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Discrete comparison principle for the time-fractional di↵usion
equation

Hu Chena and Martin Stynesb

a School of Mathematical Sciences, Ocean University of China, Qingdao 266100, China
E-mail: chenhu@ouc.edu.cn

b Beijing Computational Science Research Center, Haidian District, Beijing 100193, China
E-mail: m.stynes@csrc.ac.cn, web page: http://www.csrc.ac.cn/en/people/faculty/151.html

We prove a discrete comparison principle (equivalent to a discrete maximum principle) for the
L1 discretisation of the Caputo time derivative and the standard 3-point discretisation of the
spatial derivative in the time-fractional initial-boundary value problem D

↵
t u�p�u+c(x, t)u =

f , where p > 0 but no assumption is made on the sign of c. (Previously, any discrete comparison
principle relied on the assumption that c � 0.) The result reveals why one needs a certain
condition on the temporal mesh that has been assumed by several authors when analysing
numerical methods for this problem. Then this comparison principle is used to give a new
error analysis for the case c � 0 by means of a barrier function. All the analysis can be
extended to certain other discretisations of the fractional derivative.

key words: Discrete comparison principle, L1 scheme, weak singularity, convergence analysis
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¶This work was supported in part by the National Natural Science Foundation of China under grants NSAF-
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Backward di↵erence formulae: The energy technique for
(sub)di↵usion equation

Minghua Chen

School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P.R. China
E-mail:chenmh@lzu.edu.cn

In combination with the Grenander–Szegő theorem, we observe that a relaxed positivity
condition on multipliers, milder than the basic requirement of the Nevanlinna–Odeh multipliers
that the sum of the absolute values of their components is strictly less than 1, makes the
energy technique applicable to the stability analysis of BDF methods for parabolic equations
with selfadjoint elliptic part. This is particularly useful for the six-step BDF method for which
we show that no Nevanlinna–Odeh multipliers exist. We introduce multipliers satisfying the
positivity property for the six-step BDF method and establish stability of the method for
parabolic equations [1] and subdi↵usion equation [2, 3].

key words: (Sub)di↵usion equation, six-step BDF method, energy technique, multipliers, stability

estimate
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A spectrally accurate approximation to Subdi↵usion equations
using the log orthogonal functions

Sheng Chena, Jie Shenb, Zhimin Zhangc and Zhi Zhoud

a Email address: shengchen@csrc.ac.cn
b Department of Mathematics, Purdue University, West Lafayette, USA. & Fujian Provincial Key
Laboratory of Mathematical Modeling and High-Performance Scientific Computing and School of

Mathematical Sciences, Xiamen University, Xiamen 361005, China.
Email address: shen7@purdue.edu

c Beijing Computational Science Research Center, Beijing & Department of Mathematics, Wayne State
University, Detroit, USA .

Email address: zmzhang@csrc.ac.cn
d Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Hong Kong.

Email address: zhizhou@polyu.edu.hk

We develop and analyze a spectral-Gelerkin method for solving subdi↵usion equations, which
contain Caputo fractional derivatives with order ⌫ 2 (0, 1). The basis functions of our spectral
method are constructed by applying a log mapping to Laguerre functions, and have already
been proved to be suitable to approximate functions with fractional power singularities in [1].
We provide rigorous regularity and error analysis which show that the scheme is spectrally
accurate, i.e., the convergence rate depends only on regularity of problem data. The proof
relies on the approximation properties of some reconstruction of the basis functions as well
as the sharp regularity estimate in some weighted Sobolev spaces. Numerical experiments
fully support the theoretical results and show the e�ciency of the proposed spectral-Galerkin
method. We also develop fully discrete scheme with the proposed spectral method in time and
Galerkin finite element method in space, and apply the proposed techniques to subdi↵usion
equations with time dependent di↵usion coe�cients as well as to the nonlinear time-fractional
Allen-Cahn equation.

key words: Log orthogonal functions, subdi↵usion equation, singularity, error analysis, spectral

accuracy
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1. S. Chen and J. Shen, Log Orthogonal Functions: Approximation Properties and Application. IMA J. Numer.
Anal. (2020) 00, 1-32.

¶This work was supported in part by the National Natural Science Foundation of China under grant 11801235,
11971407, 11871092 and U1930402.
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Numerical algorithm for the space-time fractional Fokker-Planck
system with two internal states

Weihua Deng, Daxin Nie, and Jing Sun

School of Mathematics and Statistics, Lanzhou University, Lanzhou 730000, P.R. China
E-mail: dengwh@lzu.edu.cn

The fractional Fokker-Planck system with multiple internal states is derived in [Xu and Deng,
Math. Model. Nat. Phenom., 13, 10 (2018)], where the space derivative is Laplace operator.
If the jump length distribution of the particles is power law instead of Gaussian, the space
derivative should be replaced with fractional Laplacian. This paper focuses on solving the
two-state Fokker-Planck system with fractional Laplacian. We first provide a priori estimate
for this system under di↵erent regularity assumptions on the initial data. Then we use L1

scheme to discretize the time fractional derivatives and finite element method to approximate
the fractional Laplacian operators. Furthermore, we give the error estimates for the space
semidiscrete and fully discrete schemes without any assumption on regularity of solutions.
Finally, the e↵ectiveness of the designed scheme is verified by one- and two-dimensional
numerical experiments.

key words: Fractional Fokker-Planck system, multiple internal states, Riemann-Liouville

fractional derivative, fractional Laplacian, L1 scheme, finite element method, error estimates
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1. DX Nie, J Sun, WH Deng, Numerical algorithm for the space-time fractional Fokker-Planck system with
two internal states, Numerische Mathematik, 146(3), 481-511, 2020.

¶This work was supported by the National Natural Science Foundation of China under Grant No. 11671182,
and the AI and Big Data Funds under Grant No. 2019620005000775.
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Rational approximation schemes for computing operator functions
E↵,�(�Lt�)v and L�↵

f

Beiping Duan

Shenzhen JL Computational Science and Applied Research Institute, Shenzhen, P.R. China & Beijing
Computational Science Research Center, Beijing 100193, P.R. China. Email address:

duanbeiping@hotmail.com

In this talk we shall focus on two approximation problems arising from solving fractional
di↵erential equations numerically. Let E↵,�(t) denote the two-parameter Mittag-Le✏er
function and L be the positive definite elliptic operator. We shall present two rational
approximation schemes correspondingly for E↵,�(�Lt�) and L�↵ such that E↵,�(�Lt�)v and
L�↵

f can be evaluated e�ciently for 8v, f 2 H
�1. Rigorous error analysis will be carried out

then sharp error bounds follow. We will also give some numerical examples to illustrate the
e�ciency and robustness of our schemes.

key words: Mittag-Le✏er functions, fractional power of elliptic operators, rational approximation

REFERENCES
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Optimal H1 spatial convergence of a fully discrete finite element
method for the time-fractional Allen-Cahn equation

Chaobao Huanga and Martin Stynesb

a School of Mathematics and Quantitative Economics, Shandong University of Finance and Economics,
Jinan 250014, China, E-mail: huangcb@sdufe.edu.cn

b Beijing Computational Science Research Center, Haidian District, Beijing 100193, China
E-mail: m.stynes@csrc.ac.cn

A time-fractional Allen-Cahn problem is considered, where the spatial domain ⌦ is a bounded
subset of Rd for some d 2 {1, 2, 3}. New bounds on certain derivatives of the solution are
derived. These are used in the analysis of the numerical method [1] (the L1 discretisation
and Alikhanov’s L2-1� discretisation of the Caputo derivative on suitably graded temporal
meshes, with a standard finite element discretization of the spatial di↵usion term, and Newton
linearization of the nonlinear driving term), showing that the computed solution achieves the
optimal rate of convergence in the Sobolev H

1(⌦) norm. (Previous papers considered only
convergence in L

2(⌦).) Numerical results confirm our theoretical findings.

key words: Time-fractional, Finite element method , Caputo derivative, Superconvergence
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1. Chaobao Huang and Martin Stynes, Optimal H
1 spatial convergence of a fully discrete finite element

method for the time-fractional Allen-Cahn equation, Adv.Comput.Math., 2020, 46(4):63.

¶This work was supported in part by the National Natural Science Foundation of China under grants (NSAF-
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E�cient algorithm and applications of the magnetohydrodynamic
coupled fractional model

Xiaoyun Jiang, Hui Zhang, Xiaoqing Chi

School of Mathematics, Shandong University, Jinan 250100, PR China
E-mail: wqjxyf@sdu.edu.cn, zhangh@sdu.edu.cn, cxq15905413702@163.com

In this paper, the problem of unsteady magnetohydrodynamic (MHD) flow and heat transfer
of generalized second grade fluid through porous medium is investigated. The second grade
fluid with a fractional derivative is used for the constitutive equation, and the fractional heat
conduction equation is considered, which combined into a fractional coupled flow and heat
transfer model. Then numerical scheme with the second-order fractional backward di↵erence
formula in the temporal direction and a spectral method in the spatial direction is proposed.
The fully discrete scheme is obtained and proved to be stable and convergent with second order
accuracy in time and spectral accuracy in space. Moreover, to decrease the memory requirement
and computational cost of the time fractional fractional operator, a fast algorithm is presented
and the convergence analysis of the numerical scheme with fast algorithm is also proved strictly.
We also implement some numerical examples to further support the theoretical analysis. At
last, an unsteady MHD flow of generalized second grade fluid through porous medium with
fractional heat transfer is considered. The e↵ects of the involved parameters on velocity profiles,
temperature field, and concentration field are shown graphically and analyzed in detail.

key words: Fractional coupled equations, Convergence analysis, Magnetohydrodynamics, Fast

algorithm, Numerical simulation

¶This work has been supported by the National Natural Science Foundation of China (12001326, 11771254),
Natural Science Foundation of Shandong Province (ZR2020QA032), and China Postdoctoral Science
Foundation (BX20190191, 2020M672038).
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Discovering the subdi↵usion model in an unknown medium

Bangti Jin

Department of Computer Science, University College London, Gower Street, London WC1E 6BT, UK
E-mail: b.jin@ucl.ac.uk,

The subdi↵usion phenomenon is now widely recognized in many engineering and physical
applications. The mathematical models for subdi↵usion involve several parameters, e.g.,
di↵usion coe�cient, potential, initial and boundary conditions along with the order of
derivation. Sometimes some of these parameters are not readily available, but one can measure
additional information about the solution. Then one natural question is how much we can say
about the mathematical model. In this talk, I will discuss several theoretical and computational
results on determining the order of derivation and other parameters when the other problem
data are not fully specified. The talk is based on joint works with Yavar Kian and Zhi Zhou.

key words: numerical reconstruction, inverse problems, time-fractional di↵usion
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Pointwise-in-time a posteriori error control for time-fractional
parabolic equations

Natalia Kopteva

Department of Mathematics and Statistics, University of Limerick, Ireland
E-mail: natalia.kopteva@ul.ie, web page: https://sta↵.ul.ie/natalia/

For time-fractional parabolic equations with a Caputo time derivative of order ↵ 2 (0, 1),
we give pointwise-in-time a posteriori error bounds in the spatial L2 and L1 norms. Hence,
an adaptive mesh construction algorithm is applied for the L1 method, which yields optimal
convergence rates 2� ↵ in the presence of solution singularities.

key words: fractional-order parabolic equation, a posteriori error estimates, L1 scheme, pointwise-

in-time error bounds

REFERENCES

1. N. Kopteva, Pointwise-in-time a posteriori error control for time-fractional parabolic equations, Appl. Math.
Lett., 2021, accepted for publication.
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Exponential convolution quadrature for nonlinear subdi↵usion
equations with nonsmooth initial data

Buyang Li and Shu Ma

Department of Applied Mathematics, The Hong Kong Polytechnic University, Hong Kong.
E-mail address: buyang.li@polyu.edu.hk web page: https://www.polyu.edu.hk/ama/profile/byli

An exponential type of convolution quadrature is proposed as a time-stepping method for
the nonlinear subdi↵usion equation with bounded measurable initial data. The method
combines contour integral representation of the solution, quadrature approximation of contour
integrals, multistep exponential integrators for ordinary di↵erential equations, and locally
refined stepsizes to resolve the initial singularity. The proposed k-step exponential convolution
quadrature can have kth-order convergence for bounded measurable solutions of the nonlinear
subdi↵usion equation based on natural regularity of the solution with bounded measurable
initial data.

key words: subdi↵usion equation, time-fractional, nonlinear, nonsmooth initial data,

high order, convolution quadrature, exponential integrator, locally refined stepsizes

REFERENCES

1. B. Li and S. Ma: Exponential convolution quadrature for nonlinear subdi↵usion equations with nonsmooth
initial data. Submitted.
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Logarithmic asymptotics: analysis and computation

Changpin Li

Department of Mathematics, Shanghai University, Shanghai 200444, China
E-mail: lcp@shu.edu.cn

This report includes a series of work with Drs. Zhiqiang Li and Zhen Wang [1, 2, 3, 4].
The so-called logarithmic asymptotics indicates that the solution to the evolution equation
has algebraic asymptotics in the sense of logarithmic function. It is often used to characterize
the ultra slow process, such as creep in igneous rocks. In this talk, we mainly introduce the
logarithmic asymptotics and regularity of the solution to the Caputo-Hadamard fractional
evolution equation. Based on these theoretical analysis, we construct the reliable numerical
algorithms to numerically solve it.

key words: Logarithmic asymptotics, Caputo-Hadamard derivative, finite di↵erence method, local

Discontinuous Galerkin finite method

REFERENCES

1. Changpin Li and Zhiqiang Li, Asymptotic behaviors of solution to Caputo-Hadamard fractional partial
di↵erential equation with fractional Laplacian, Int. J. Comput. Math., 98(2), 305-339, 2021.
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https://doi.org/10.3934/dcdss.2021023

3. Changpin Li and Zhiqiang Li, Stability and logarithmic decay of the solution to Hadamard-type fractional
di↵erential equation, J. Nonlinear Sci., 31(2), article 31, 2021.

4. Changpin Li, Zhiqiang Li, and Zhen Wang, Mathematical analysis and the local discontinuous Galerkin
method for Caputo-Hadamard fractional partial di↵erential equation, J. Sci. Comput., 85(2), article 41,
2020.

¶This work was supported in part by the National Natural Science Foundation of China under grant 11671251.
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Some novel schemes to capture the initial dramatic evolutions of
nonlinear subdi↵usion equations

Dongfang Li

School of Mathematics and Statistics, Huazhong University of Science and Technology, Wuhan 430074,
China

E-mail: dfli@hust.edu.cn, web page: http://faculty.hust.edu.cn/dfli/zh CN/index.htm

The solution of the nonlinear subdi↵usion equation has the initial layer and its initial energy
may decay very fast. Therefore, it is important to investigate the evolution of the solution at
the beginning. Based on smoothing transformation, we present some novel schemes to capture
the initial dramatic evolutions in this talk. Meanwhile, the proposed time discretization is
particularly e↵ective for models with the small ↵ and their interesting numerical phenomena
are reported.

key words: Nonlinear subdi↵usion equations, boundary layer, novel schemes, smooth

transformation

¶This work was supported in part by the National Natural Science Foundation of China under grant 11771162.
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L1/LDG method for the generalized time-fractional Burgers
equation

Changpin Lia, Dongxia Lia,⇤ and Zhen Wangb

a Department of Mathematics, Shanghai University, Shanghai 200444, China
⇤ E-mail: lidongxia96@163.com

b School of Mathematical Sciences, Jiangsu University, Zhenjiang 212013, China

This talk mainly introduces the L1/LDG method for the generalized time-fractional Burgers
equation [1]. According to the regularity of the solution of the equation at the initial time, the
L1 method on uniform or non-uniform meshes is used to discretize the fractional derivative
in the sense of Caputo with derivative order in (0, 1), and the local discontinuous Galerkin
(LDG) method is used in space. The fully discrete schemes for both situations are established
and analyzed. It is shown that the derived schemes are numerically stable and convergent.

key words: Caputo derivative, L1 scheme, Local discontinuous Galerkin method, Stability,

Convergence

REFERENCES

1. C.P. Li, D.X. Li, and Z. Wang, L1/LDG method for the generalized time-fractional Burgers equation,
Mathematics and Computers in Simulation, 187, 357-378, 2021.

¶The work was partially supported by the National Natural Science Foundation of China under Grant No.
11671251.
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Convergence analysis of collocation solutions in continuous
piecewise polynomial spaces for Volterra integral equations

Hui Lianga and Hermann Brunnerb

a School of Science, Harbin Institute of Technology, Shenzhen 518055, China
E-mail: lianghui@hit.edu.cn; wise2peak@126.com, web page: http://faculty.hitsz.edu.cn/lianghui

b Department of Mathematics, Hong Kong Baptist University, Hong Kong SAR, China
E-mail: hbrunner@math.hkbu.edu.hk; hbrunner@mun.ca

Volterra integral equations are closely related to fractional di↵erential equations. In this talk,
we mainly focus on the convergence of collocation solutions in continuous piecewise polynomial
spaces for second-kind Volterra integral equations (VIEs). First, it is shown that the collocation
solutions for second-kind VIEs with smooth kernels are uniformly convergent (as the mesh
diameter tends to zero) only for certain sets of collocation points. Then, we study the analogous
convergence properties of the collocation solutions for second-kind VIEs with weakly singular
kernels, both with respect to uniform and graded meshes.

key words: Volterra integral equations, collocation methods, continuous piecewise polynomial

spaces, convergence analysis

REFERENCES

1. Hui Liang, Hermann Brunner, On the convergence of collocation solutions in continuous piecewise
polynomial spaces for Volterra integral equations, BIT Numerical Mathematics, 2016, 56: 1339-1367.
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spaces for weakly singular Volterra integral equations, SIAM Journal on Numerical Analysis, 2019, 57(4):
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¶The research was supported by the National Natural Science Foundation of China (No. 11771128, 11101130),
the China Scholarship Council (No. 201708230219), the University Nursing Program for Young Scholars with
Creative Talents in Heilongjiang Province (No. UNPYSCT-2016020), the Hong Kong Research Grants Council
(GRF Grants HKBU 200113 and 12300014).
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Asymptotically compatible energy laws of L1-type schemes for
time-fractional Allen-Cahn equation

Hong-lin Liaoa, Tao Tangb and Tao Zhouc

a ORCID 0000-0003-0777-6832; Department of Mathematics, Nanjing University of Aeronautics and
Astronautics, Nanjing 211106, China; Key Laboratory of Mathematical Modelling and High Performance

Computing of Air Vehicles (NUAA), MIIT, Nanjing 211106, China.
Emails: liaohl@nuaa.edu.cn and liaohl@csrc.ac.cn.

b Division of Science and Technology, BNU-HKBU United International College, Zhuhai, Guangdong
Province, and Department of Mathematics and International Center for Mathematics, Southern University

of Science and Technology, Shenzhen, Guangdong Province,China.
Email: tangt@sustech.edu.cn.

c LSEC, Institute of Computational Mathematics and Scientific/Engineering Computing, Academy of
Mathematics and Systems Science, Chinese Academy of Sciences, Beijing, 100190, China.

Email: tzhou@lsec.cc.ac.cn.

In this talk, we consider L1-type schemes with variable time-steps for time fractional Allen-
Cahn equation. The proposed schemes are shown to be unconditionally stable (in a variational
energy sense), and is maximum bound preserving. Interestingly, the discrete energy stability
results can recover the classical energy dissipation law when the fractional order ↵ ! 1. That
is, our schemes can asymptotically preserve the energy dissipation law in the ↵ ! 1 limit.
As a by product, we build up a reversible transformation between the L1-type formula of
the Riemann-Liouville derivative and the L1-type formula of the Caputo derivative, with the
help of a class of discrete orthogonal convolution kernels. This is the first time such a discrete
transformation is established between two discrete fractional derivatives.

key words: Time-fractional Allen-Cahn equation, asymptotic preserving, energy stability,

maximum principle, adaptive time-stepping

REFERENCES
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¶This work was supported in part by the National Natural Science Foundation of China under grants 12071216,
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Promotion Association of CAS.
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Numerical analysis of time fractional di↵usion problems with low
regularity data

Binjie Lib, Hao Luoa and Xiaoping Xieb

a School of Mathematical Sciences, Peking University, Beijing 100871, China
E-mail: luohao@math.pku.edu.cn,

b School of Mathematics, Sichuan University, Chengdu 610064, China
E-mail: libinjie@scu.edu.cn, xpxie@scu.edu.cn

We focus on numerical analysis for time fractional subdi↵usion problems with order ↵ 2 (0, 1).
Weak solution is introduced and regularity results are established in Sobolev space and Besov
space, respectively. Then a time-stepping discontinuous Galerkin scheme is proposed and the
optimal rate is derived with nonsmooth data. Besides, a time-spectral algorithm is considered
and the “doubling” convergence rate 1 + 2↵ is proved rigorously. Finally, several numerical
experiments are provided to validate our theoretical results.

key words: Fractional di↵usion equation, weak solution, regularity, nonsmooth data,

discontinuous Galerkin method, time-spectral algorithm, optimal error estimate
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Barrier function local and global analysis of an L1 finite element
method for a multiterm time-fractional initial-boundary value

problem

Xiangyun Menga and Martin Stynesb

a Department of Mathematics, Beijing Jiaotong University, Beijing 100044, China
E-mail: xymeng1@bjtu.edu.cn

b Beijing Computational Science Research Center, Haidian District, Beijing 100193, China
E-mail: m.stynes@csrc.ac.cn, web page: http://www.csrc.ac.cn/en/people/faculty/151.html

An initial-boundary value problem of the form
Pl

i=1 qiD
↵i
t u(x, t) � �u = f is considered,

where each D
↵i
t is a Caputo fractional derivative of order ↵i 2 (0, 1) and the spatial domain ⌦

lies in Rd for d 2 {1, 2, 3}. To solve the problem numerically, we apply the L1 discretisation to
each fractional derivative on a graded temporal mesh, together with a standard finite element
method for the spatial derivatives on a quasiuniform spatial mesh. A new proof of the stability
of this method, which is more complicated than the l = 1 case of a single fractional derivative,
is given using barrier functions; this powerful new technique leads to sharp error estimates in
L
2(⌦) and H

1(⌦) at each time level tm that show precisely the improvement in accuracy of the
method as one moves away from the initial time t = 0. (A result of this type has not previously
been derived for this multiterm problem.) Consequently, while for global optimal accuracy one
needs a mesh that is strongly graded when all the ↵i are near zero, for local optimal accuracy
away from t = 0 one needs a much less severe mesh grading. Numerical experiments show the
sharpness of our theoretical results.

key words: Multiterm time-fractional problem, L1 scheme, barrier function

REFERENCES

1. Xiangyun Meng, Martin Stynes. Barrier function local and global analysis of an L1 finite element method
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Numerical Methods for Several Fractional PDEs

Yufeng Nie a, Fawang Liu b, Jungang Wang a, Zhanbin Yuan a, Jiahui Hu c, Zongze

Yang d, Xiaogang Zhu e, Zhen Guan a,

a School of Mathematics and Statistics, Northwestern Polytechnical University, Xi’an, Shaanxi 710072,
China. E-mail: yfnie@nwpu.edu.cn

b Mathematical Sciences School, Queensland University of Technology, QLD 4001, Australia.
c School of Science, Shaoyang University, Shaoyang, Hunan 422000, China

d Shenzhen JL Computational Science and Applied Research Institute, Shenzhen, Guangdong 518131, China
e College of Science, Henan University of Technology, Zhengzhou, Henan 450001, China.

In this talk, several numerical methods for time/space fractional PDEs will be discussed.
Firstly, we will talk about numerical methods for space fractional di↵erential equations,
including finite di↵erence methods, finite element methods, and di↵erential quadrature
methods (meshless method). We emphasize that the finite element methods and di↵erential
quadrature methods are e↵ective on complex domains. Secondly, we will focus on time
fractional PDEs with nonlinear source term and discuss the convergence of L1 scheme and
WSGD scheme combined with the finite element method, separately, and the optimal error
estimations for those schemes will be given. At last, some conclusions are given on those
methods.

key words: finite element method, di↵erential quadrature method, irregular domain, optimal error

estimation

¶This work was supported in part by the National Natural Science Foundation of China under grant 11971386.
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Long time behavior of numerical solutions to time fractional
di↵erential equations

Lei Lia and Dongling Wangb

a School of Mathematical Sciences, Institute of Natural Sciences, MOE-LSC, Shanghai Jiao Tong
University, Shanghai, 200240, P. R. China

E-mail:leili2010@sjtu.edu.cn
b Department of Mathematics and Center for Nonlinear Studies, Northwest University, Xi’an, Shaanxi,

710127, P. R. China
E-mail: wdymath@nwu.edu.cn

Compared with the standard di↵usion model, the time fractional subdi↵usion equation has two
typical characteristics: first, the solution has low regularity near the initial time; second, the
solution has a polynomial decay rate over a long time. The first question has been well studied
with many important results. We will focus on the second question. Based on the Volterra
integral form of the equation, we introduce a class of CM-preserving numerical scheme. This
kind of numerical scheme is proved to have many elegant properties, including good numerical
stability and accurate preservation of the long decay rate of the linear subdi↵usion equation.

key words: fractional subdi↵usion equation, CM-perserving schemes, polynomial decay rate
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Analysis of Fractional Models Arisen from Electromagnetic Wave
Propagations in Dispersive Media
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Electromagnetic wave propagations in dispersive media– materials with a frequency-dependent
electric permittivity are ubiquitous. The polarization response of the material leads to a
temporal convolutional constitutive relation in the Maxwell’s system. In this talk, we shall
discuss the Maxwell’s equations in a Havriliak-Negami (H-N) medium, which include the
relatively known Cole-Cole (C-C) and Davidson-Cole (D-C) models as special cases. In general,
for the H-N model, the convolutional polarization relation has a complicated singular kernel
in terms of the Mittag-Le✏er (ML) function. However, for the C-C and D-C models, it can be
formulated as a time-fractional equation involving Caputo and tempered fractional derivatives
respectively. Here, we focus on the numerical analysis of the H-N model in terms of energy
dissipation and unconditionally stable discretization and also study an interesting di↵erential-
integral wave equation reduced from the Cole-Cole model.
This talk will be largely based on the recent joint works [1, 2, 3].

key words: Time-fractional polarization, temporal convolution, dispersive media, energy law,

stability

REFERENCES

1. Yubo Yang, Li-Lian Wang and Fanhai Zeng. Analysis of a backward Euler-type scheme for Maxwell’s
equations in a Havriliak-Negami dispersive medium. ESAIM: Mathematical Modelling and Numerical
Analysis, 55 (2), 479-506, 2021.

2. Bo Wang, Zhiguo Yang, Li-Lian Wang and Shidong Jiang. On time-domain NRBC for Maxwell’s equations
and its application in accurate simulation of electromagnetic invisibility cloaks. Journal of Scientific
Computing, 86 (2), 1-34, 2021.

3. Can Huang and Li-Lian Wang. An accurate spectral method for the transverse magnetic mode of Maxwell’s
equations in Cole-Cole dispersive media Advances in Computational Mathematics, 45 (2), 707-734, 2019.



5th Conference on Numerical Methods for Fractional-Derivative Problems 21

X-Spectral Methods for Some Di↵erential Equations
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In this talk I will present extended spectral methods for some classes of integro-di↵erential
equations, making use of fractional polynomials, also known as Muntz polynomials, for
approximating solutions having low regularity. Basic approximation properties of the Muntz
polynomials, including error estimates for the weighted projection and interpolation operators,
are discussed. We will show how to construct and analyze e�cient X-spectral methods based
on the Muntz polynomial approximation. The potential application of the new methods
covers a number of well-known problems, including classical elliptic equations having corner
singularities, integro-di↵erential equations with weakly singular kernels, fractional di↵erential
equations, and so on.

key words: Spectral methods, fractional polynomials, integro-fractional di↵erential equations
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Fast convolution quadrature for fractional operators

Fanhai Zeng
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We present a unified fast memory-saving method for the approximation of the fractional
integral and derivative operators. Our method simplifies Lubich’s fast method [SISC, 28 (2006)
421–438] in both theory and implementations. Numerical experiments support the theoretical
results.

key words: Fractional integral and derivatives, convolution quadrature, composite trapezoidal

rule
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Convergence analysis of the time-stepping numerical methods for
time-fractional nonlinear subdi↵usion equations
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In 1986, Dixon and McKee developed a discrete fractional Grönwall inequality [1] which can be
seen as a generalization of the classical discrete Grönwall inequality. However, this generalized
discrete Grönwall inequality and its variant [2] have not been widely applied in the numerical
analysis of the time-stepping methods for the time-fractional evolution equations. The main
purpose of this paper is to show how to apply the generalized discrete Grönwall inequality
to prove the convergence of a class of time-stepping numerical methods for time-fractional
nonlinear subdi↵usion equations, including the popular fractional backward di↵erence type
methods of order one and two, and the fractional Crank-Nicolson type methods. We obtain
the optimal L2 error estimate in space discretization for multi-dimensional problems. The
convergence of the fast time-stepping numerical methods is also proved in a simple manner.
The present work unifies the convergence analysis of several existing time-stepping schemes.
Numerical examples are provided to verify the e↵ectiveness of the present method.

key words: Time-fractional nonlinear subdi↵usion equations, discrete fractional Grönwall

inequality, fast time-stepping methods, convergence
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Analysis of the variable-step L1 scheme for the 2D time-fractional
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The variable-step L1 scheme for the time-fractional Swift-Hohenberg equation will be shown in
this talk. We first consider the energy stability of the variable-step L1 scheme by constructing
the modified discrete energy, and then extend our result to get the estimate of numerical
solutions. By applying the discrete orthogonal convolution kernels, the L2 norm convergence
of the proposed scheme is obtained. A key ingredient in the proof of the error estimates
is the construction of the transformation for the approximation of the temporal derivative.
With this transformation, we can then use positive semi-definiteness of the discrete orthogonal
convolution kernels and the discrete Gronwall inequality to obtain the optimal error estimates.
Numerical experiments are presented to confirm the theoretical results. On the simulation side,
the comparison with the classical case shows the sub-di↵usion property of the fractional models.

key words: Swift-Hohenberg equation; L1 scheme; Energy stability; Convergence analysis
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Optimal control of variable-order time-fractional PDEs
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We study a distributed optimal control problem governed by a variable-order time-fractional
di↵usion equation in multiple space dimensions. The well-posedness of the proposed model
and the smoothing properties of their solutions are proved, based on which the corresponding
fully-discrete finite element methods are analyzed. Numerical experiments are carried out to
substantiate the theoretical analysis.

key words: Variable-order, time-fractional di↵usion equation, optimal control, well-posedness and
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Numerical analysis of backward subdi↵sion problems: an
application of error analysis in terms of data regularity
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We study the numerical scheme for approximately solving the backward problem of subdiusion
equation involving a fractional derivative in time with order ↵ 2 (0, 1). After using quasi-
boundary value method to regularize the ”mildly” ill-posed problem, we propose a fully
discrete scheme by applying finite element method in space and convolution quadrature
in time. The analysis of the proposed scheme relies heavily on smoothing properties of
solution operators and some nonstandard error estimate for the direct problem in terms of
problem data regularity. The theoretical results are useful to balance discretization parameters,
regularization parameterand noise level.

key words: fractional subdi↵usion, backward problem, quasi-boundary value method,

finite element method, convolution quadrature, error analysis

REFERENCES

1. Zhengqi Zhang and Zhi Zhou, Numerical analysis of backward subdi↵usion problems, Inverse Problems,
36(10):105006, 27, 2020.

¶This work was supported in part by the Hong Kong Research Grants Council under grant 25300818.


