoli Wang,' Dong Hou,' Rui-Xue Xu,' Xiao Zheng'* and Yiling Yan?

WIREs Comput Mol Sci 2016, 6:608-638. doi: 10.1002/wcms.1269

HEOM-QUICK
¥ O 8y
i) t Alw) 14

V(i)

| 1=
=

38



HEOM-QUICK Evaluations ’

d-CoPc/Au(111) few—layer CoPc/Pb(111) FePc/Au(111)
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J. Chem. Phys. 141, 084713 (2014)  J. Chem. Phys. 145, 154301 (2016) Phys. Rev. B 93, 125114 (2016)

Au—Co(tpy-S),—Au FeOEP/Pb(111)

stretch | stretch

J. Chem. Phys. 144, 034101 (2016) J. Phys. Chem. Lett. 9, 2418 (2018)



“A. Kondo effect in d-CoPc/Au(111) composite

Experiment
Kondo pea/ atlow T

diidV (nA V)

Au(111)

) 00 400 -300 200 -100 0 100 200
Zhao, Yang, and Hou et al. Science 309, 1542 (2005) Sample bias (mV)



Kondo effect in d-CoPc/Au(111) composite
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Eoc
(Y
%
& JI_. y

ol
S |

- n » L W
b ‘II. .I'. [ 4 d .I"n ."l ' .I'- .'..II
' A S NS O\ S
® - B b _J w
9 Va7 Wa

(c)
oH ®OeC ON .CO ; Ly # .DA‘
ooozéooELoooooo

FIG. 2. (a) The molecular structure of the 1solated CoPc. For the d-CoPc,
the eight hydrogen atoms in the dashed squares are dissociated. (b) and (c)
depict the top and side views of the optimized geometry of the composite
d-CoPc/Au(111) adsorption system, respectively.

Yu, Zheng, and Yang et al. J. Chem. Phys. 141, 084713 (2014)



“A. Kondo effect in d-CoPc/Au(111) composite

Construct Anderson impurity model (AIM) from DFT+U result

Projected DOS of Co d-orbitals

(b) - !
15 . dxz_yz
o gd S— dxy EF . dxz )2 —
6 - - -d Tmajority spin . d,>
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Energy (eV)

Yu, Zheng, and Yang et al. J. Chem. Phys. 141, 084713 (2014)




“A. Kondo effect in d-CoPc/Au(111) composite

dl/dV spectra calculated by HEOM

0sf = HEOMT=600K | Pl ——HEOM 7- 50K
e HEOM T'=240K P © Expt T=
07F v HEOMT=70K impurity Hamiltonian
| F%tted T=600K b4 .l /
~ gl = = ~Fitted T=240K s . . A
[CHad IEERRE ]F;ttengFZFliéOKK : > R Himp = €4 (M, + 1) + Uiy
g r —-—- Fitted 7'= ° ©©0%0
> t s ‘IIOO (I) 160
2 05 K \ 1 .
= ﬂ! Q\;\ V) reservoir spectral func
Aw) AW ?
) =
(w— w2+ Ww?
0’-2200 . 7100 ' 6 ' 160 . 200

Kondo temperature Ty = 200.2 + 2.5 K (theo) vs 208 K (expt)

High Tk ¢ strong coupling btw Co d 2 orbital and Au states

Yu, Zheng, and Yang et al. J. Chem. Phys. 141, 084713 (2014)



'B. STM tip controlled magnetic anisotropy -

Experiment _
(a) I g :
Fo.OEP M.agnetlc
STM tip P anisotropy
(D)
FeOEP/Pb(111)
Szz_-‘l,+1
D
| . = S=0
-16 -13 -10

Sample bias (mV)

T 11.0 } .,/-r;.. |
—_— . — * " ‘
. ? *

>
3 2105} ¢
e R = ,
H3 4 2 100(°

far close s : FE-DEF'.
shifting of Fe 3d levels 900 _&z_j(gﬁ*.] °

Benjamin et al. Nano Lett. 15, 4024 (2015)



'B. STM tip controlled magnetic anisotropy

e Evolution of geometric structure

25 ®)
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o0 ~~
¢ &8 ° oL
Y o g 36k
O 4 TN o =
- it N (Wt -
d—Q—b |
o O o / ¢’ [+)
QY e 290
NN oo °
Q. Q. O o
o 0
b4 g o
q » q 3.4}

( Pb @Fe ONOC °H

EO R P S 450 T 300 ' 150 ' 0
o Wi o W A< (pm)

XL Wang, L. Yang, LZ Ye, X. Zheng, YJY. J. Phys. Chem. Lett. 9, 2418 (2018)




'B. STM tip controlled magnetic anisotropy

Tuning of MA as tip approaches towards Pb(111) surface

_ ~CASSCF DFT DFT
D = Dgeopp - + (Dup/FeOEP/Pb(l 1)~ DFeOEP)

02 (&
- dey dry &-dy,

-0.7 £ _O_dxx

_[\J
I~
T

E (eV)

2771

32F

450 ' 300 ' “150 ' 0

XL Wang, L. Yang, LZ Ye, X. Zheng, YJY. J. Phys. Chem. Lett. 9, 2418 (2018)



B. STM tip controlled magnetic anisotropy

tip is far
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'B. STM tip controlled magnetic anisotropy *

Two-level Anderson impurity model

magnetic impurity Himp = €a(flat + ay) + Uaflarfiay
~+ Eb('ﬁ»bT -+ ﬁ»bi) + UpNippnip) + DSE

(a) Kondo resonance (b) D=0
maximal ‘ . —D =0.01
dFe—S spin : spin 2 . .
6‘\:'0-014excitati0n_' ' | excitation minimal
— 7 ¢ ' d .
S of o\ Fe-S
| oo\ 0.157
= /oot N
I ] :
002 000 002 00z 000 002
V(eV) V(eV)

Spin excitations are suppressed by strong Kondo resonance



C. Control with spin-polarized STM tip

Experiment
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C. Control with spin-polarized STM tip

Experiment Theory
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HEOM Formalism
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DEOM Theory
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DEOM Theory: Construction

DEOM = Schrodinger Eq. + Dissipaton Algebra
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5. Evaluation of Experimental Observables
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Dissipaton algebra, especially the
generalized Wick's theory, enables
DEOM/HEOM evaluation of not only

system properties, but also

hybridizing bath dynamics
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A. Current Noise Spectrum

J.S. Jin, S. K. Wang, Xiao Zheng, YJY, J. Chem. Phys. 142, 234108 (2015)
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B. Fano Interference

Lattice phonon

YB Zhang, et al, Nature (2009)



B. Fano Interference

YB Zhang, et al, Nature (2009)
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B. Fano Interference

HD Zhang, RX Xu, X Zheng, YJ Yan, J. Chem. Phys. 142, 024112 (2015)
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B. Fano Interference

HD Zhang, Q. Qiao, RX Xu & YJY, Chem. Phys. 481, 237 (2016)
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C. Herzberg-Teller Vibronic Coupling

HD Zhang, Q. Qiao, RX Xu & YJY, J. Chem. Phys.145, 204109 (2016)
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Prospects and Summary

> HEOM method offers an accurate, efficient, and
universal tool for characterization of open systems

v" Equilibrium and nonequilibrium properties
v’ Static and dynamical properties

v Real-time electronic dynamics

v’ Strong electron correlation effects

v' Complex non-Markovian memory effects
 more to discover ...

> HEOM-QUICK package for first-principles simulation
on realistic systems and processes
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Prospects and Summary

> Dissipaton algebra + HEOM = DEOM

v

Correlated system-bath entanglement properties: Both
steady-state and transient ones

Noise spectrum and full counting statistics analysis

Quantum thermodynamics of impurity complex
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This paper presents a comprehensive account of the dissipaton-equation-of-motion (DEOM) theory
for open quantum systems. This newly developed theory treats not only the quantum dissipative
systems of primary interest, but also the hybrid environment dynamics that are also experimentally
measurable. Despite the fact that DEOM recovers the celebrated hierarchical-equations-of-motion
(HEOM) formalism, these two approaches have some fundamental differences. To show these differ-
ences, we also scrutinize the HEOM construction via its root at the influence functional path integral
formalism. We conclude that many unique features of DEOM are beyond the reach of the HEOM
framework. The new DEOM approach renders a statistical quasi-particle picture to account for the
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environment, which can be either bosonic or fermionic. The review covers the DEOM construction,
the physical meanings of dynamical variables, the underlying theorems and dissipaton algebra, and

recent numerical advancements for efficient DEOM evaluations of various problems. We also address
the issue of high-order many-dissipaton truncations with respect to the invariance principle of quan-
tum mechanics of Schrodinger versus Heisenberg prescriptions. DEOM serves as a universal tool for
characterizing of stationary and dynamic properties of system-and-bath interferences, as highlighted
with its real-time evaluation of both linear and nonlinear current noise spectra of nonequilibrium
electronic transport.
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1 Introduction

Correlated system-and-bath coherence is a type of quan-
tum entanglement which occurs whenever the quantum
nature of an environment cannot be neglected. Nowa-
days, this type of quantum entanglement plays roles of
ever-increasing importance in many fields of science. It is
concerned with quantum impurities under the influence
of dissipative environments that can exchange electrons

110306-2

(or particles) and quantum information with local impu-
rity systems. The interplay between system anharmonic-
ity and nonperturbative coupling with non-Markovian
environments results in rich phenomena, such as Mott
metal-insulator transitions and Kondo physics. In addi-
tion to quantum systems dynamics, one can manipulate
and monitor certain strongly correlated collective mo-
tions of bath continuum. Examples include Fano inter-
ference spectroscopy, correlated dynamics between chro-
mophores and surface plasmons, quantum rate fluctua-
tions, and electronic transport current shot noise spec-
trum and counting statistics. To address these diversified
issues, a fundamental (Schrédinger-equation-like) theory
of open quantum systems, governing both systems and
hybrid bath dynamics, is needed.

The quantum mechanics of open systems had been
substantially developed in the context of dissipative dy-
namics, with the focus primarily only on reduced sys-
tem density operators, ps(t) = trppr(t); i.e., the bath-
subspace trace of the total composite density operator.
Quantum dissipation theories cover topics ranging from
various second-order quantum master equations [1-6] to
the Feynman—Vernon influence functional path integral
formalism [7, 8]. For the influences of Gaussian bath on
reduced systems, the path integral approach is exact,
except for the initial factorization ansatz [7-9]. The cel-
ebrated hierarchical-equations-of-motion (HEOM) for-
malism, with either bosonic [10-17] or fermionic [18] bath
influence, involves a set of auxiliary density operators
that are known to be relevant to the hybrid bath dynam-
ics [19, 20]. Nevertheless, they appear rather as mathe-
matical auxiliaries, irrespective of whether the HEOM is
constructed via the stochastic field method [10, 11] or
the calculus-on-path-integral approach [12-18].

In this paper, we present a comprehensive account of
the recently developed theory of the dissipaton equa-
tion of motion (DEOM) [21]. It not only recovers HEOM
but also identifies the physical meanings of all involved
dynamical quantities as many-dissipaton configurations.
More importantly, it renders a statistical quasi-particle
(dissipaton) picture to account for the environment,
which can be either bosonic or fermionic. In this sense,
DEOM is a type of “second-quantization” theory of the
quantum mechanics of open systems. It consists of not
only the law of governing dynamics of evolving variables
but also the underlying statistical quasi-particle picture
as well as novel dissipaton algebra [21-23]. Particularly
important is the generalized Wick’s theorem [21], which
provides DEOM with a versatile means for the accurate
evaluation of various experimentally measurable quanti-
ties of system-and-bath interference dynamics.

This paper is organized as follows. After an overview

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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of the general features in Section 2, we present in de-
tail the constructions of bosonic and fermionic DEOM
theories, in Section 3 and Section 4, respectively. As the
DEOM dynamical generators recover their HEOM cor-
respondences, we scrutinize the fermionic HEOM con-
struction in Section 5, following which we conclude that
many unique features of DEOM are beyond the reach of
the HEOM framework. However, all numerical HEOM
techniques developed recently can be directly used in
the present DEOM evaluations. In Section 6, we present
some recent advancements in this aspect. In Section 7,
we discuss the quantum mechanics on the DEOM-space
algebra, considering DEOM as a universal theory for the
stationary and dynamic properties of both systems and
hybrid bath environments. We also derive the Heisen-
berg prescription of the DEOM formalism, which con-
firms that the derivative-resum truncation scheme, pre-
sented in Section 3.5 and Section 4.5, does preserve the
invariance principle of the prescriptions. We conclude the
paper in Section 8.

2 General remarks on DEOM theory

2.1 Remarks on Gaussian bath

The DEOM approach is formally exact for the linear
hybridization noninteracting bath model, referred to as
Gaussian bath hereafter. The details of the Gaussian
bath model are as follows. (i) The bath (hg) consists
of practically infinite number of noninteracting (quasi)
particles, which are either fermionic or bosonic; (ii) The
system-bath coupling Hgp is modeled at the linear bath
hybridization level. Gaussian bath covers the Caldeira-
Leggett model, which is widely adopted in the study of
decoherence problems, and also the electronic transfer
coupling model commonly used in quantum transport
and quantum impurity physics research.

The simplification of Gaussian bath is rooted at its
underlying Gaussian statistics of Wick’s theorem. It is
concerned with the thermodynamical average, (O)s =
trg (Opqu), over the equilibrium canonical ensembles of
the bare bath at a given temperature [8, 9]. The ex-
tension to nonequilibrium grand canonical ensembles for
bath reservoirs in the presence of bias chemical poten-
tials is rather trivial. This will be considered in the con-
text of quantum transport (cf. Section 4). Apparently,
(Hsp)s = 0 automatically holds in the present bath
model. More importantly, the Gaussian statistical dy-
namics with zero-means is completely characterized by
its second cumulants. These are simply the hybridization
bath correlation functions, which can be further related

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

to the hybridizing bath spectral density functions via the
fluctuation-dissipation theorem [8; 9], owing to the un-
derlying detailed balance relation [6]. In other words, the
above bath characterization completely determines the
bath influences on the reduced system dynamics. This
is also the reason why the Feynman-Vernon influence
functional path integral formalism [7, 8] is exact in the
present bath model; for further details see Section 5.

It is worth noting that the initial factorization ansatz,
pr(to) = ps(to)pnt, for the total system-and-bath den-
sity operator is adopted in deriving the influence func-
tionals in the path integral formalism. Its differential-
equation counterpart, the HEOM formalism, would in
principle also suffer this problem. On the other hand,
the DEOM construction formally starts with an arbi-
trary initial pr (o).

2.2 Remarks on total composite Hamiltonian

The total composite Hamiltonian tractable with the
DEOM formalism has the following generic form,

H.(t) = [Hs — DsE(t)] + hs + Hy + Do E'(t). (2.1)

Here, hy and Hgsp were modeled with the Gaussian bath,
as detailed in Section 2.1. The first term of Eq. (2.1) is
the system Hamiltonian, H(t) = Hy — DsE(t), under
the local classical electromagnetic field F(t) interroga-
tion. Both Hg and DS are arbitrary Hermitian operators
in the system subspace. Define system Liouvillian super-
operator L(t) via

L()O = [H(t),0] = [Hs — DsE(t),0). (2.2)

The last term in Eq. (2.1), Dy E’(t), represents the in-
teraction between the environment (bath) and external
classical field E’(t), which can be arbitrary. It highlights
the fact that various experimentally accessible bath dy-
namics, including system-and-bath interference phenom-
ena, are also within the reach of the DEOM framework in
this review article. The interrogated bath operator Dy is
chosen to modify either hy or Hgy, without altering the
underlying Gaussian statistics, as stipulated in Section
2.1. Some details are as follows. (i) The bosonic DEOM
will be considered with the quantum dissipation setup
(cf. Fig. 1), where the bath polarization gives rise to
DL E'(t) that effectively modifies Hgp [cf. Eq. (3.1)]. (ii)
The fermionic DEOM will be considered with a quan-
tum transport setup (cf. Fig. 2), where a local quantum
impurity is coupled with electrodes that serve as bath
reservoirs. In this case, Dy E' () represents the modifica-
tions to the individual bath reservoirs bath [cf. Eq. (4.4)],
due to the applied external bias electric potential field,
which can be time-dependent.

110306-3

w
<
.-
wm
>
=
=
S
o
&
=
'
=
S
=
e




175}
o
.-
w
>
==
(=¥
G
o
o
2
=
]
-
=

REVIEW ARTICLE

2.3  General features of DEOM

The DEOM approach provides a statistical quasi-particle
(dissipaton) picture to account for the environment,
which can be either bosonic or fermionic. In this ap-
proach, the linear hybridizing bath operators are de-
composed into a set of statistically independent dissi-
paton operators { fk}, with certain well-defined features
to support rather simple but novel dissipaton algebra.
This includes the generalized diffusion equation and the
generalized Wick’s theorem for dissipatons.

Dynamical variables in DEOM are the so-called dis-
sipaton density operators (DDOs) [21-23], with the
generic form of

PD(E) = Pl (6) = o [(Fi - 1) a )] (23)

The product of dissipaton operators inside (--)° is
irreducible. Note that (¢ —number)® = 0. More-
over, bosonic/fermionic dissipatons satisfy [fk, fj]? =
¢ — number, with [,-]- = [,-] and [-,-]+ = {-,-} being

commutator and anti-commutator, respectively. There-
fore,

(Ff)” = (£ifr)°

(fkfj)o = _(f_jfk)o (fermionic).
Each DDO of Eq. (2.3), where n = ny+- - -+ng, specifies
an n-dissipaton configuration, with nj being the partic-
ipation number of a specified dissipaton: n; > 0 if fg
is bosonic, and ny = 0 or 1 if fj is fermionic [cf. Eq.
(2.4)]. Apparently, the reduced system density operator
is simply ps(t) = p(9(t), a special member of Eq. (2.3).

The DEOM formalism assumes the generic form of

) = —[L) +2 1080 + {4+ (o} 25)

It is constructed by applying the Liouville-von Neumann
equation, pr(t) = —i[H(t) + hg + Hsg, pr(t)], to the to-
tal composite density operator in Eq. (2.3), followed by
applying the novel dissipaton algebra [21-23]. In general,
the system H(t) gives rise to L(t) of Eq. (2.2). The hy-
commutator action is evaluated via the generalized dif-
fusion equation, resulting in the %({L)-term in Eq. (2.5).

The diffusion parameter 7"

(bosonic);

(2.4)

is usually complex, and it
represents the memory-frequency contents of the n-body
DDO under study. It can even be time-dependent, if the
underlying bath Hamiltonian is an effective h¢f(¢) [cf.
Eq. (4.1)]. This is the case in transient quantum trans-
port studies, in which a time-dependent external bias
electric field is applied across the contacting bath reser-
voirs. The Hgg-commutator action is evaluated via the
generalized Wick’s theorem [21], resulting in the depen-
dence on the associating (n £ 1)-body DDOs, as denoted
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by {pﬁfl)} in Eq. (2.5).

It is worth re-emphasizing here that the DEOM the-
ory does not just describe how the DDOs evolve in time,
as governed by Eq. (2.5), it also describes the underlying
statistical quasi-particle picture and the novel dissipaton
algebra [21]. In particular, the notion of irreducibility,
(--+)°in Eq. (2.3), is closely related to a novel Wick’s-like
theorem [21]. Tt enables DEOM to address not only the
system but also the bath dynamics and the interferences
between them.

Throughout this paper, we adopt the units of i = e =
1, where h is the Planck constant and e is the electron
charge. Denote 8 = 1/(ksT), with kp being the Boltz-
mann constant and 7' the temperature.

Hereafter, the time variable ¢ > 0, unless specified oth-
erwise. The correlation functions of the type,

(A1(1)B(0)) = Te[Al (1) B0)57), (2.6)

associate physically with the Keldysh forward (>) path.
The backward (<) path counterpart is

(B(0)AT(t)) = Tr[AT(¢)p39B(0)]. (2.7)

Here, A(t) = eIrt Ae=1Hrt  with the total composite
Hamiltonian H, in the absence of an external field, and
psl = e BHT /7 with Z; being the canonical thermal
equilibrium partition function. Both A and B are also
defined within the total space, involved both system and
environment. The above definitions readily lead to the
time-reversal and detailed-balance relations [6], respec-
tively, of

(B(0)AT(1))=(A()B'(0))"=(Al(t - i8) B(0)). (2.8)

2.4 Basic algebra for superoperators and tensors

Some superoperators, defined in the system subspace, are
involved in the DEOM formalism. A superoparator maps
an operator, such as a DDO of Eq. (2.3), to another op-
erator. Throughout this work, we define superoperators
via their actions on an arbitrary operator. For complete-
ness, we also represent the basic superoperator algebra,
as follows.

(i) Superoperators are also referred to as Liouville-
space operators. They are tensors with respect to a
given Hilbert-space basis-set representation, {|m)}. The
Liouville-space basis set elements are then {|mn))}, with
each |mn)) = |m)(n| being an ordinary Hilbert-space
projection-type state operator. Here, we adopt the so-
called tetradic bra-and-ket notation. The orthonormality
and completeness of a Liouville-space basis set read [24,
25]

({mn|mn’)) = trs [(In) (m])(Im") (0 [)] = G Grrm,

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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> [mn))((mn| = T. (2.9)

The tensor elements of a superoperator O are then
Omn.mm = {((mn|Olm/n’)) = <m‘ [O(|m’><n’|)] ‘n>

The tetradic bra-ket notation [24, 25] is convenient for
the superoperator /tensor algebra, because

(OA)mn = Z Omn,m’n/Am’n’;
m’'n’
where A, = (m/|Aln/).
(ii) Hermitian superoperators, O, are defined, via their

actions on an arbitrary operator, as (QA)T = QAF. It
is equivalent to state that a Hermitian superoperator

(2.10)

maps a Hermitian operator to another Hermitian opera-
tor. From this definition, it immediately follows that the
product of Hermitian superoperators remains Hermitian.
The tensor elements of a Hermitian superoperator satisfy

- (2.11)

Ion! —
Om"wm n nm,n’m’*

Note that the diagonal elements, following Eq. (2.9) or
(2.10), are Oy mn, which are complex in general. For
example, iLg is Hermitian. Its tetradic tensor elements,
in the diagonal Hg-representation, are (ils)mn,mn/ =
iWmnOmm: Onns, With wpn = €, — €, being the transition
frequency between two eigenstates of the bare system
Hamiltonian. The diagonal elements of (iLs) are purely
imaginary in the above tetradic convention.

(iii) Another is the so-called “chemistry” convention.
It arranges the tensor {Onn.mn = ((mn|O|m/n’))} in
an ordinary matrix form, {O,,}, such that a Hermitian
superoperator satisfies

Opg = O} (2.12)

This can be achieved via
Opq = (plOlg) = (mm/|Olnn’) = ((mn|O|m'n)).

(2.13)

The Hermitian matrix indexes are then p = mM + m’

and ¢ = nM + n/, provided the Hilbert-space basic set

in use is {|m);m = 0,---, M — 1}. This convention is

numerically useful, when the eigenvalues of a Hermitian

superoperator are needed to be explicitly evaluated.

3 Bosonic DEOM theory
3.1 Statistical description of bosonic bath

3.1.1  Fluctuation-dissipation theorem for bosonic bath

For a quantum dissipation setup such as that in Fig. 1,

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

hv

Fig. 1 Schematic representation of a quantum dissipation setup,
in which a mesoscopic system S is coupled to a macroscopic bath,
under temperature 7. The external light field interrogates both
the discrete system and bath continuum.

we specify the total composite Hamiltonian of Eq. (2.1)
as

Hy(t) = H(t) + hs + > _[Q5 — CCE)EY, (3.1)
with the Caldeira-Leggett bath model of [26, 27]
1 .
hg = 3 ij(p? + z?) and FP = anjzj. (3.2)
J

J

The last two terms in Eq. (2.1) are now combined into
the single last term in Eq. (3.1), with the self-explained
forms of Hgg and ﬁB, in terms of the hybridizing bath
operators {Ff} Involved in the system-bath coupling,
Hygy, are also the hybridizing system modes {Q%}, which
are usually set to be dimensionless. We also set a same
electromagnetic field, E'(t) = E(t), to act on both sys-
tem and bath continuum, so that Fano interference is
anticipated.

Equation (3.2) is a type of linear hybridization non-
interacting bath. The bath influence on the system dy-
namics satisfies the aforementioned Gaussian statistics
(cf. Section 2.1). The characterizing hybridization bath
spectral density functions, as described microscopically
via Eq. (3.2), are

Jap(w) = g ; CajChi0(w —wj;), with w > 0.

(3.3)

The equivalent thermodynamical description, covering
all real w, reads [6]

Talw) =5 [ aee(E2 0. RO,

— 00

(3.4)

Here, FP(t) = e"st/hEBe=1mst/h and (O), denotes an
average over the unperturbed bare bath thermal equilib-
rium ensemble at a given temperature. Apparently, the
relations in Eq. (2.8) hold for the isolated bath quanti-
ties above. It is easy to show that bosonic bath spectral
density functions satisfy the Hermitian anti-symmetric
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relations [6]:
ap(W) = —Jap(~w) = Jpa(w).

Moreover, the underlying detailed-balance relation, as
inferred from Egs. (2.8) and (3.4), leads to [6]

(EORO), = [ averr gt

T J—-

(3.5)

(3.6)
This is the bosonic fluctuation-dissipation theorem [6, 9].

3.1.2  Sum-over-poles decomposition of bath correlation
functions

We will see later that the form of exponential expan-
sion of <Fl]13 (t)Ep (0)), in Eq. (3.6) actually dictates the
explicit expressions of either the DEOM or HEOM for-
malism. Some related properties of this expansion are as
described here.

Firstly, the prerequisite on a form of exponential ex-
pansion for bare bath correlation functions is rather gen-
erally achievable, as shown in what follows. Consider
the Fourier integrand of Eq. (3.6), i.e., the spectrum,
represented by the product of Jup(w) and fB¢(w) =
1/(1—e=P%). After exploiting certain sum-over-poles de-
compositions on Jup(w) and fB°¢(w), the Cauchy’s con-
tour integration technique is applied for the formal eval-
uation of Eq. (3.6). Let {z = —iya;;j = 1,---,Ns}
be the poles of Jup(2z) in the lower-half plane, and
{z = =1¥m;m = 1,---,00} be those of the Bose func-
tion fBose(2), with ¥, = 2mm/3 being the Matsubara
frequencies. The resulting infinite exponential series has
the general form,

Ny .
(ER(0EP(0)), = Znabje’%bft + Z Habme ™Y,
Jj=1 m=1
(3.7)

Two properties of the involved parameters will be of
some non-essential but practical relevance to the final
DEOM/HEOM expressions. Both these properties are
related to Eq. (3.5).

One is related to the pre-exponential coefficients
{flabm }, originating from the Bose function, being en-
tirely real [15]; i.e.,

Tabm = ﬁ;bm' (38)
In fact, the Matsubara expansion of the Bose function
leads t0 Mapm = —i(2/3) Jab(—1¥m ). Now, by applying the
Hermitian and anti-symmetry relations of Eq. (3.5), we
conclude that while Ju,(w) can be complex when a # b,
its analytical continuation Ju;(iw) is purely imaginary;
thus, Mgpm is real. This property remains with those op-
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timal sum-over-poles expansions, the Padé spectrum de-
compositions of the Bose function [28, 29].

Another property is that the exponents {4}, orig-
inating from J,5(w), appear either real or in complex
conjugate pairs. This property can be expressed as

Yabj = Ya; € {Vabjij =1+, Ny}, (3.9)

which is also related to Eq. (3.5).

Without loss of generality, we hereafter assume all
those {Yap; = v, } independent of the indexes (ab). For an
accuracy controllable optimal DEOM construction, [16,
17, 28-31] consider Eq. (3.7) as a finite exponential-plus-
residue expansion form of

K
(FE)FR0)), = D napke™ ™ + 2A800(2).
k=1

(3.10)

Here, K = N j+ Ng... is the total number of poles, chosen
by taking into account both J,,(w) and the Bose func-
tion. The last term, if it were expressed exactly, would
be the residue from all remaining (m > Npg,..) compo-
nents in Eq. (3.7), which are not included in the first
term of Eq. (3.10). The resulting residue spectra must be
real and symmetric functions, as inferred from the fact
that all 4, and 7jap, are real. This fact supports the
last term of Eq. (3.10) the white-noise-residue (WNR)
ansatz, in close relation to the accuracy controllable op-
timal DEOM/HEOM constructions [16, 17, 28-31]. Ap-
parently, Ay, = A%, in line with Eq. (3.8).

Moreover, the time-reversal (backward) counterpart to
Eq. (3.10), as inferred from Eq. (2.8), can be expressed
as

K
(FPO)F2(t), = Y nipre ™ +28450(t).
k=1
The index k € {k = 1,---, K}, defined in line with Eq.
(3.9) via 4 = 7;. Apparently, k = k if 7, is real.

(3.11)

3.2 Dissipatons decomposition scheme and generalized
diffusion equation

Consider now the hybridizing bath operators { F*} in the
dissipaton decomposition, as follows [21]:

K ~ A
(113 = fak +6F,.
k=1

(3.12)

The involved { fak, 513}1} are called dissipatons that sup-
port a statistical quasi-particle picture to account for the
influence of a Gaussian environment. Dissipatons are de-
fined via their correlation functions in relation to the
individual components in Eq. (3.7) or (3.11). These are

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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(t>0)
<fak(t)fbj (0)),, = Ojnavke” ",

(f0;(0) far(t)), = Onymiype ™" (3.13)
{far(0)5E(0)), = 0, and

(8F,(1)8E3(0)) =(8F,(0)0F4(£)) . =2A00(t).  (3.14)
Both Egs. (3.10) and (3.11) are strictly preserved.

We have thus verified that the above statistical quasi-
particles or dissipatons decomposition scheme is exact
for Gaussian bath interactions (cf. Section 2.1).

As inferred from Eq. (3.13), where 7z = 75, in general,
we obtain

<fbj(0)fak(t)>B = <fak(t)fbj(0)>;
This is the time-reversal relation for bosonic dissipatons,
which also implies that fa;; = f;k, as inferred from Eq.
(2.8).

Equation (3.13) highlights two important features of
dissipatons: (i) Dissipatons with different “color-v;” are
statistically independent with respective to the k-index;
(ii) each individual dissipaton is of a single-exponential
correlation function, with a same exponent for both the
forward and the backward paths. These features are
closely related to the dissipaton algebra used in the
DEOM construction. In particular, the feature (ii) above
leads to [21]

try K%ﬁm) BPT(t)} = —Yktrs [faka(t)] .

This is the generalized diffusion equation for dissipatons,
where 5 can be complex and the total system-and-bath
composite pr(t) is non-Gaussian in general.

To complete the description of dissipatons, we are also
interested in their variances in the bare bath canonical
ensembles. Start again from Eq. (3.6) for the variance of

(3.15)

(3.16)

PN 1 Jab(w)
B 1B _ - _
(EPEP), = 7TRe/_ dw—"—5" (3.17)
Note also that [fa, fi;] = 0, as F® in Eq. (3.2) is sim-

ply a collection of bath coordinates. Consider now Eq.
(3.13). We have

<fakfbj>]3 = Okj (Nabk + Moak + Moy + Npai) /4
Together with Eq. (3.12), we obtain

1
- §Rezkj(nabk + Dhar)- (3.19)

(3.18)

(6F,0F,) = (FPEP)

3.3 Bosonic DEOM formalism and generalized Wick’s
theorem
Dynamically independent DDOs explicitly contain only

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

those colored-dissipatons, involved in the first term of
Eq. (3.12). These are the active dynamical variables, ex-
plicitly engaged in the DEOM formalism [cf. Eq. (3.24)].
Those involved WNR dissipatons are also physically im-
portant, but they can be expressed in terms of the active
ones [cf. Eq. (3.28)].

The active bosonic DDOs, which satisfy symmetric
permutation [cf. Egs. (2.3) and (2.4)], now read [21]

0= ol ([T ]

Here, n = {nqx} is the collective indexes, and

(3.20)

n=Y ne, withng =0,1,2,-
ak

being the participation number for each individual fak—

dissipaton. Thus, pgf ) of Eq. (3.20) specifies the “configu-

ration” of the n bosonic dissipatons involved. Denote also
(n+£1)

p,+  as the associated (n 4 1)-dissipatons configura-
ak

tion, with naik differing from mn only at the specified fak—
disspaton participation number, nq, by +1. Apparently,
the reduced system density operator is simply ps = p(©).

The most important ingredient of the dissipaton alge-
bra is the generalized Wick’s theorem, which satisfies the
notion of irreducibility, (---)°, as follows:

e[ (I14:: ) Fuaoe(t)]

= 2o nalfarfu)o VO o0, 20
and
trB[(an“’“) fbj:|
= Znak f <p‘", D)+ "), (3.22)
Here [cf. Eq. (3.13)],
<fakfbj>; = <fak(0+)fbj> = Ok jNabk,
<fbjfak>; = ( foj far(04)) = Suin i (3.23)

The generalized Wick’s theorem above holds for Gaus-
sian bath influences, regardless of the fact that the to-
tal system-and-bath composite pr(t) is generally non-
Gaussian and non-factorizable.

The DEOM formalism is summarized as follows [21,
22]:

o = —(ict)

-y (nakcgg )" Y + Aap(i+1 ) . (3.24)

+ Z NakVk + 5R) P\
ak
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with [cf. the total Hamiltonian H.(t) of Eq. (3.1)]

RO = Au[Q5,[Q5.0]], (3.25)
a,b
Con(t) = Car — Z Tabk = Tabk)Sb » (3.26)
b
and
A,0 = [QZ, O],
C (3.27)

Note that the second term of Eq. (3.26) is responsible
for the Fano interference. An individual (apr — 772171%) is
nonzero only when its corresponding ~j arises from the
poles of Jup(w). Those associated with the poles of the
Bose function are all zeros [cf. Eq. (3.8)].

The DEOM theory also includes the single-WNR-
dissipaton-containing DDOs (SW-DDOs) [21]:

dint) = o [5£ (TT i) ont0)
Y B[O
b

The first identity is simply the mathematical definition of
SW-DDO, ggzl)l,, which is actually an irreducible (n+1)-
body quantity, since the involved WNR §F, do not cor-
relate with the colored { fux }-dissipatons. The second ex-
pression of Eq. (3.28) is exactly what we need for the
WNR dissipaton dynamics.

Note also that there is the so-called WNR dissipa-
ton lemma: No more than single irreducible white-noise-
dissipatons can physically participate in dynamics [21].
Therefore, SW-DDOs of Eq. (3.28) are all we need for
the WNR dissipaton dynamics, including the JR-term
in Eq. (3.24). In fact, the second identity of Eq. (3.28)
leads to Eq. (3.25) and the expression

SRpM = 1ZAagna

(3.28)

(3.29)

Actually, Eq. (3.24), in the absence of external-field in-
duced bath polarization, where CSf(t) = C,, reduces to
the celebrated HEOM formalism; see Ref. [17], for exam-
ple. The latter is rooted at the Feynman—Vernon influ-
ence functional path integral formalism [7]. The HEOM
theory offers no physical meanings to all { Pn >O)} that
were used to be just mathematical auxiliaries [12-17].
The DEOM framework, which consists of all equations in
this subsections, is much more rich. The underlying pic-
ture of DDOs, Eq. (3.20), and the algebra of dissipatons,
especially the generalized Wick’s theorem of Egs. (3.21)
and (3.22), renders DEOM a novel theory, for not only
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system but also hybrid bath dynamics. The important
observations above will be further illustrated in Section
7.

We will terminate the infinite hierarchy of Eq. (3.24)
to complete the DEOM framework in Section 3.5. Be-
fore doing so, we present the detailed derivations of Egs.
(3.24)—(3.28).

3.4 Derivations of bosonic DEOM formalism

3.4.1 Basic applications of dissipaton algebra

Evidently, derivations are only needed for Eq. (3.24) and
the second expression of Eq. (3.28). We start by apply-
ing pr = —i[H.(t), pr] to the total composite density
operator in Eq. (3.20), and we then examine the contri-
butions of different components in the total composite
H.(t). Following the dissipaton decomposition of { F2},
Eq. (3.12), the total composite Hamiltonian, H.(t) of
Eq. (3.1), can be recast as

Hy(t) = H(t) + hy + H.y(t) + §Hep (1), (3.30)
with
Hoy(t) = [Q5 = GE®)] far, (3.31)
ak
0Hsn(t) =) [Q4 — GE®)]SEY. (3.32)

a

The commutator actions of hy, H.,(t) and §Hgp(t), are
evaluated, respectively, with the three aforementioned
ingredients of dissipaton algebra, as follows.

The hg-commutator action is evaluated via the gen-
eralized diffusion equation (3.16). Together with the
Heisenberg equation of motion in the bare bath,

(gtOB)B — —i[OP, hy), (3.33)
we readily obtain
itrB{(H "“’“) hB,PT]}
=i [(TL 7)ot}
= -nof [ (T 4) ]}
(3.34)

= ( Z nak')/k)pn
ak

This contributes to the second term in the first paren-
theses of Eq. (3.24).

The H/,(t)-commutator action is evaluated readily via
the generalized Wick’s theorem, Eqs. (3.21) and (3.22),

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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with Eq. (3.23). With the H/, (t) expression of Eq. (3.31),
first evaluate

trB{(H fn“k) Qbbe7pT]}
= Z OkjNak (nakaipilEl) - nljbkp(njl) Ai)

Tak
Tork]

It immediately follows that

o] (T ) 000001
=Ztra{(Hf"“>

(3.35)

P = GEEW) iy pe] }

= Znak (UakabP - nzb;gpglfil)QzE;)
ak
abk
—E(t) Z Nak (Nabk — Moy )Ch P (n=1)
abk
+3° @l (3.36)
by "
which can be recast as [cf. Eq. (3.26) and (3.27)]
trB{(Hf”“’“) s (1), pT]}
- {nakcg}‘f o A . (3.37)
ak ak
This contributes to the last term in Eq. (3.24).
Turn now to the influence of §Hsp(t), Eq. (3.31), on

the DDOs of Eq. (3.20). Its contribution is an analogue
to Eq. (3.37) but contains no contraction terms, since
(far(t)0F3(0)), = 0. That is,

trB{ ( H fnak) 6HSB
It can be recast as

tod (T Aiz*) 5Hin(0): o]} = R

Adopted here is Eq. (3.29), the trivial result of the second
identity of Eq. (3.28), which is the remaining equation
to be derived, as below.

(3.38)

Pr } ZAanlt)z

(3.39)

3.4.2  Treatment of white-noise-residue dissipatons

Recall the SW-DDO lemma: No more than single irre-
ducible white-noise-dissipatons can physically participate
in dynamics [21]. Consequently, the SW-DDOs, lenzl(t)
of Eq. (3.28), are all we need for the WNR dissipa-
ton dynamics, including the § Hgp(t)-contribution to the

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

DEOM formalism, Eq. (3.24).

The first identity of Eq. (3.28) is simply the mathemat-
ical definition of gizzl,, which is actually an irreducible
(n + 1)-body quantity, since the involved WNR {0F,}
does not correlate with the colored {f,}-dissipatons.
The second expression of Eq. (3.28) is exactly what we
need for the WNR dissipaton dynamics.

To derive the second expression of Eq. (3.28), we recast
Eq. (3.14) as

(6F,(t)0F,(0)),, = 2806(t) = Agy Jim (Ae™1).

We then evaluate Q'SZBI, with a finite but large A in the
SW-DDO lemma limit, following the same procedure as

that from Eq. (3.34) to Eq. (3.37). The resulting gslnt)l
exclusively contains the following A-dependent terms:

— A0l =AY A Q5 p] =0,
b

which should vanish when A — oo, since gsl) does not

diverge in this limit. Therefore,

Qna - _leab Qba )] (340)

This is the second expression of Eq. (3.28). It also com-
pletes the derivation of Eq. (3.24). The fact that Eq.
(3.24) recovers the path integral-based HEOM formal-
ism de facto validates the dissipaton algebra discussed
throughout this section.

3.5 Derivative-resum truncation scheme

The DEOM formalism, Eq. (3.24), consists of an infinite
hierarchy and needs to be truncated. This issue can be
addressed via practical aspects as well as some principles
of elementary quantum mechanics. Various schemes have
been proposed [13-15], all from the practical aspect, with
a focus on the approximate treatments of { p(">L } The

standard method is to set all {p (n>L) _ O} This sim-
plest scheme is usually sufficient and reliable, owing to
the nonperturbative nature of the DEOM/HEOM for-
malism [14]. As inferred from the DDOs expression, Eq.
(3.20), the standard truncation scheme treats all L-body
dissipatons exactly. The higher level many-body effects
would have been accounted for via the generalized Wick’s
contraction approximation. This fact may explain why a
variety of other {p(">L)} based schemes [13-15] hardly
show improvement when implemented; see Ref. [32] for
numerical demonstrations.

Note that the total number of active bosonic DDOs
participating in Eq. (3.24) is
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(L+K)!
L'K!

N(L,K) = XL: (nt K- _ : (3.41)

= nl(K-1)!

where K = N,K, with a fixed number N, of the
{Q3 F®}-decomposition terms in Hg, of the study [33].
The optimal DEOM/HEOM construction goes with a
minimum number of K-space basis-set dissipatons [cf.
Eq. (3.10) and comments therein]. It should also have
an efficient L-space truncation scheme. The number of
{p (L+1) } is often comparable to or even greater than

that of { Pn <L>} in total. It would be practically impor-
tant to have a truly improved resum scheme to retrieve
the influence of { pglLH)} in the final DEOM dynamics.
In this paper, we treat the issue of truncation, not only
from the aforementioned practical aspect, but, more fun-
damentally, also from the invariance principle of quantum
mechanics prescriptions [32]. It demands that a proper
truncation scheme in the Schrodinger picture be trans-
ferable to a Heisenberg-picture equivalent to Eq. (3.24),
without further approxunatlons. We will see in Section
7.4 that the standard {p(">L O}—based scheme [6, 13—
15, 34, 35] fails in this formal requirement. Considered
below is the so-called derivative-resum scheme [32, 36].

S (L+1)

To this end, we scrutinize the p expression, with

the general form of Eq. (3.24). To snnphfy the notation,
we denote the quantity inside the first parentheses of Eq.
(3.24)

L) =1L + > nary + IR (3.42)
ak
We then have [cf. Eq. (3.24)]

p.;le) E(L+l) L+1) 12“4 o (L+2)

ak ak b]
=Dy + g O (D) (343)

bj

The derivative-resum truncation goes [32, 36]

P ~ IZA Pt (3.44)

Mok bj

It leads to the following relation between the other two
terms in Eq. (3.43),

(L+1) N M5+ 0abOks e (L)
= — —— (T . 3.45
pn;rk lsz E(L++1) (t) bj ( )pn::f;,bj ( )
Mok
This closes the bosonic DEOM formalism with
pglL) — E(L) (L) Z” Ccff L 1)
Ny + 5ab5k o
=3 AL et ) (3.46)

Mok bj

L+1
ak,bj £(+)()

ak

110306-10

Explicitly used here is Eq. (3.45), which is equivalent to

Eq. (3.44). The latter is related directly to the equivalent

Heisenberg prescription of DEOM truncation; cf. Section

7.4. The involved superoperator inverse, 1/ E;Lfl)(t) in
k

Eq. (3.46), can be evaluated with tensor algeb;a, as de-
tailed in Section 2.4. The Dyson equation would also be
useful to facilitate the evaluation.

The bosonic DEOM framework is now complete. It
consists of all equations in Section 3.3, including the gen-
eralized Wick’s theorem, which enables DEOM to be a
theory for not only systems but also hybrid bath dynam-
ics. The DEOM formalism, Eq. (3.24) with n < L and
the terminal expression (3.45) or Eq. (3.46), governs how
the DDOs evolve in time as well as the steady-state solu-
tions for structural propertles cf. Section 7.1 for further
comments. Note that {pn +1)} via Eq. (3.45) is also a
useful part of the complete theory. The derivative-resum
scheme presented in this subsection does obey the in-
variance principle of quantum mechanics prescriptions
(cf. Section 7.4), with the overall best performance, by
far, among all resum schemes we have tested; cf. Section
6.4 and also Ref. [32].

Note that a variation of Eq. (3.45), developed origi-
nally by Tanimura and Wolynes [37], supports also a pre-
scription invariant correspondence. However, the deriva-
tion there involved a local classical treatment, which re-

L+1)

places individual Eiﬁ with its damping constant only

ak
[32, 37]. This comprises the numerical efficiency to about

the same as the standard {p(">L+1) 0}-based trunca-
tion; see Ref. [32] for numerical demonstrations.

4 Fermionic DEOM theory
4.1 Bath hybridization functions and setup

4.1.1  Quantum transport setup

The fermionic DEOM will be constructed in contact with
an electron transport setup such as in Fig. 2, where
a mesoscopic electronic impurity system is in contact
with electrodes (o = L and R), which are represented
by bath reservoirs here. Throughout this paper, we set
pit = pp' = 0 for equilibrium chemical potentials in the
absence of an external field. Also denote 8, = 1/(kpTa),
with kg being the Boltzmann constant and 7, the tem-
perature of the a-electrode.

The total composite Hamiltonian Hy(t), in the pres-
ence of external fields, has the generic form of Eq. (2.1),
where the impurity system H(t) is arbitrary, and the
reservoir environment belongs to a Gaussian bath model,

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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s Ty, Hrs Tr

Fig. 2 Schematic representation of a quantum electron transport
setup, where a mesoscopic system S is coupled to two macroscopic
electrodes, L. and R, under temperatures 71, and TR, respectively.
The difference in chemical potential between L and R is controlled
by a time-dependent bias voltage, V(t), applied across the two
electrodes.

cf. Section 2.1. The specifications of hy and Hgg for the
electron transport setup are as follows.

The bare reservoirs bath (electrodes) Hamiltonian is
modeled as noninteracting electrons,

ha =3 i with b =Y emdtdn. (1)
«a k
Here, CZ;k = duk (cz;rk = cZLk) denotes the annihila-

tion (creation) operator for the k'™ single-electron spin-
orbital state with energy €, in the a-electrode. Denote
also a; = a, (a} = al,), the electron annihilation (cre-
ation) operator in the specified system spin-orbital |u)-
state.

The system-reservoirs interaction Hamiltonian as-
sumes the standard transfer coupling form,

Hgp = Z (&Iﬁa_u +F(jua‘7:)7

au

(4.2)

with the linear hybridizing bath operators of

il = togudty, = (B (4.3)
k

For bookkeeping, introduce the sign symbols ¢ = +, —

and & with the sign opposite to that of o.

To manipulate and control the electronic dynamics
in the central system, the external fields are, in gen-
eral, time-dependent, such as the laser pulses applied to
the system. This case had been implied via the time-
dependent H(t) for system; cf. Eq. (2.2). The quantum
transport setup naturally includes a time-dependent ex-
ternal bias electric (voltage) potential, eV (t) = ur(t) —
ur(t). Tts effect can be described by rigid homogeneous
time-dependent shifts of the conduction bands of elec-
trodes such that the occupation on each electronic state
is unchanged [38]. The shifted h, reads

heT(6)=> lean + pa()ddy,=ha + pta(t)No. (4.4)
k

The electron number operator N, in the a-electrode sat-
isfies [hq, No| = 0, in line with the electron number con-

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

servation in an isolated electrode. The transport current
operator, with a specified flux from the bath a-reservoir

to the system, is then [, = —%]\Afa = —i[Hgg, NuJ. To-

gether with Eq. (4.2), we obtain

fa‘ :72(6‘3#0711,7}%;11&;)

u

(4.5)

The DEOM-based evaluations of transport current and
current-current correlation functions will be discussed in
Section 7.2.

The total composite Hamiltonian to be treated with
the fermionic DEOM theory, including the last term of
Eq. (2.1), can now be expressed as

Hoy(t) = H(t) + > he(t) + Hen. (4.6)
«@

The last two terms remain in the framework of the linear

hybridization noninteracting bath model that obeys the

Wick’s Gaussian statistics, as elaborated in Section 2.1.

For later use, also denote the bath Hamiltonians,

W ="kt and heT(t) =D A1),

[e3 [e3%

(4.7)

in the presence of time-independent and time-dependent
bias voltage potentials, respectively.

4.1.2  Bath hybridization and equilibrium correlation
functions

The hybridizing bath spectral density functions, which
characterize the influence of {FZ7,}, Eq. (4.3), are de-
fined with the bare bath hy of Eq. (4.1). They read

Jouw (W) = I (W) =7 Zt(’;kutakvé(w —€ak). (4.8)
k

Its equivalent thermodynamics definition is given by [cf.
the bosonic Eq. (3.4)]

o 1 - iw nldd e e
Tle) = 5 [ B 0. EZOD. (49)
It is easy to verify that [cf. the bosonic Eq. (3.5)]
Tavu(@) = [T (@) = JZu (). (4.10)
Moreover,
o Nl eq 1 > oiwt Jguv (w)
(F.(OFZ,0))," = - dw e " ome (4.11)

This is the fermionic fluctuation-dissipation theorem
[6, 8 9]. Both Egs. (4.9) and (4.11) follow the so-
called ho-based thermodynamic prescription: F9, (t) =
eihat fro e=ihat and (0)ed = try(OeBoho)/Z20 with
zZo = trye~fahe | the canonical (1 = 0) ensembles
partition function at temperature Ty,.
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4.2 Steady-state versus nonstationary bath correlation
functions

4.2.1 Steady-state bath correlation functions

Consider the nonequilibrium steady-state case, in which
the applied bias potential, eV = pup, — pur, is time-
independent. The effective a-electrode Hamiltonian of
Eq. (4.4) reads

}ALZ? = iLa + ,ua]\A]a = Z(fak + 'uo‘)dikd;k'
k

(4.12)

Nonequilibrium steady-state <13'gu(t)13'§v(0)>]3 follows
the fALﬁ,'f—based thermodynamic prescription. It involves
the partition function of grand canonical ensembles,
Zo(Ba, o) = trpePalhatiaNa) at a specified tempera-
ture T, and chemical potential p,. The underlying sta-
tistical thermodynamics average is completely charac-
terized by 1/[1 + e?Pa(w=ra)] the Fermi function for
electrons (6 = +) or holes (¢ = —). In parallel, the
steady-state hybridizing bath spectral density functions
are J5 (w) = Jouw(w — pa), in relation to their p,-free
equilibrium counterparts, Eq. (4.9). Consequently, the
nonequilibrium steady-state correlation functions are re-
lated to the equilibrium ones as

(Fg.()F5,(0)), = et (F7, () FZ,(0))

B (4.13)
The equilibrium (- -

S5 in the right-hand-side of the
above expression follows the pu,-free ha-based thermo-
dynamic prescription, as specified following Eq. (4.11).

It is easy to show that the time-reversal counterpart
to the nonequilibrium steady-state <ﬁ' o (t)F, 7,(0)),, sat-
isfies [cf. the first identity of Eq. (2.8)]

*

(FO)F5.(1), = (Fau(OFZ,(0)),.
We also have [cf. the second identity of Eq. (2.8)]
(Fgu(t =iB)F3,(0)), = e (F7, () F,(0)). (4.15)

This is the grand canonical detailed-balance relation.
However, there is no simple relation if it involves flux.

(4.14)

4.2.2  Nonstationary bath correlation functions

In the presence of time-dependent fio(t) = pa + Au(t),
the hybridizing bath correlation functions,

~ N nst

Couwn(t,7) = (FL,(OFL, (1)),

are nonstationary and do not have time-translational in-

variance. While (-- )25 remains in the hS'-based pre-

scription of the average of grand canonical ensembles,
those {£9,(t)} inside (---)2%* are governed by hcff(t) =

(4.16)

110306-12

hst + Ay (t)N,. That is

0 PO Te
ot au(t) = 71[Fau(t)vhaﬂ(t)]’

_ [i /t t drﬁgﬂ(r)]

t
x FJ, exp, [—i/ dThZH(T)]

to

(4.17)

The initial tyg can be at any time prior to the time-
dependent A, (t) taking action. The resulting nonsta-
tionary bath correlation functions are then expressed as
(t>7)

t
C%.,.(t,T) = exp [oi / dt’Aa(t’)} CT¥(t — 1), (4.18)

Note that A, (t) is the time-dependent chemical poten-
tial, in addition to the constant part u., applied on the
a-electrode. The stationary CZ:3!(t) simply represents
the steady-state Eq. (4.13). Apparently, Eq. (4.18) can
be considered the generalization of Eq. (4.13), in line
with the homogeneous-conduction-band-shift ansatz, as

described above Eq. (4.4).

4.3 Dissipatons decomposition scheme and generalized
diffusion equation

4.5.1

Onset of exponential expansions

Consider now an exponential series expansion of the
steady-state [cf. Eq. (3.7) and the remarks therein]

NJ oo
k=1 m=1

The exponents are related to the poles of JZ,, (w) and
the Fermi function,

o __ A0:€q 3
Yakuv = Vakuv — HMa;

;ygm = (2m - 1)7‘-/604 -

While {§2:¢1 = (2m — 1)7/f4}, the fermionic Matsub-

am
ara frequencies, are all real, those from JZ,, (w) have the
Yol )*, owing to the second iden-

auv
oied (e
tity of Eq. (4.10). The above observations indicate that

(4.20)

Oifl -

property of v, . =

Vakuw = Vakw)™s Tom = (Vam)"™- (4.21)
This property of all involved exponents will be explicitly
used in the formulations later.

Furthermore, note that the symmetry relation of
JZp (W) in Eq. (4.10) implies also [cf. Eq. (3.8)]

auv

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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Nekus = — (Makuw) ™ (4.22)
It turns out that each individual frequency-domain com-
ponent from the last term of Eq. (4.19) is, in general, an
asymmetric and complex function. The dominant part
is antisymmetric and imaginary. All existing nonzero
residue resum treatments, including the §(t)-type WNR
ansatz proposed in the original DEOM paper [21], are
rather uncontrollable and case-dependent. The situation
here is very different from that of the bosonic bath. The
latter does support the §(t)-type WNR ansatz, i.e., the
last term in Eq. (3.10), which is generally controllable
[16, 17, 28-31]. Owing to the remarkably efficient Padé
spectra decomposition for the Fermi/Bose function [28,
29], we adopt the zero-residue treatment for fermions Eq.
(4.19), which is always controllable and has also been
proved sufficient even for a variety of Kondo problems;
see Ref. [36] and references therein.

For clarity, we also assume 77,
(4.19) can be recast as

—~C
E nanuve st

Here, K = Nj 4+ Npem; 18 the total number of poles from
both JZ,,(w) and the Fermi function.

auv

= v7,., such that Eq.

(FL.()F (4.23)

4.8.2  Decomposition of fermionic dissipatons

To proceed, let us recast Eq. (4.2) in a compact form,
the second identity below,

Hep =Y (a3 Foy + Fla,) = > a5FS, (4.24)
which defines

F9, =—0cF%, =G6F7,. (4.25)
Apparently, (FZ,(t)FZ,(0)), = —(FZ,()FZ,(0)), .

The decomposition of dissipatons for the fermionic
bath hybridizing operators reads

Fg, =-0Fg, = Z e (4.26)
with [cf. Eq. (3.13)]

Faa 8 (0)) = =08 e,

< Ag’li’v(o) Agnu(t)>]3 = Z/:a H’nanuve ’yg"t, (427)
where

62:04 ! = 605/ 6Otoz’ 5&&" (428)

The time-reversal relation for fermionic dissipatons reads
[noting that 3% = ~7,.; cf. Eq. (4.21)]

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

<fg;n’v(0)fgnu(t)>]3 = <fgnu(t)fg;n/v(0)>;'

It is easy to verify that the above decomposition pre-
serves the bath correlation function of Eq. (4.23).

(4.29)

4.3.8  Generalized diffusion equation with extension

The extension to the nonstationary case is rather
straightforward. In line with Section 4.1.2, the nonsta-
tionary counterpart of Eq. (4.27), exemplified with the
nonzero and forward-path one, reads (—oo < 7 < ¢ < 00)

(Fa® s (D) = = o0 | - / at'2, (1],

(F2n () 2 )2 = = ep | - / dt'7g, (1]
(4.30)

Here,

oieq

Yo (t) = Yaus (4.31)

— olpte — 0iAL ().

The same-and-single-exponent nature remains; cf. the
last paragraph in Section 3.2. The generalized diffusion
equation [cf. Eq. (3.16)] now reads

[ (2 f5) p20)] = (0010 [Fpn(1)]. (432

It is to be used together with the Heisenberg equation of
motion,

0
o") =
&),
for the evaluations of the hS(t) effect on the fermionic
DDOs [cf. Eq. (3.34)].
Moreover, the fermionic counterparts to Eq. (3.23) are

also rooted at the correlation functions for nonstationary
dissipatons, such as Eq. (4.30)7 defined with t — 7 = 0+.

(Frundoen; =003

—i[O®, hef (1)), (4.33)

arula’k'v) g ak,a’ n’nanuv7
FTwrnlndn = =0ak arn - (4.34)
4.4  Fermionic DEOM formalism and generalized
Wick’s theorem
For bookkeeping, we adopt the abbreviations,
j = (caku), j = (Gakru), (4.35)

for the collective indexes in fermionic dissipatons, such

that fj fam and so on. The fermionic DDOs are there-

fore [cf. Eq. (2.3) and remarks therein]
A0 = o, (0 =t [ (i, o £) e (4.36)
110306-13
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The indexes in pgn)

participating number for each fermionic dissipaton fj can
only be n; = 0 or 1. The product of dissipaton oper-
ators dissipatons operator product inside (---)° is also
ordered. A swap of any two irreducible fermionic dissi-
patons causes a minus sign, such as (fjfj/)o =— (fj/fj)o
[cf. Eq. (2.4)].

From Egs. (4.32) and (4.33), we immediately obtain
[cf. Eq. (3.34)]

it { (Fi, o £5) (0, 0]} =257 (057

(t) of Eq. (4.31)],

are self-explanatory. Note that the

(4.37)

Here [noting 7;(t) = 78, (t) = 70

= 7.

The effect of Hgg on p;n) (t) is to be evaluated with
the generalized fermionic Wick’s theorem [cf. the bosonic
counterparts of Egs. (3.21) and (3.21)]. Apparently, Hgg
of Eq. (4.24), now reads (noting a; = ag,, = ag)

(4.38)

Hep =Y a5 ;. (4.39)
J
It will give rise to p(Tﬁfl) = p;?'i}z—lerrl"'jn} and
{p]nH) = pyfr; j} Note also

(n+1) _ n (n+1)
JJ ( ) p]j * (440)

It highlights the fact that the product of irreducible
fermionic dissipaton operators inside the (---)° in Eq.
(4.36) is ordered.

The generalized Wick’s theorem for fermionic dissipa-
tons results in [cf. Egs. (3.21) and (3.22)]

try [(fjn "'fjl)oijT(t)}

Z o erfJ . (n 1)+p§n+1)7

(4.41)

and
tra [(Fi - £1) o) ]
= (—)"trs |:fj(fjn : f]l) pr(t )}

n

= ([ TG ol (a42)

r=1

The first identity in Eq. (4.42) highlights the fermionic
cyclic partial-trace relation, as detailed in to the end of
Appendix A of Ref. [21]. Note also

tra | (£, - f) @555 (0)]

110306-14

= ()ajtrs [(fi, - fa) “Fipn(®)] (4.43)

Equations (4.39)- (4 43), together with Eq. (4.34) for
the values of <fjrfj> and <fj fj > lead readily to [21,
23]

trB{(f
=S+ Ay

Together with Eq. (4.37), we obtain the final DEOM for-
malism, as follows [21, 23].

f]l) I:HSBapT:I}

(4.44)

py” = =L@ + " (0] - ZAJPJ’;H)
—1Y (=)"TC,p <" D (4.45)
r=1
Here, A; = A7, = A7 and C; = CJ,, are Grassman-

nian superoperators defined via
AZOAi = dZOAi + OAiCLZ = I:dz, OAi:I:t

Cglin:t = Z (ngnuvdgoi + nZ:quidg)'

v

(4.46)

Here, O. denotes an arbitrary operator, with even (+)
or odd (—) fermionic parity, such as p?™ or p(m+1) in
Eq. (4.36), respectively.

In Section 5, we present the HEOM formalism that
also assumes the form of Eq. (4.45) but is rooted at the
Feynman—Vernon influential functional path integral for-
mulations. The close comparison between DEOM and
HEOM will be scrutinized in due course.

4.5 Derivative-resum truncation scheme

We address the issue of truncation, in parallel to Sec-
tion 3.5, with respect to the invariance principle of
quantum mechanics prescriptions [32]. Note that vari-
ous commonly used truncation schemes [13-15, 33], in-
cluding the resultant quantum master equations and self-
consistent Born approximations [6, 34, 35], are concerned
only with the practical implementation aspect. The com-
mon feature among these conventional schemes is to set
{p§n>L)}, all or some, to be zeroes explicitly. It will be

evident in Section 7.4 that all these { p§n>L) = 0}—based
schemes, if transferred to the Heisenberg prescriptions,
require additional approximations, at least formally. The
derivative-resum scheme, similar to Eq. (3.44), which
preserves the invariance of the prescriptions, is to be
adopted as follows.

Let us recast p( T via Bq. (4.45) as

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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L+1 . L+1 L+1
P = [ie(t) + A5 )] ol
—1ZA,p]’J?j2 —1ZCT (o, (4.47)
where
(L) _ (L)
pJT *le Jr— 1]]r+1 jL” (448)

The derivative-resum scheme, the counterpart to the
bosonic Eq. (3.44), now reads

(L+2)
—i Z A; i'Pijg

The other two terms in Eq. (4.47) are then related via

P ~ (4.49)

. L+1
(L+1) _ ! (L)
o E C;.p:”. (4.50)

It closes the DEOM formalism, Eq. (4.45), with [36]
L
=i+ Y 2.0 Z
- L+1
o (o) o
- £)+75

In the absence of a time—dependent laser field ap-
plied to the local system, L£(t) = Lg, which is diago-
nal in the Hs-representation; see the tetradic bra-ket no-
tation described in Section 2.4. That is (Ls)mn,mn =
WinnOmm Onnsy, With wmp = €, — €, being the transi-
tion frequency between two eigenstates of the bare sys-

(L-1
L rc]T )

tem Hamiltonian. The superoperator inversion involved
in the above equations are also diagonal and can be read-
ily evaluated. For the case of the time-dependent L(t), we
may use the Dyson equation to facilitate the evaluation.
Actually, Eq. (4.50) had been proposed before, as an
efficient HEOM truncation method [36]. However, the
previous work addressed only the numerical aspect of
truncation, with setting individual p(LH) nd p§L+2) be
zeroes. Apparently, this double settlng is overkilled. The
derivative-resum, Eq. (4.49), with its equivalence Eq.
(4.50), is preferred for the prescription invariance re-
quirement [32]. While it is Eq. (4.50) that is used in
Eq. (4.51), its equivalent Eq. (4.49) is reflected directly
in the Heisenberg prescription of the truncation; cf. Sec-
tion 7.4. The derivative-resum scheme does follow Eq.
(4.49) without setting {px;fm(t)} to be zero. This ob-
servation implies that Eq. (4.51) would have effectively
taken certain nonzero {px; 2 t)} dynamical influences
into account. Note that for stationary states, Eq. (4.49)
gives { p]L+2 = O}. The numerical performance of the

derivative-resum scheme will be detailed later in Section

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

6; cf. Table 1.

The fermionic DEOM theory is now complete. It con-
sists of a closed set of equations of motion, Eqs. (4.45),
and (4.51) for p;ngL)(t), and also Eq. (4.50) for pg.LH)(t).
The underlying dissipaton algebra, especially the gener-
alized Wick’s theorem, Eqs. (4.41) and (4.42), is also
very important. It enables DEOM to be a theory for
both systems and hybrid bath dynamics; see Section 7
for details.

5 Fermionic HEOM via path integral
influence functionals

The DEOM formalism, either bosonic, Eq. (3.24), or
fermionic, Eq. (4.45), had been constructed before in
the HEOM framework [12-15, 18], where the dynami-
cal variables were mainly just mathematical auxiliaries.
As we will see later in Section 7, the crucially important
ingredients of the DEOM theory include also the expres-
sion of DDOs, Eq. (3.20) or Eq. (4.36), and the gener-
alized Wick’s theorems, Eqs. (3.21) and (3.22) or Egs.
(4.41) and (4.42). In this section, we revisit the HEOM
construction, from its root at the Feynman-Vernon influ-
ence functional path integral formalism [7, 8], and closely
compare the involved key steps with their DEOM corre-
spondences, if any. It will be evident that, except for
Eq. (3.24) or Eq. (4.45), the aforementioned additional
crucially important ingredients of the DEOM theory are
hardly within the reach of the HEOM framework. With-
out loss of generality, we focus on the fermionic HEOM
formalism.

5.1 Path integral influence functional formalism

Let us start by recasting the total composite Hamilto-
nian in Eq. (4.6) with Eqgs. (4.7) and (4.24) in the he (¢)-
interaction picture:

Ho(t) = H(t) + > afFg,(t)

oau

Ul(t:to)F2, Us(t: to). It satisfies [cf. Eq.

(5.1)

Here, F7, (t) =

(4.17)]
9 = o SO 7 eff
atFau( ) _1[Fau(t)7 hB (t)]7 (52)
with A (t) specified in Section 4.1.1 as
(5.3)

R (t) = > {ha + (1o + Aa(t)] Vo }-

The initial ¢g in Eq. (5.2), and also hereafter, can be
at any time prior to the time-dependent A,(¢). In the
hef (t)-interaction picture, the total composite density
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Ul(t; to) pr(t)Un(t: to), reads

U (t, to: {5, ()} pr (80) UL (o3 { P (0

operator, pr(t) =

P (t) =

where [cf. Eq. (5.1)]

t

Tt to; {F2,(1)}) = expy {— i /t dTHT(T)} . (55)

0
with Hy () of Eq. (5.1).

The influence functional path integral theory targets
at the reduced system density operator, which reads now
as ps(t) = trg[pr(t)]. For its formal evaluation, the ini-
tial value in Eq. (5.4) has to be of either the steady-state
total composite density operator [39], or the following
factorization form [18],

pr(to) = ps(to) oy (5.6)
with
< e*ﬁa(ila‘ﬂ"a]va)
i = [ e 51

Za(ﬁa,,ua)

Here, Z4(0a, o) denotes the grand canonical partition

[e3

function of electrons in the a-reservoir under the time-
independent nonequilibrium potential p,. Under the
homogeneous-conduction-band-shift ansatz, as described
above Eq. (4.4), an additional time-dependent potential
A, (t) will not change the distribution of electrons in the
conduction bands of the a-electrode. Together with Eq.
(5.4), we have [18]

ps(t) = (Un(ts to; {F, (t — 18)})ps(to)
UL (¢, to: {F,(O1)0
=U(t,to)ps(to), (5.8)
with (-- )25 the nonstationary-state reservoirs bath av-

erage, defined in Eq. (4.16).

In Eq. (5.8), U(t, 1) is symbolically introduced as the
reduced Liouville-space propagator. It only has a con-
crete expression in the path integral “space-time” rep-
resentation [8, 40]. Let {|))} be a generic basis set in
the system subspace such that ps(¢,t) = ps(¢, ¢’ t) =
(¥|ps(t)|¥'). The reduced Liouville-space propagator in
the path integral representation reads [7, 8]

[t
U, t: o, to) = / " DS AL (59)
Yo lto]
Here, S[¢] is the classical action functional of the re-
duced system, evaluated along a path (1), subject to
the constraint that the two ending points ¥ (tg) = g
and ¢ (t) = ¢ are fixed. The influence functional F[t)]
in Eq. (5.9) can be evaluated using Eq. (5.8), together
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with the Gaussian statistics for the stochastic linear bath

operators {F9, (¢)}. The final result reads [18]

Flp] = exp { /t: drR[r; {1,b}]} , (5.10)
with the dissipation functional of

Rt {e}] = 1) ALl ()]BS, [t: {v}]. (5.11)
Here, o

AT [ ()] = aZ [ ()] + af [ (1), (5.12)
and

ulti {9} = —{ BE [ {w}] — BS540/} (5.13)

with

Bzl () = % / 4GS, (1,

B[t ') )= Z/dr (1. 7)] a0/ ().

ag [(7)],

(5.14)

The above two expressions are specified with the “for-
ward” (*) and “backward” (<) notations that are used
throughout this paper. They involve the nonstationary
bath correlation functions [cf. Eq. (4.16)], along the for-
ward and backward paths, respectively; i.e.,

Counlt:7) = (FE.OFL(1))

[Cout ) = (B2 (NEZ ),

While the A-functionals in Eq. (5.12) depend on
{ag[w(t)]} at a fixed local terminal time ¢, the B-
functionals in Eq. (5.13) are of time nonlocal memory.
The involved {ag[-]}, the path-integral representations
of the fermionic {aZ} operators, are not c-numbers, but
rather Grassmann variables [8, 40]. Consequently, the
quantities defined in Eqs. (5.12)—(5.13) are all Grass-
mann variables, satisfying the algebraic rule of zy =
—yx.

(5.15)

5.2  Fermionic HEOM formalism

From Egs. (5.10) and (5.11), we have

O F = (X A8 1 (o)) 7 (5.16)
This equation is not closed, because of the time-nonlocal
nature of the B-functionals.

The HEOM construction is to resolve the memory con-
tents in the B-functionals of Eq. (5.13) with Eq. (5.14).
It follows the same exponential series expansion as in
Section 4.3 for the involved correlation functions of reser-

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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voirs. By combining Eqgs. (4.18) and (4.23), we have Eq.
(5.15) the expressions [cf. Eq. (4.30)]

CZ( Znamexp{ / At (t )},
Z iwew |- [ ata,0)]. 61

We can then recast Eq. (5.13) with Eq. (5.14) as

[ auv

Sulti {9} = ZBmt{w} (5.18)
where
Ba et (9] = Zy;{ngmBgm {v}]
AU (5.19)
with
sl ) = [ ar{aglumpe Fan),

Bl ()= [ ar{agy (e F ), (5.20

to

The above B-functionals satisfy the memory-resolved,
time-local equation of motion,

—i Z {nanuv v

9 o
aBanu t {Q/J}

rrIOLKZ’U.'Ua'U } ’YOZK/ ) aRu [t {w}] (5'21)
Substituting Eq. (5.18) in Eq. (5.16) leads to
—]—" _ ﬂ(ZA Bilt: {v}) 7. (5.22)

Note that j = (caku) and j = (Gaku), were defined in
Eq. (4.35). Introduce a set of auxiliary influence func-
tionals,

FW g g

J Jijz:Jn Bj2Bj1f- (523)

Their equations of motion are all time-local, but hierar-
chically coupled. In parallel to Eq. (5.9), we introduce

g MPNRE () a1
U; (¢,t;¢o,to)=/ Dapel SV [gple 151,
o to]
(5.24)

to define the auxiliary density operators (ADOs),

P57 (1) = U™ (8, 1) ps (o).
The above equations, (5.21)—(5.25), readily lead to [18]

(5.25)

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

n+1)
o IZAJPJJ

(n) )+ Z 'YJT

=) g
r=1
This is the fermionic HEOM formalism, which identical
to the fermionic DEOM (4.45). It de facto verifies the
important dissipaton algebra presented in Section 3 and
Section 4. However, these two approaches are of some
fundamental differences, as elaborated below.

(5.26)

5.3 Comments on HEOM versus DEOM

The main drawback of the HEOM formalism is the lack
of physical meanings of all its dynamical variables, ex-
cept for p@(t) = ps(t). Those {p§n>0) (t)} are simply
mathematical auxiliaries, referred to as the ADOs in the
HEOM literature. They were introduced as intermedi-
ate quantities, with the definition being given in Egs.
(5.23)—(5.25), together with Eqgs. (5.19) and (5.20). This
definition works only for the purpose of obtaining Eq.
(5.26), and it has hardly any relation to various HEOM
applications. Strictly speaking, it is more harmful than
useful, as it may limit the use of HEOM (5.26), with the
initial conditions of {p( n>0) (to) = 0}, the manifestations
of ADOs of the initial factorization of Eq. (5.6).
Nevertheless, the HEOM construction is exact, and
the resulting formalism, Eq. (5.26), should be applica-
ble to a broad range of initial values of {pg.n) (t=0)}
that are dynamically accessible from those uncorrelated
ADOs in the past, say tg — —oo. Therefore, the HEOM
formalism has been widely used in characterizing the
properties of reduced systems, both static structures and
dynamical behaviors, in the presence of couplings of a
non-Markovian and nonpertubative environment. There
had also been some efforts toward identifying the physi-
cal meanings of ADQOs, with clear indications that they
are related to correlated system-and-bath interferences
[19, 20, 41]. The most important identification may be
the relation of the first-tier ADOs, {pgl)(t)}, with the
transient transport current [18, 36, 42-48]. However, the
transport current fluctuations, such as current correla-
tion functions and noise spectra, are beyond reach. The
main drawback remains. Because the HEOM framework
is rooted at the influence functional path integral formal-
ism, it is concerned mainly with reduced systems [49, 50].
The DEOM theory is different. All { pg.")} are now the
physically well defined DDOs, with Eq. (4.36) that is free
of the puzzle of initial values. The underlying dissipa-
ton algebra, especially the generalized Wick’s theorem,
renders the DEOM a unique theory for not only sys-
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tems but also hybrid bath dynamics. The DEOM-based
evaluations of nonlinear Fano interferences and trans-
port current noise spectra have been reported recently
[22, 23]. Neither the expressions of DDOs, Eq. (4.36),
nor the dissipaton algebra are within the reach of the
HEOM framework.

Nevertheless, the dynamical generators of two ap-
proaches, i.e., Eq. (4.45) and Eq. (5.26), are identical.
All artilleries developed before for HEOM can be used
directly in the present DEOM approach. For our previ-
ous reviews on this aspect, see for example, Ref. [36] and
Ref. [33]. As far the numerical implementations are con-
cerned, “DEOM” and “DDO” used in the next section,
are completely exchangeable with “HEOM” and “ADO”,
respectively.

6 Onsets of efficient DEOM methods

6.1 General remarks

Let us start with the indexing algorithm for DDOs. For
fermionic dissipatons, {fZ,,,}, the total number of DDOs

participating in the DEOM formalism, truncated at the
L-body level, is [cf. Eq. (3.41)]

- K! -
N(L,K) = Z - . K=2N,N,K.

nl(K —n)! (6.1)

n=0
Here, N, and N, are the numbers of bath reservoirs and
system orbitals, respectively, and the factor of 2 accounts
for the two signs of ¢ = 4, —. Thus, K defined above is
the number of the distinct fermionic dissipatons, {f7,,}.

To locate individual DDOs in a numerical DEOM
code, we map the multiple indices in pg.") to an inte-

ger j(n,5) € [0,N], ie., p”
pgn) = pg?)h = psﬁ)nK, with np = 0x; x. The or-
dered set j = ji---j, follows the same order as in
n = (n1---ng). The indexing algorithm for DDOs, for

j(n) =j(n,j), can be chosen as [33]

= Di(n.j)- To proceed, let

K
im)=N(n-1,K)+ Z(l —ng)N(Ny — 1, K — k).
k=1
Here, Njy = njy1+---+ngi and N(m < 0, M) = 0. This
algorithm sorts DDOs into n-based blocks, followed by
the sub-indices n = (n;---ngz) of a same n-dissipaton
level. For example, j(0---0) = 0; j(10---0) = 1, - -+,
j(0---01) = K; and j(110---0) = K + 1.

Currently, the major challenge of the DEOM approach
is the rapidly increasing memory space for storing and
computing these DDOs. Reducing such memory cost will
dramatically enhance the efficiency of this approach. We
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tackle this problem from both the optimal DEOM for-
malism and efficient numerical implementation aspects,
as presented in the two subsequent subsections, respec-
tively.

6.2 Minimum basis-set dissipatons

The optimal DEOM formalism deals with the so-called
K-space and L-space issues. The latter is concerned
with efficient L-body dissipaton-level truncations. The
derivative-resum scheme, presented in Section 3.5 and
Section 4.5 is by far the best; see Section 6.4 for numer-
ical verifications.

The K-space issue is to minimize the number of dis-
tinct dissipatons, exemplified with the fermionic {f9,,},
cf. Section 4.4, where Kmax = K = Nj + Nperm;- For the
given problems under study, the number N; of the poles
from the bath hybridization function is fixed. Thus, the
basis-set issue may simply refer to the minimal Ng,,,.;, as
required from the Fermi function. Apparently, every one-
increment of Ng.,.; results in the increase of the size of
basis-set dissipatons by 2N, N,,; see Eq. (6.1). The curse
of the dimensionality problem would quickly appear. The
very best minimal Ng.,,,; is in demand.

In the following, we denote the “best” NIt = P asit
follows the Padé spectral decomposition [28, 29, 51]. This
scheme is not only the [P—1/P] Padé approximant of the
Fermi function, but also the fact that all involving pa-
rameters in the sum-over-poles decomposition form are
determined at machine precision via simple algorithms
[28, 29, 51].

The number P of Padé terms determines the accuracy
of the correlation functions of the bath reservoirs in expo-
nential expansion, Eq. (4.23), that leads to the basis-set
dissipatons for the DEOM construction. Note that the
discrepancy of AfE7(w) = | fruwms (@) — flm/ 7 (w)]
is on the order of (Bw)*’*1. However, the challenge oc-
curs at a lower temperature, especially in the Kondo
regime, where the optimal number of Padé terms, P, sen-
sitively varies with temperature T'. For a convenient im-
plementation of the DEOM approach, it would be help-
ful to have an a priori estimate of the required P value.
To this end, we define the relative error of dissipaton-
decomposition as follows:

Be= [@argz @) / [ dhiem)0).

Here, J(w) denotes the function form of Juqu,(w). We
adopt J(w) = 1/(w? + W?) for the illustrations below.
Figure 3 plots the minimal P that gives an error less
than the preset E. for different temperatures, aiming
at the DEOM evaluations in the Kondo regime. Appar-

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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Fig. 3 The scattered data are the minimal number of Padé terms
P versus the temperature T' corresponding to different preset er-
rors Ec. The scatters are determined using the [P — 1/P] Padé
spectral decomposition of the Fermi function, and the lines are the
least squared fits to the relation InP = a + bln(T/W). The values
of fitting parameters a and b for each line are listed in the figure.
Reproduced with permission from Ref. [36], Copyright (© 2015 AIP
Publishing LLC.

ently, a larger P is required for a lower T or to reach a
smaller error E.. It is found that the data fit remark-
ably well to a linear relation InP = a+b In(7T'/W). Here,
the reservoir band width W is taken as a reference en-
ergy scale. The parameter a depends on the preset E.
via @ = 1.10 In(—0.28 InE.), while b is nearly constant
in all cases; see Fig. 3. This leads to [36]

InP = 1.10 In(—0.28 InE,) — 0.50 In(T/W). (6.2)

This quantitative relation, reliable at T/W < 0.004, pro-
vides an a priori estimate of P such that the somewhat
tedious trial-and-error search process can be avoided.
Such a quantitative relation helps to reach an optimal
balance between the accuracy and efficiency of DEOM.

6.3 Utilizing the sparsity feature

In the previous implementation of DEOM, all matrix el-
ements of all the DDOs were stored in physical memory.
Consequently, the memory cost rapidly increases with
the number of system spin-orbitals N, or as the temper-
ature decreases. It is important to note that DDOs are
often sparse matrixes; a large percentage of the elements
are exactly zero owing to physical constraints. The spar-
sity feature is completely determined by the interactions
among electrons on different dot orbitals. In the DEOM
approach, this involves the system Hamiltonian Hg and
the reservoir spectral functions Jyq, (w).

Take a quantum dot (QD) system consisting of only
one orbital as an example. Such a system is often de-
scribed by the single-impurity Anderson model (STAM)
[52, 53]. The dot Hamiltonian is Hg = e(nq+n))+Unqn,.
Here, ny, = dlds and U is the on-dot electron-electron

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

Coulomb repulsion energy. The physical space of the QD
is spanned by four Fock states, [0), | 1), | 1), and | T1).
Usually, the direct spin-flip term d]%d | and its Hermitian
conjugate are absent from Hg. Consequently, there is no
coherence between the two states | 1) and | |). Therefore,
the reduced density matrix element (T |p| |) is exactly
zero, and its contribution to all the associated first-tier
DDOs is also zero.

In many cases, up to 90% or even more DDO-matrix
elements are zero, owing to the intrinsic system config-
uration. Therefore, utilizing the sparsity of the DDOs
will lead to a substantial reduction in the memory cost
of DEOM. The challenge is that the zero elements are
located at different positions of different DDOs. An ef-
ficient algorithm is needed to identify and screen these
zero elements quickly. Such an algorithm has been pro-
posed in Ref. [36], which consists of the following two
ansatzs:

(i) The sparsity of the reduced density matrix ps = p(©
of the system is determined by an effective Hamiltonian
as p0 ~ e~ PHett with Heg = Hg + Hy,. Here, Hy, origi-
nates from the reservoir spectral functions, since an off-
diagonal Juq, (w) may introduce a nonzero coupling be-
tween dot orbitals |u) and |v) mediated by a-reservoir.
Note that the reservoir correlation functions are equiv-
alent to the “embedding” self-energies in the nonequi-
librium Green’§ functAion theory: (Fir, (t)F5,(0)), =
i%7,,(t) and (Ff(0)Fy, (), = —i¥5,,(t). As inferred
from Eqs. (4.9) and (4.13), Jous(w — f1a) is simply the
spectrum of i[X2,, (t) — X5,,(t)]. For any pair of u
and v that gives Juyu(w) # 0, we add a nonzero term
(twala,+H.c.) to Hs. In this manner, the reservoir me-
diated couplings among different dot orbitals are prop-
erly accounted for.

(ii) The sparsity of any n-body DDO p;n) is completely
determined by H.g and all its associated (n — 1)-body

DDOs via [Hcﬁ‘,p;n)] +> erp;f_l) Therefore, by

scanning through all {pg.n); n=0,---, L}, the sparsity of
all the DDOs can be deduced.

Although not rigorously proved, the above two ansatzs
have been validated by our extensive numerical tests on
a variety of systems with diversified Hg and Jyyy (w). In
our present implementation of fermionic DEOM, both
the above sparse mode and the derivative-resum trunca-
tion (cf. Section 4.5) are included, leading to significant
enhancement in numerical efficiency, while maintaining
accuracy.

6.4 Numerical verifications

In the following, we denote the original implementation
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of DEOM as the “standard mode” which exploits neither
the sparsity feature nor the derivative-resum scheme. It
stores and computes all DDOs appearing in the DEOM
formalism of Eq. (4.45), with n = 0,---,L, and set-
ting all {p§">L)} = 0. The “sparse mode” exploits the
sparsity pre-screening algorithm, as described above, to
store and compute only those surviving nonzero ele-
ments of DDOs. Usually, the memory space required
by the “sparse mode” is only 5%-10% of that needed
in the “standard mode”, while the numerical outcomes
are exactly the same. Therefore, the use of the “sparse
mode” dramatically reduces the memory cost, and hence
substantially enhances the efficiency of the DEOM ap-
proach. The “derivative mode” itself refers to the use of
the derivative-resum truncation scheme in Section 4.5,
whereas the “derivative4sparse mode” combines those
two advanced techniques. It should be emphasized that
all these four modes yield exactly the same numerical
results, if all converge.

The benchmark is performed on a STAM system, Hy =
e(fy +fy) + Unyhy, where ft, = al,a,, in the quantum
transport setup (cf. Fig. 2), with ur, = ui® + V/2 and
UR = u%q —V/2, under the bias potential. Set u¢4 = 0 as
energy zero. The equilibrium reservoir spectral function
assumes the form of J,(w) = %% The hybridiza-
tion strength A is taken as an energy unit below. The
parameters e = —U/2 = —6A are adopted, such that the
dot is exactly half-filling, and the reservoir band width
is W = 20A. The system is in a nonequilibrium steady
state under a bias voltage V' = 2A, and the tempera-
ture is 7' = 0.1A. To reach a high truncation tier, we
adopt a slightly larger error tolerance for the reservoir
memory decomposition: E. = 7.5%. From Eq. (6.2), we
immediately have P = 10.

Table 1 compares the CPU time, physical memory,
and indexing memory consumed by DEOM calculations
carried out in the four different aforementioned modes.
Also listed are the steady-state current, I, and the di-
agonal elements of the reduced system density matrix,
ps, obtained at different truncation tiers. The results are
related to the steady-state solutions to the DEOM for-
malism; see Section 7.1 for details.

In terms of efficiency, the “sparse mode” indeed re-
duces the physical memory by more than one order of
magnitude. The CPU time is also greatly shortened, with
the zero elements of DDOs screened out of the hierar-
chy. As indicated by the calculated current I and pq,
the truncation of L-body dissipatons in the “derivative
mode” amounts to the (L 4+ 1)-body truncation in the
“standard mode”. In other words, the “derivative mode”
allows for accessing many-dissipatons dynamics that is
one level higher, without increasing the cost of physi-
cal memory. This is because the (L + 1)-body DDOs are
treated on-the-fly by Eq. (4.50). The price to pay is the
somewhat increased indexing memory. Nevertheless, the
“derivative mode” proves to be very useful, since the
saving of physical memory often exceeds the increase in
indexing memory.

We proceed to examine how the four modes work
for the time evolution of the same system of Table 1,
but with the bias voltage being switched off at ¢ = 0.
The subsequent relaxation dynamics is governed by the
DEOM (4.45) in the absence of bias. Figure 4 depicts
the resulting time-dependent current through the right
lead, Ig(t), calculated with the “sparse” and “deriva-
tive+sparse” modes of DEOM truncated at different L-
body levels. Apparently, the computed data converge
quickly to the same exact curve as L increases, and the

Table 1 The upper table lists the CPU time (in seconds), physical memory, and indexing memory (in bytes) consumed by DEOM
calculations in four different modes, and L = 2,3,4,5 for the standard and sparse modes, whereas L = 1,2, 3,4 for the derivative-resum

and derivative+sparse modes, respectively. “N/A” indicates that the results are unavailable because the computational cost exceeds
the resources at our disposal. The lower table shows the calculated steady-state current I, and the diagonal elements of pst = p(0)ist,

s

The system is a symmetric SIAM; see text for parameters. The particle-hole symmetry implies that (1] |pSt| T]) = (0]|pSt|0), and the
spin-degeneracy suggests that (T]pSt| 1) = (| [p5t] ). Both relations are clearly satisfied by the calculated results. It can be easily verified
that the diagonal elements of pSt always correctly normalize to unity, i.e., trsps = 1. All data results are from Ref. [36] with permission,

Copyright (© 2015 AIP Publishing LLC.

Mode CPU time (s) Physical memory (byte) Indexing memory (byte)
Standard 1.6 38 09 k N/A 5.0 M 0.2 G 3.2 G 70 G 0.8 M 24 M 0.6 G 6.4 G
Sparse 1.2 13 0.3 k 7.7k 0.6 M 9.5 M 0.2 G 2.8 G 0.4 M 11 M 0.3 G 7.1 G
Derivative-resum 1.4 47 2.0 k 83 k 0.1 M 5.0 M 0.2 G 3.2 G 0.3 M 16 M 0.5 G 15 G
Derivative+sparse 1.4 33 1.1k 42 k 0.1 M 0.6 M 9.5 M 0.2 G 0.3 M 15 M 0.5 G 14 G
Mode Current I (eA/h x 10) (1L 172 11) or (0le2'[0) (ulg ;=T or |
Standard 4.956 8.980 7.725 N/A 0.040 0.050 0.047 N/A 0.460 0.450 0.453 N/A
Sparse 4.956 8.980 7.725 7.765 0.040 0.050 0.047 0.047 0.460 0.450 0.453 0.453
Derivative-resum 4.956 8.980 7.725 7.765 0.040 0.050 0.047 0.047 0.460 0.450 0.453 0.453
Derivative+sparse 4.956 8.980 7.725 7.765 0.040 0.050 0.047 0.047 0.460 0.450 0.453 0.453
110306-20 YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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Fig. 4 Time-dependent current through the right lead, Ir(t), for
the SIAM studied in Table 1. The results of “sparse” and “deriva-
tive+sparse” modes are displayed. See the text for more details.
Reprinted with permission from Ref. [36], Copyright 2015 AIP
Publishing LLC.

L-body result of the “derivative-+sparse mode” is close
(but not exactly identical) to the (L + 1)-body “sparse
mode” counterpart. For clarity, the results of “standard”
and “derivative” modes are not presented. They are ex-
actly the same as those of the corresponding sparse
modes. Again, making use of the sparsity feature of
DDOs leads to a saving of more than 95% of physical
memory for the above time evolution calculations.

It is concluded from the above examples, as well as
our extensive numerical tests, that among all the four
modes the “sparse mode” has the best overall balance
between efficiency and accuracy. If an on-the-fly index-
ing algorithm could be developed for fermionic systems,
the cost of indexing memory would become trivial, and
the “derivative+sparse mode” would be even more ap-
pealing. In terms of accuracy, all the four modes con-
verge to the same results as L increases. This highlights
the important fact that, while significantly enhancing the
numerical efficiency, the newly developed techniques pre-
serve the accuracy of the DEOM approach.

Note that the sparse-matrix feature also occurs in
many optical spectroscopic problems, where individual
DDOs are of the block matrix form [54, 55]. Differ-
ence blocks present distinct excitation manifolds that
are coupled via external electromagnetic fields. Our
bosonic DEOM platform for coherent two-dimensional
spectroscopy also utilizes the sparsity feature [54, 55].

7 DEOM-space quantum mechanics

7.1 General remarks and stationary-state solutions

We would like to reemphasize that DEOM is a novel type
of reduced dynamics theory. It projects the total system-

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

and-bath composite p; to a set of physically well-defined
DDOs of Egs. (3.20) or (4.36). Physically, the DEOM
space describes both the system and the hybrid bath
dynamics. Mathematically, it constitutes a linear space,
giving rise to all standard quantum mechanics prescrip-
tions, i.e., the Schrédinger, Heisenberg, and interaction
pictures. Consequently, the DEOM-based evaluations
cover not only the expectation values, but also various
linear and nonlinear responses. These experimental mea-
surables should be invariant in different DEOM prescrip-
tions. This basic physical requirement will be exploited
to scrutinize the “standard” and the novel derivative-
resum truncation schemes. Only the latter preserves the
invariance of the prescription; see the remarks towards
the end of Section 7.4. Thus, we refer to the DEOM for-
malism in the Schrédinger prescription, with fermionic
notations unless specified otherwise, for the EOMs (4.45)
and (4.51) for n < L and n = L, respectively, as well as
the expression (4.50) for n = L 4+ 1. The above concepts
and pictures would be implied hereafter, unless specified
otherwise.

The stationary solution of DEOM is of particular sig-
nificance. In the absence of external fields, the station-
ary solution characterizes the thermodynamic equilib-
rium state of the local system in contact with a reservoir
or bath environment; while under applied fields, it de-
scribes nonequilibrium steady states, in which the local
system exchanges energy or particles with the environ-
ment at a constant rate. The collection of steady-states
{ pg.n);St} is the DEOM-space projection of pt. They are
related to the initial DDOs for the DEOM evaluation of
a variety of linear and nonlinear correlation functions, as
to be elaborated later in the following two subsections.

In the framework of DEOM, there are two schemes
to achieve stationary states: (i) start with an initial
state close to the target stationary state in the physi-
cal phase space, and propagate the DEOM to t — oc;
(ii) use the stationary condition p'g.") = 0 explicitly, caus-
ing the DEOM to reduce to coupled linear equations for

{p;n);St}. To avoid the trivial zero solution, the normal-

ization constraint trgp(® = 1 is included in the coupled
equations. In practical calculations, an iterative quasi-
minimal residual algorithm is employed for solving the
large-sized coupled linear equations [56, 57]. In many
cases, the above two schemes give the same stationary so-
lution. However, for some systems, particularly those in-
volved bound states (local system states that are uncou-
pled with the environment) [58], multiple steady states
may exist. In such cases, the finally reached stationary
state depends on the choice of initial state as well as the
time-dependence of external fields.
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7.2 Onsets of DEOM-based dynamical evaluations

The application aspects of DEOM will be illustrated with
electronic systems in the quantum transport setup de-
scribed in Section 4. For clarity of presentation, we re-
peat Eq. (4.36) below:

P01 = tra [(fr, - F) o (0]

The steady-state solutions, {p;n);St}, either equilibrium
or nonequilibrium, were just described.

(7.1)

Time evolution occurs in the presence of time-
dependent fields or when the initial DDOs are not at
steady states. The expectation values of arbitrary dy-
namical variables are (Tr = trgtry)

(A(t)) = TrlApx ().

Universal characterizations also involve, in general, vari-
ous spectra that are related to correlation functions, such
as

(A(t)B(0)) = Te{ Afe £ (Bpi")] }.

(7.2)

It can be recast in the expectation value form as
(AW)BO)) = Tr[Aps(t; B)],
where pr(t; B) = e £7H(Bpst), with the initial value of
pr(t =0; B) = Bp.
The universal DEOM evaluation is to construct the

(7.3)

following relation:

Te[Aps(t)] = > trs[AL S (1)].

n;j

(7.4)

There are two issues on the above DEOM evaluation.
One is related to the DEOM-space {A;n)} that corre-

sponds to a given A. The former, by definition, are exclu-
sively the system-subspace operators, whereas the latter
may involve the composite system-and-bath space.
Another issue is concerned with the initial DDOs. For
the correlation function of Eq. (7.3), where p.(0; B) =
Bpst, the required initial DDOs, defined via Eq. (7.1),

are
o= 0:B) = o[ (F, - )" (Both)].

It should be expressed, within the DEOM framework,
in terms of steady-state DDOs, in order to initiate the
DEOM propagations of p;n) (t) in Eq. (7.4). This issue
could be nontrivial; see details in Section 7.3.

For purely local system operators, Ay and BS, the
above two issues are trivial. Actually, the first issue
of {/lgn)} is simply to validate Eq. (7.4). The identity,
Tr[flspT (t)] = trg [Asps(t)], leads to

(7.5)

Ay = {A(O) = Ag; else flgn) =0}. (7.6)
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Moreover, Eq. (7.5) immediately gives rise to

pr(0; Bs) = Bepit = {p{" (0 Bs) = Bep{"™"}. (7.7)

The DEOM approach to (Ag(t)Bs(0)), Egs. (7.3)
via (7.4), is now evident: (i) Evaluate {pgn);St} via
the steady-state solutions to the fermionic DEOM;
(ii) Determine the initial DDOs, {pg.n)(O;Bs)}, accord-
ing to Egs. (7.7); (iii) Perform the DEOM propa-
gation to obtain {p;n) (t; BS)}, and <As(t)BS(O)> =
trs[Asp© (t; By)], along the propagation.

We may refer to the above local protocol, because it
involves only local system operators [49, 54, 55, 59]. The
evaluation of <[AS (t), Bs (0))+) goes along with the initial
Py (05 Bs) = [Bs, "™
functions of local system operators are the same [54, 55].
The identification of Eq. (7.6) is mainly for the purpose of
an efficient evaluation of nonlinear correlation functions
based on the mixed Schrodinger-Heisenberg prescription
[54, 55]; see Section 7.4.

In fact, the local protocol had been extensively utilized
within the HEOM framework [49, 54, 55]. It arises from
the response theory, as if the system Liouvillian would
behave like Lg + Bgse(t) [59]. Moreover, in the original
fermionic HEOM paper [18], we had related the first-

tier quantities, i.e., the one-body DDOs {pg-l)}, to trans-

The nonlinear correlation

port current. Higher-order {p§">1)} were simply auxil-
iary quantities within the HEOM construction (cf. Sec-
tion 5), but also irrelevant to the local protocol. HEOM-
based benchmark results for Anderson impurity models
showing significant Kondo resonance features had been
extensively reported. The calculated properties include
the Kondo hysteretic feature [47], thermopower with
Kondo correlations [48], Aharonov-Bohm interferometer
dynamics [36], and impurity spectral density [46, 49, 60].

7.3 Quantum transport current fluctuations

The transport current operator, I, of Eq. (4.5), is non-
local, involved both local system {aZ} and hybridizing
bath reservoir operators { /9, } of itinerary electrons. Fol-
lowing the decomposition of dissipatons, Eq. (4.26), it
reads

(7.8)

Here, j, = {oku} € j = {oaku} [cf. Eq. (4.35)]. Note
that the above a; = aj, = 0ag, is defined in parallel with
Eq. (4.25), but it differs from that in Ref. [23] [Eq. (23)

therein| by a sign. The mean current expression, in terms

of DDOs, is then

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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a
_1ZtrS Jp])

Ja€J

Io(t) = Tr[1, apT (7.9)

This expression addresses the first issue underlying Eq.
(7.4), with the following correspondence,

Iy = {/1(1.)& =1ia7; else A;n) =0}.

Among all {A;n)}, only those A§1) of specified a are
nonzero.

Actually, Eq. (7.9) is sufficient to pin down the proto-
col of the DEOM approach to current-current correlation
function [23]. In this sense, the identification Eq. (7.10)
seems somewhat redundant. However, as we mentioned
earlier, it will be essential for the mixed Schrédinger-
Heisenberg prescription, which facilitates the evaluations
of the nonlinear response functions; see Section 7.5.

Consider the lead-specific current-current correlation
function [cf. Egs. (7.3) and (7.9)]:

(Ta(O)Iar (0)) =1 Y tre[a; it (t: 1)),
Ja€J
The required initial DDOs are [cf. Egs. (7.5) and (7.8)]

=iy tr {(fjn e fjl)o(djffjfp?)} .

Ja/ejl

(7.10)

(7.11)

(7.12)

Its evaluation involves the generalized Wick’s theorem,
Eq. (4.41) and Eq. (4.43), followed by some simple alge-
bra. We obtain [cf. Eq. (4.44)]

5 (St

(n+1); st
+ Z j P

(7.13)
Jni€d’
Here, 7j, = 12,4,- The nonlocal nature of the cur-

rent operator, I/, is manifested via the dependence of
p;n)(O;far) on pﬁﬂ)m}. The latter are the steady-
state solutions to DEOM, under a time-independent
bias voltage. The resulting initial {p;.n)(();o/ )} of Eq.
(7.13) are then propagated, with the same DEOM, to
obtain {pg.") (t; o )} Finally, the electrode-specific cur-
rent correlation function, <fa () o (0)), is evaluated via
Eq. (7.11).

The current noise spectrum is just the Fourier trans-
form of <5fa(t)5fa/ (0)), where 61, = I, — I3t. Based on
accurate DEOM evaluations, we have recently investi-
gated current noise spectra, for single-impurity Anderson
model systems, in several typical transport regimes [23].
Besides the characteristic Kondo feature, we have also
identified the signatures of anti-Stokes and destructive
interference [23].

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)

7.4 DEOM in Heisenberg prescription

The dissipatons-space for open quantum systems refers
to the linearity of the DEOM formalism, which can be
either bosonic [Eq. (3.24)] or fermionic [Eq. (4.45)]. Both
are of linear form,

p(t) = —iL(t)p(t). (7.14)

Here, L(t) is specified by the closed set of DEOM, for
either bosonic or fermionic DDOs. We adopt the generic
form of p = {pgf)}, as highlighted in Eq. (2.3), where
{pSE) ()} are governed by Eq. (7.14), but pi&™ (¢ )
are expressed separately via Eq. (3.45) or (4.50). I
other words, the complete DEOM theory is truly for
{pil”@“)(t)}. This will become transparent with the
Heisenberg prescription of DEOM [cf. Eq. (7.19)], which
explicitly includes the EOM for the Heisenberg counter-
part to p% le)(t).

The Heisenberg picture goes with a time-independent
L. Tt reads

A(t) = —A(1)L, (7.15)

with the initial conditions A(0 {A n)} and the
DEOM-space dynamical varlables such as those of Egs.
(7.6) and (7.10). As to be detailed below, Eq. (7.15) is
actually a closed set equations for {Ail”@“)(t)}.

In the following derivation, we adopt the convention, in
which DEOM-space states and dynamical variables are
denoted with |p)) and ((A|, respectively. The DEOM-

space inner product then follows
((Alp) =D (AP 1) Ztr

n
It demands that the Heisenberg picture and Schrodinger
picture be equivalent:

(7.16)

((A]p)) = ((A]p)). (7.17)
For fermionic DEOM (4.45), it demands
. w(n)
(Alp)) = >~ (A5 1657)
{n;3}
= 5 { - A1+ o)1)
{n;3}
=~ o)A e o)
r=1
A3t (A 4510 ”+1>>>} (7.18)
Together with the identity, p( " = =(—)"" Tp(ﬁ)_ and the

derivative-resum scheme, Eq. (4.49) in the Schrodlnger
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picture truncation, we finally obtain
5 (n<L)

Ay = A (i) - Z Al
. - n—r f(n=1) ,
ﬂz_;(f) ATVA; (7.19a)
and
L+1)
= —12,4 (7.19D)

The Grassmannian superoperators, A; and Cj, preserve

((4570) 05"y = (4571(0p5"))-

It results in /Alg")Aj = [A;"),dj]i, with the even (+)
or odd (—) fermionic parity that is exclusively dictated
by its p( ") counterpart; see Eq. (4.46). Apparently, Eq.
(7.20) also includes the trivial case that AL = [A, H],
where Lp = [Hg, p).

Now, we return to the invariance issue of the prescrip-

(7.20)

tions, in relation to the truncation schemes. Evidently,
the derivative-resum scheme of Eq. (4.49) and its equiva-
lent in Eq. (4.50) lead to the terminal DEOM (7.19b) and
(4.51), in the Heisenberg and Schrodinger prescriptions,
respectively. In other words, the derivative-resum scheme
preserves the invariance of the prescriptions. All other ex-

isting schemes explicitly set all or some {p( n>L) } to be

zeroes. Those {p(LH) = 0} would just affect the A f b

term in Eq. (7.19a), rather than the A§§+l)—term. None

of the {p§">L) = 0}—based schemes are formally trans-
ferable indifferent prescriptions. The derivative-resum
scheme is the only one that maintains the invariance.
The setup of Egs. (4.49) and (4.50), which are the sim-
plest derivative pair from Eq. (4.47), is also found to be
the best [32].

7.5 Efficient evaluation of nonlinear correlation
functions

The main usage of the Heisenberg DEOM prescription is
concerned with an efficient evaluation of nonlinear cor-
relation functions, such as

R(ta,t1) = (B(0)A(t: +t2) B(t1))
_ <<A’efi£thB€>efi£TtlB<’psTt>>
= ((Ale (03 B)))
( [[Bpx(t1; B)])).

= ((Ale
Here, ((A|p)) = Tr(Apy). The second expression fol-

lows immediately, as A(t) = et Ae it — fe—ilrt
and (A) = Tr(ApS'). The third expression in Eq. (7.21)

(7.21)
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prepares the initial pr(t; = 0;B) = (p3B) such that
pr(t1;B) = e’thlp (tL = 0 B) The last one pre-
pares pr(t2 = O[t1; B) = Bpr(t; B). One could continue

“iLrt2[By (t1;B)] = pr(te;tr; B), and evaluate Eq.
(7.21) via R(ta, t1) = ((A|pr(t2;t1; B))). The implemen-
tation here is expensive, as it involves the correlated two-
time propagations, both of which are in Schrédinger pre-
scriptions. The implementation of the mixed Heisenberg-
Schrédinger dynamics,

A(t2)|pr (t1; B))),

is surely preferred, where the to-propagation is treated
separately, in terms of A(fy) the time evolution of the
dynamical variable.

The DEOM-space evaluation of Eq. (7.22) can be ex-
pressed, with the fermionic case for illustration, as

R(to, t1) = ({ (7.22)

R(t2,t1) = ((A(t2)|p(t1; B)))
L+1
=33 (A ()] 54" (11: B)). (7.23)
n=1 j
Here, A(t {A( 2 (t)} are governed by Eq. (7.19), start-
ing from the initial A(0) = A, as illustrated in Eqs. (7.6)
and (7.10).

For p(ty; B), the underlying DEOM is the collection
of Eq. (4.45) for n < L, Eq. (4.51) for n = L, and Eq.
(4.50) for n = L + 1. The evaluation of p(t; B), as in-
ferred from Eqs. (7.21) and (7.22), can be summarized
with the following correspondences,

Py = p",
Py B = p(0; B),
eI (g B) = pltr: B),

Bpy(ti; B) = p(t1; B). (7.24)

The four associated evaluations are as follows: (i) Cal-
culate pt = {pg.");St} via the steady-state solutions to
the DEOM; (ii) Express p(t; = 0; B) in terms of p™,
as exemplified by Eqgs. (7.7) and (7.13); (iii) Propagate
p(t1; B) with the DEOM; (iv) Same as (i) above, but
for p(t1; B) to be expressed in terms of p(ty; B).

Note that (ii) and (iv) above are to set the DEOM-
space correspondences to B<p U= pe(th = 0; . B) and
B>pr(t1; B) = pr(ta = Olty; ), respectively. For the
local system operator, BS, both correspondences above
are straightforward according to Egs. (7. 7) except now
p(t1 = 0; BS) = psts as the action of B< is involved.
For the nonlocal operators, such as the transport current
operator I, demonstrated in Section 7.2, the evaluations
of (ii) and (iv) utilize the generalized Wick’s theorem of
Eq. (4.42) and Eq. (4.41), respectively.

YiJing Yan, et al., Front. Phys. 11(4), 110306 (2016)
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8 Concluding remarks

We have thoroughly reviewed the DEOM theory, cover-
ing the unified law governing both systems and hybrid
bath environment dynamics, and the underlying theo-
rems and dissipaton algebra. Evidently, the dynamical
variables, the DDOs of Eq. (3.20) or Eq. (4.36), repre-
sent many-dissipaton configurations. All these are essen-
tial ingredients of the DEOM framework.

We also have an optimal DEOM formalism. Besides
minimum basis-set dissipatons (cf. Section 6.2), it also
uses an optimal truncation scheme, the derivative-resum
scheme, for high-order many-dissipaton effects (cf. Sec-
tion 3.5 and Section 4.5). To our knowledge, this resum
scheme is by far the only one that preserves the invari-
ance principle of quantum mechanics prescriptions; see
comments towards the end of Section 7.4. Dissipaton-
configuration-adapted level truncation would also be
possible. Work along this direction is in progress.

From the numerical perspective, DEOM inherits
all virtues of the previously developed HEOM meth-
ods. Some recent advancements have been presented
in Section 6. As a highly accurate method for charac-
terizing strongly-correlated many-body open systems,
DEOM/HEOM is a powerful complement to Kyldish
non-equilibrium Green’s function (NEGF) formalism
[61-65] and the numerical renormalization group (NRG)
method [66. 67]. In particular, for finite or high temper-
ature cases, the NRG method becomes rather expensive
[50], and neither NEGF or NRG is a real-time dynamics
theory. The DEOM/HEOM method is definitely more
than just a quantum impurity solver — it provides a
universal and versatile framework for investigations of
thermodynamic and dynamical properties of open sys-
tems at equilibrium or far from equilibrium. There is
much more to explore and harvest with the DEOM,
and we look forward to reporting further progress and
achievements in the near future.
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