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Introduction
y-fractional integral

Definition

Assume f € L'(a,b). And let ¢ € C(a,+00) be a strictly increasing
function with 9 (t) — 400 as ¢ — +o0o. Then the (left) 1-fractional
integral of f is defined by

wDai f(t) = F(l)/ ((t) — (s)* 1 f(s)Y (s)ds, t >a.  (1.1)

(0%

V.

The condition f € L'(a,b) is a sufficient condition.
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Introduction
y-fractional integral

@ The original idea of fractional integral of a function by
another one (i.e., a ¢-fractional integral) was proposed
in [Liouville, 1835]. This idea was more distinctly for-
mulated thirty years later in [Holmgren, 1865].

‘:‘l" v i
@ It can be seen as a product of the fusion of Stieltjes inte- i % Y

|
gral /fdg [Claesson, Hérmander, 1970] and Riemann- ” r
Q 1
Liouville fractional integral [Samko, Kilbas, Marichev, ‘ * s
1993]. f { f‘
& a
LA R
w(t) — 400 as ¢t — +0oo (12) Chinese version of [1]

@ But in their definitions, the condition

was not imposed, so the equilibrium to the corresponding fractional differ-
ential equation is always stable where the fractional derivative was induced
by the original definition of i-fractional integral — for details, see [L, Li,
2023].

Numerical approximations to v fractional derivative



Introduction
y-fractional integral

So hereafter, whenever the formula (1.1) is used, the condition (1.2) is
always implied. In particular, (1.2) is satisfied in the following cases:

@ If ¢(t) = t, then it becomes the well-known Riemann-Liouville frac-
tional integral [Samko, Kilbas, Marichev, 1993].

@ If ¢(t) =logt and a > 0, then it becomes the Hadamard fractional
integral [Hadamard, 1892].

@ If 9(t) = €', then it becomes the exponential fractional integral [L,
Li, 2022].
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y-Caputo fractional derivative

Let ACJa,b] denote the space of absolutely continuous function on the finite
interval [a,b]. For n € Z*, set AC™[a,b] = {f € Cla,b] : =Y € AC][a, b]}.

For all suitable functions f and 1, for n = 0,1, - -, define inductively
5 = (L) 1) = 60 (637 1()) , with 827(s) = f(5)
=\ Pe) as v % LR u )= )

SetAC’Mab {f [a,b] — R with 6~ 1f€AC[ab]}

Definition

Letn—1<a<neZ". Let f € ACS, |a,b]. Assume that ¢ € C"[a, +00) is

a strictly increasing function with 1(t) — 400 as t — 400, and 9’ (t) # 0 for
all t. Then the (left) 1-Caputo fractional derivative is defined by

[ 00 - 0o 6 (s, a <t <o,

cyDaf(t) = Tn—a)

V.

The hypothesis f € AC? [a,b] is sufficient to ensure existence of ¢, D, f(t).
5#) YHa,t
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y-Riemann-Liouville fractional derivative

Definition

Letn—1<a<n€Z" andlet f € ACS, [a,b]. Assume that¢(t) € C"[a, +o0)

is a strictly increasing function with () — +00 as t — 400, and 9’(t) # 0 for
all ¢. Then the (left) 1-Riemann-Liouville fractional derivative (call ¢ fractional
derivative for brevity) is defined by

¢Da . f(t) ==

% ([ W v v s, e<tsb

v

The same hypothesis f € AC&U [a, b] is also sufficient to ensure existence of
ng,tf(t)-
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The relationship between two fractional derivatives

Note that the above definitions of the two fractional derivatives are not
equivalent. In fact, the relationship between them is given by the following
equality [L, Li, 2022], for o € (n — 1,n) with n € Z™:

[e% — 61]21f k—a
CwDa,tf( ) *wDa tf Z F —a+ 1) (T/J(t) - 1/’(‘0) )

provided that all 61’fjf(a) = 51’2f(t)|t:a (k=0,---,n—1) exist. Since the
above relation enables us to convert one form of derivative to the other,
in this paper we shall discuss only the 1-Caputo fractional derivative.
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Numerical discretisation

@ In the standard case ¢(t) = ¢, the L1 discretisation [Oldham, Spanier,
1974; Sun, Wu, 2006; Lin, Xu, 2007], L1-2 discretisation [Gao, Sun,
Zhang, 2014], and L2-1,, discretisation [Alikhanov, 2015] are familiar
approximations of the usual Caputo derivative ¢cDg , f of order a €
(0,1), while the L2 discretisation [Oldham, Spanier, 1974] and H2N2
discretisation [L, Zeng, 2015; Shen, L, Sun, 2020] have been derived
for ¢cDg ,f of order a € (1,2).

@ When 1 (t) = logt, extensions of these discretisations have been
constructed [Gohar, L, Li, 2020; Fan, L, Li, 2022] for the Caputo-
Hadamard derivative of order o € (0,1) U (1, 2).
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Interpolation in the sense of the function ()

Set f* = f(t) and define V tfk_% = & Then we define
_ . ” P(tk) = P(te—1)’
several useful interpolation formulas.
@ Linear Lagrange interpolation in the sense of the function ¥ (t):
_ [ ) ) e %) — (1) y}
t) =
10 = Gt S !

1
+ §5if(m)(¢( ) = (ti-1)) (@) — ¥ (L))
=Ly f(t) +7(t), 1j € (tj-1,4;), t € [t;-1,4], 1< j < N.
@ Quadratic Lagrange interpolation in the sense of the function (¢):

W) - w0 - Bten)) e (W) —BlE1))
f“)*{w(tjfl)—w(tj))(( Do W) e

W) — (1)) o W) — D)) —9(E)
1) =) T @) — b)) W) — () }
L FE(0) ~ (L)) ~ (D)~ B(ti11)

=Ly2,;f(t)+73(t), & € (ti—1,tj41), t € [tim1,tj41], 1< < N —1.
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Interpolation in the sense of the function ()

@ Quadratic Hermite interpolation in the sense of ¢(¢):

Vif? — 04 f(to)
P(t1) — ¥(to)

X ($(t) - w(to)f} + 20D F(E0) (1) — (1) *(W() — (t1))

= Hy2,0f(t) + Ru(t), & € (to, 1), t € [to, ta].

£(t) = {f(to) by (1) (1) — (t0)) +

@ Quadratic Newton interpolation in the sense of the function v (¢):

£(t) = {f(t]-_n V) - (1))
Vi fi T2 =V f' =2
P(tj1) —w(tj-1)

+ %5if(§j)(¢(t) = (1)) ((t) — P (t;)) (W(t) — P(tj+1))
= Nya2,;f(t) + Ry (t), & € (ti—1,tj41), t € [tim1,tj41], 1<j< N -1

+ (B(0) — D(t;))(ab() — w(n»}
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Partitions

For any given T, the interval [a,T] is partitioned as a =ty < t; < -+ <
ty =T where N € Z*. Here two types of partitions will be used.

Type A : Uniform partition

b —to + BT =ty — g = L
k=to+kr,T=1 —tp_1 = -
Type B : Special non-uniform partition
~ X - T) — a
t :1/’_1(1/}@0) +k7), i, T = P(ty) — Y(th1) = W’

where 11 denotes the inverse of the function v, which exists since 1 is
strictly increasing. The image {t(tx)}i_, of this partition is uniform in
the interval [¢p(a), ¥(T)].
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Numerical approximations for Type A L1 discretisation L1-2 discretisation L2-1, discretisation

L1 discretisation for Type A

For oo € (0,1) and ¢ = tx (1 < k < N), the linear interpolation in the sense of the
function ¥(t) is used to get

1 k 1 [t —a
esDES0),_, = gy 2 Veat [ - we) T sas
1 koot —a ; ,
S Py / W) =) 776 () veas

The L1 discretisation of 1-Caputo fractional derivative Cng‘,tf(t) with a € (0,1) at
t =1t (1 <k < N) on the Type A partition is

o ko1 (a) () (@) £0
cv Dot -—m Z ( @i e~ j,k) f —ay v s

where

(@) _ @) = 9(t—1))' ™ = ((tr) = p(t;))' ™
gk P(t;) —p(tj—1)
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L1 discretisation for Type A

Theorem

Let « € (0,1) and 5if(t) € Cla,T]. Then the truncation error satisfies

1

§ =@
‘R SE( = o) tosrin | 18551, max | ((t1) = ¥(ti-1))* (k) = (tr-1)
e 2 22—«
TG ) o o 163, F ()| ((tk) — P(ts—1))>~%
that is,
|R¥| < o7,
in which
p— 1 2 ’ .
= ST o) i, 100 SO max (w1 (€)' (&)
v 162 FOI (€)2~,

2I'(3 — ) tr— 1<t<t

where & € (t;—1,t;) for 1 =1,2,--- k.
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L1 discretisation for Type A

For a € (0,1) and the Type A partition, the coefficients
a(.og in (13) satisfy

al(slg>al(ea—)1,k>“'>a§?‘k)>0 for1<j<k<N.
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Numerical approximations for Type A L1 discretisation

L1-2 discretisation for Type A

Let « € (0,1). Consider a mesh point t = t; (1 <k < N) from the
Type A uniform division. Applying the linear and quadratic Lagrange
interpolations in the sense of function (t) to discretize the -Caputo
derivative ¢, Dg ; f(t), one gets

cwDg f(t)

t=ty,

! ! e 1 ’
- M{ /to (b(te) = (s)) "0y (Ly1,1f(s) +71(s))¢ (s)ds

kot |
t2 / (@t = () 0 (Luagaf(5) + Tgl(s))w(s)dS}_

tj1

L1-2 discretisation |2-1, discretisation

L2 d
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L1-2 discretisation for Type A

The L1-2 discretisation of ¢yDg . f (%) on the Type A is

t=t
1 k—1 )
oDl fF = m{cﬁ i ; ( (i)l kT 5‘?3) = Cgc,xk)fo},
where
1 (@ _ @\ _
Y(t1) — (to) w(to) ( o b ) i=1
b)), =
D) = o) ( ) , =k,
al%) = ((tr) - wm_l))“ — ((tx) — (),
(a) o 1 2 . 2—a _ _ ) 2—a
) = s s (900 = ()™ = ()~ 9(0:) ]
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L1-2 discretisation for Type A

Let §if(t) € Cla,T] and a € (0,1). Then for 1 < k < N, the truncation error RF
of the L1-2 discretisation on the uniform partition satisfies

R [62.£0)| (k1) = $(80))* ™%, k=1,

|§ > max
2I'(3 — @) to<t<t1

B < i oy e, 90| (w00 = 9(00) 7 (wi0) — wtt0)?
B o IO e (6(0)  vli) (k) ~ b))
* 3I‘(2af o) tk—rzngi(gtk 53’“”‘ k r{12><< (w(tl) (tl’l))?ﬁa’ k22
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L1-2 discretisation for Type A

that is,
|RY < Cir2 e, k=1 )Rk‘ < O3, k> 2,
in which
e :ﬁwq |63 7] (' (0)) "
C2 = 1 —ay o225, [P0 (w0) —w00) 77 (' 60)

1 3 / 3 / =@
o — ) 1355 amax | ('(6))" (¥/ (&)

- S30(0)| max (€)%,

+ = max
3T(2 — @) tp—_o<t<ty k—1<I<k

where gl € (tlflytl)z l= 1,2,--. 7k‘
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L1-2 discretisation for Type A

Theorem

Let o € (0,1). Let the mesh width 7 = (T" — a)/N be sufficiently small.
Assume that 1" exists in [a,T]. Then for 1 < j < k < N, the coefficients
cﬁz satisfy

AV >0, j A k-1,

but the sign of c,ioi)l , is uncertain for k& > 2.

Theorem

H|

Let o € (0,1). Let the mesh width 7 = ¢ — tx—1 = % be sufficiently

small. Assume that 1 € C?[a,T] and 1’ > M > 0 for a constant M. Then
for 1 < j <k < N, the coefficients cgo;j satisty

VR < << k24 @] < k22

(3) Cgl—)Q,k < 05527 k>3.
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Numerical approximations for Type A L1 discretisation L1-2 discretisation

L1-2 discretisation for Type A

Table: The coefficients cﬁ) of L1-2 discretisation

k=1 cg"f

e=2 [d3] o

k=3 of &3]
_ () (o) (@) (a)

k=4 C1,4 Coa C3.4 C4,4
_ (a) () (o) (a) (o)

k=5 C15 Co5 C35 Cq5 Cs55

I The signs of the coefficients cgf_)l &, in the boxes are un-
certain.

2 The first k — 2 coefficients in row k are strictly increasing,
and \cgc@l kl < cgcalz, but the relative sizes of 05:1,)2 , and

(a) ;

lcp 1 | is unknown.
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L2-1, discretisation for Type A

Let @ € (0,1). We shall use the Type A uniform partition. For 0 < k <
N — 1, set tyy, := t + o7 where the constant ¢ := 1 — %. Using the

linear and quadratic Lagrange interpolants in the sense of ¢(t), we write

C’ng,tf(t)

t=tkto

I —a) {Z/ D(tero) — () "6y (Lw,27.jf(8) + T%(S)) ¥’ (s)ds

+ / T Wltkea) = 9060 (L £(5) + ) w5

ti
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Numerical approximations for Type A scretisation L1-2 discretisation L2-1, discretisation L2 d

L2-1, discretisation for T

Then the L2-1, discretisation for cyDg , f(t) is

k
o 1 (10’ O((J' (17(7' ] (1,0’
CuDL T = F(2foz){ R D D OV T o )fo}’
Jj=1
where
1 (ay0) (a o) .
=1
w( ) "/)(t()) (al, 1k: ) J ’
a,o o) (O‘ ‘7) (ov,0) ;
R T rOmy @57+ - 07) 2 <<k
Y(tpt1) — (al(c(ir?k by U)) J=k+1,
%7 = ((thyo) — ¥ (tH)) T ((thyo) — ()T, 1< <k,
oD = (W(thgo) — B(8)) 7,

B 1 { 2
TR (i) —P(ti—1) L2 — o

— (W(ty) — p(tj-1)) [(w(tk+rr) - w(tj—l))l_a + (Y(thto) — ¢(tj))1_a] }

[(Blthro) = (1)) = (Bltrro) — (t)) ]
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L2-1, discretisation for Type A

Let « € (0,1) and éi’)f € Cla, T]. For 7 sufficiently small and o = 1 — §, the
truncation errors RFT7 (0 < k < N — 1) have the following estimates:

[7++]

1
< —— max
12I(1 — @) to<t<tjp41

+{ 1 (a(l—a) [¥" ()l +1) max

I'3—a) 2 (W' (tg))2 t <t<tpi1

: 5350)] Pltirn) = 9(60)* (ltara) — (6))

s — max
6T'(2 — a) tp<t<tp41

5370)] max (6(t) = w(ti1))” (Bltrte) — ¥(tx) "

1<i<k+1

621(1)]

+
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L2-1, discretisation for Type A

that is,
‘Rk+a‘ S 617_37&7

where

1
S rse—— max
12T°(1 — ) to<t<tji1

1 (o(l=0) 9" ()] .
- {r(s—a) ( 2 (W) “) 02t

: 550)] } 0 6er) (0 me) '

———— max
6T(2 — a) tp<t<tjpi1

6350)| , max | (¥/(6))° (¥ (k1))

1<1<k+1

531(1)]

+

where & € (tj—1,t;) for 1 =1,2,--- ,k+ 1 and nr41 € (¢, thto)-
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L2-1, discretisation for Type A

Let a € (0,1) and ¢; = to + j7 for 0 < j < k + 1. The coefficients c§ 7) are
positive, that is,

%) >0 for 1<j<k+1land0<k<N -1

Theorem

Let a € (0,1). Assume that ¢ € C?[a,T] and ¢’ > M > 0 for a constant
T
M. Then for all sufficiently small 7 = tx11 — tr, = Ta, the coefficients

(O‘ 7) satisfy

(a;0) (a;0) (a;0) (a;0)

g <Cyp < o<y <cgyyy for0<kE<N-—1L
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L2 discretisation for Type A

Consider the 1-Caputo derivative C@/,Dg’tf with a € (1,2). The following formula
Czngtfk is the L2 discretisation

Cng,tf(t))

t=t,

I N s
TR ) BT . ) Y v s

g k1 @
— @ j _ fi—1
I'3—a) Z k(=8
Jj=1
= C'@Dg,tfk7
where
-1 (@
7a k2 ‘7 = 17
P(t1) —110(150) Lk
@ _J —— (ol —al), 2<i<k
Gk wity) = wlts—) ( Lk ’“> ==
() . _
= @ j=k+1,
Y(tps1) — (te) ©F

aﬁ) = m [(Tb(tk) —(tj—1))°"* = ($(t) — Tﬁ(tj))%a] .
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L2 discretisation for Type A

Theorem
Let o € (1,2) and &5 f € Cla,T]. Then the truncation errors R*(1 < k <
N — 1) on the Type A partition satisfy

‘Rk. < 50(T) —¢¥(a))" TS ’(;if(t)’ max (k) — p(ti-1)),

'3 —a) to<t<tpy1 1<I<k+1

that is,
’Rk‘ < CT,

3 ’
3F(3 — a) toﬁntlﬁat);+1 {51/)f(t)| 1§I}1§a13(+1¢ (55)7 é-l € (tl—htl)'
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L2 discretisation for Type A

Theorem

Let a € (1,2). Assume that ¢ € C'[a,T]. Then for all sufficiently small

T=tr—tp—1 = Ta’ one has the following conclusions. For 1 < k < N —1,

the coefficients c;ak) satisfy

cgojc) <0 for1<j<k, and c;ﬁfl,k > 0.

Theorem

Let o € (1,2). Assume that ¢ € C?[a,T)], ' > M > 0 for a constant M,
and 1" exists on [a,7]. Then for all sufficiently small 7, the coefficients

cgojc) satisfy

(1) % <) for2<j<k—1,

(2) |c,<€a,2’ < c,(fjgl,k for k > 2,

(3) chk) < céak) for k > 3.
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L2 discretisation for Type A

Table: The coefficients cﬁ) of L2 discretisation

R

A

1
2
3 (@) (@) (@) (@)
4
5

Ci3 Ca3 €33 Cu3

W INC VN WA WA

> = = o
I

AR S

Thor1<j <k ¢ <0, and ¢! , >0.
7,k k+1,k

2 In row k, the 2nd to the k-th coefficients are strictly de-

creasing and |c§€a,2| < cgﬁ_)l e

3 For k>3, cga,g < cgak) and the size between cg?‘; and c<2i¥2)
is uncertain.
4 |c§°‘1>| > (<) céD‘l) if 1(t) is a strictly lower (upper) convex

function. |c§‘?1)| = c;af as 7 — 0.
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H2N2 discretisation for Type A

We continue to discuss the case a € (1,2). Using quadratic Hermite inter-
polation and quadratic Newton interpolation in the sense of the function
1(t) on the Type A uniform partition with b1 = %(tk_l + tk) for
1 <k <N, one has

D3O
:# /té ('L/)(t 1)*1/)(5))1—0%;2 (H f(s)JrR (5))1/1/(5)d5
r2-a)l /g, k=3 w (Hy 2,0 o
F=1 ey - |
+ Z/ 2 (w(tkfé) - 1/1(8)) (55, (Nw»ljf(s) + Rg\r(s))l//(S)dS}
j=1"%-1

Numerical approximations to v fractional derivative
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H2N2 discretisation for Type A

Then, we define the H2N2 discretisation of the 1)-Caputo derivative cwD§7tf(tk7%)
for1 <k <N by

T (@ (i -1\ _ 2 ()
CwDa,tf 2= I‘(3—a) ch,k (f f ) F(B_ a)ao,k 5wf(t0)»

where
1 () (@) .
g _ | By gy (e T i) T SISk
.k T
U(te) — (s )%-1 e J=ks
aé&k) - P(t1) i¢(t ) [(w(tk_l) T/J(tO))2 - (w(tk_;) w(t%))zfa] ,
3 = S [P y) ~ ¥ ) () — vl )
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H2N2 discretisation for Type A

Theorem

Let o € (1,2) and 52)]” € Cla,T]. On the uniform partition with ¢t = to + j7 and

1
t_1 =tpg_1+ %’T for 1 < k < N, the truncation error RF~2 satisfies the following
2
bounds for all sufficiently small 7:

<ﬁ Jmax [3370)] (w(t) = ve)) (wity) —vit0)) ", k=1,

1 Y(T) —1(a) 5 [ ()]
F(2 — ) { 6 (1 o 4 1<l<k 2 (Y/(t))2 ) t3 }

x, max [0 max | (@) —(0)? (Wltemy) —9(tep)
+L max ‘6if(t)‘ max_ ((t) — P(ti—1))

3T'(3 — @) tp_o<t<ty k—1<I<k

x (1) =9t 9) ", k22
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H2N2 discretisation for Type A

That is,
‘ka% < ord-e,
where
Cp— sro|we (o) ., k=1
=——— max — =
(3 —a) to<t<ty | ¥ Vv ’ ’

_ 1 9T %) [, 5 PADRWE:
C‘F(%a){ 6 (1+;1;;1;,322(¢,(tl))2>+5}

k—1<I<k

x, e [5LF0)| | max | (0'(@)" (' 00k-1)'
4 3 / / 2—a
+ m tk_glgai(gtk ‘%,f(t)’ max_ (¢'(£))) (¥ (mk—1)) , k>2,

with no € (fo,1), Mk—1 € (t_3,t;_1), and & € (-1, t) for L =1,2,--- k.
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H2N2 discretisation for Type A

isation L2 d

Let @ € (1,2) and assume that ¢ € C* [a T]. For all sufficiently small

T =t —tp_1 = % the coefficients c for 1 <j <k <N satisfy

% <0 for2<j<k—1, % >0

T _
Let a € (1,2). Assume that 7 = ¢ — tp—1 =

¢ is sufficiently small.

Assume also that o € C?[a, T], 1’ > M > 0 for a constant M, and ¢ exists
on [a,T]. Then for 1 < j < k < N, the coefficients c(o‘) satisfy

W< for2<j<k—2 (2] ,] <l fork>2.
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Numerical approximations for Type A L1 discretisation L1-2 discretisation L2-1, discretisation L2 d

H2N2 discretisation for Type A

Table: The coefficients c\} of H2N2 discretisation

J
k=1 cﬁ)
ez [4] o

k=3 [d3] o o

b= [dn] 4 4 dn

k=5 [47] A9 Ry o

1 The signs of the coefficients cgo‘k) in the boxes are
uncertain.
2 In row k, the 2nd to the (k — 2)-th coefficients are

strictly decreasing and \c,(:i)l el < cgllz.
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Numerical approximations for Type A

L1 discretisation L1-2 discretisation
L2, discretisation for Type A

L2-1, discretisation L2 d

Setting g(t) = d, f(t), then ¢y DY, f(t) = CwDB +9(t) where B =a —1¢€ (0,1). Set
fr_y = (S

" <11(tk>+¢(tk 1>) for1 <k < N, thatis, y(t7 1) =5 (Y(tr) + Y(te—1))

_1
Usmg linear Lagrange interpolation in the sense of the functlon ¥ (t), one has

Cng,tf(t)‘t: =cv Df’tg(t)‘t:t*
1 g(té) (tO) t X ) )
(1—5){¢(t2) (e )/ (Wk—%) *1/’(3)) V(s)ds
_ ( ) g(t* - 1) el i 8 ) s
; ) ’4/1(] %)/]1 (1/1(1%]67%)—11;(5)) ?/J(s)ds}+T 2,
where
1 1 a1 s g(t’%) — g(to) )
k-3 — F(l—ﬁ){/ (w(tk 1) P(s)) ((Swg(s) - M)¢ (s)ds
k=1 o= gt* 1) —g@* ;)
+ Z /*J+§ (¢(tz_l) _ w(s))7*8 (&pg(s) _ J+3 J
g=1"%_1

N wu;_})wl(s)ds}'
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Numerical approximations for Type A L1 discretisation L1-2 discretisation L2-1, discretisation L2 d

L2, discretisation for Type A

We define the L2; discretisation of the ¥-Caputo fractional derivative at ¢ =

Da fkf% - 1 a v fk,,
CHa,t : F(3fa) Iclk Pt
k—1 .
- (aﬁ) - “ﬁ)l,k) Vuf'™2 = aé(,lk)%f(to)},
j=1
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Numerical approximations for Type A L1 discretisation L1-2 discretisation L2-1, discretisation

L2, discretisation for Type A

The truncation error R*~2 of the L2; discretisation is

RF"3 =y D2, £(t) — oDE fFE = TR s

t=t
1
k— 4L

where T*~ 3 is defined above and

1
r*Tr = L

—m{% 1k(5wf( 1) = e )

k_l(aiv,)*a,m) (601t y) = Vs ™ )}

j=1
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Numerical approximations for Type A L1 discretisation L1-2 discretisation L2-1, discretisation L2 d

L2, discretisation for Type A

1

Let 05, f € Cla,T] and « € (1,2). The truncation errors R*"2 (1 <k < N)
satisfy the estimate

=
<[ ET L OB (6550 max () — 9a))
= 4r(2—a) 123 — ) | to<t<tr | ¥ 1<i<k =t ’
that is,

‘R’“—% < Cri e,
where

max |(5if(t)| max (1&'({;))37&,

to<t<tp 1<I<k

a—1 a—1
C = 2 n 6+ 2
Ar2—a) 12I'3 — «)

with & € (ti—1,t).
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Numerical approximations for Type A L1 discretisation L1-2 discretisation L2-1, discretisation

L2, discretisation for Type A

Let o € (1,2). For 1 < k < N, the coefficients ag.‘jc) of the L2, discretisation
satisfy

() (o) (a)
Ay = Op_g ) > "0 > g g,

> 0.
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Numeric: L1 discretisation L1-2 discretisation L2-1, discretisation L2 ¢

Relationship with Riemann-Liouville fractional calculus

For a > 0 and z € L'(a,T), let 5= 1)(s) — ¢(a), then

wDﬁﬂﬂ:féy/@Mﬂ—M@f*d@W@Ms

1

(@)

= RLD(;(;ja(tl)7

where ! = (t) — ¥(a), Fa(3) = & (¢ + $(a))) = a(s).

¢!

— (' —3)* "i.(5)ds

—

S~
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Numeric: L1 discretisation L1-2 discretisation L2-1, discretisation L2 ¢

Relationship with Riemann-Liouville fractional calculus

Forn—1<a<ncZ" and z(t) € ACY, [a,T], let s = 9(s) — ¥(a), then

cuD2 2 (t) = F(%—a) / (1) — $(s))" LT (s) (s)ds
N S " 5r 15 (5)ds
o el et B SlOT
= CD&t"%a (t/)7

where ' = (t) — ¥(a), #(3) =2 (' (5 + ¥(a))) = (s).

Numerical approximations to ) fractional derivative



Numeric: L1 discretisation L1-2 discretisation L2-1, discretisation L2 ¢

Relationship with Riemann-Liouville fractional calculus

Forn—1<a<ncZ" and z(t) € ACY, [a,T], let s = 9(s) — ¥(a), then

oD8a(t) = gy | (W) = v el ()ds
1 R N
= Tmaaey J, ¢ R0
= reDg v Za(t),

where ' = (t) — ¥(a), #(3) =2 (' (5 + ¥(@))) = o(s).

Numerical approximations to ) fractional derivative



Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L2

Relationship with Riemann-Liouville fractional calculus

The right-hand-side function g(¢, ) in the differential equations (3.1) and (3.5)
below is assumed to be continuous in the given domain and to satisfy a Lips-
chitz condition in the second variable; these conditions guarantee existence and
uniqueness of the solutions to these differential equations.

Forn—1<a<n€Z" andz € AC&/J [a, T], the nonlinear -Caputo
fractional derivative initial-value problem

cyDax(t) =gtz (t), a<t<T, (3.1)
5$m(a)=xak,k‘:O,l,u-,nfl, .
is equivalent to the nonlinear Caputo fractional derivative initial-value
problem
CDg,t’ia(t/) =g (wil(t, + w(a’))via (t/)) ’ 0< t/ < 1/J(T) - 1/J(a)7 (3 2)
#(0) = Tag, k=0,1,--- ,n—1. '

Numerical approximations to 1) fractional derivative



Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L2

Relationship with Riemann-Liouville fractional calculus

Remark

Let a € (n — 1,n) with n € Zt. From the definition of 4-Caputo fractional deriva-
tive, one can see that (3.1) is equivalent to the Volterra integral equation

n—1
= 7(¢(t) _¢(a))kx —1 ' — (s))* Lg(s, 2(s))’ (s)ds
o0 = 5 O st s [0 00 gl (s (33)

provided that = € AC&P [a,T]. Similarly, (3.2) is equivalent to the Volterra integral

equation

n Nk o/
Fa(t) =3 &) v+ s [ (€= 9007 s+ v (s, (34)

-1
1
= k!

provided that z € AC™ [0,¢(T) — ¢ (a)]. (Note that when using the a-order Caputo
fractional derivative of a given function v, in the literature the condition that v €
AC™ is often assumed without being stated.)

One can see easily by making the substitution ¢’ = 1 (t) — 1(a) that the Volterra
equations (3.3) and (3.4) are equivalent and their solutions satisfy the relation z(t) =

z (Y1t + () = Za(t)).




Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L2

Relationship with Riemann-Liouville fractional calculus

Remark

The above lemma does not mean that the -Caputo derivative is not
needed. One may require it, for example, in either of the following two
situations:

(1) The inverse ¢~ ', which we know exists, may not be available explicitly
even though 1 (t) is known explicitly. For example if 1(t) = te’, then its
inverse ¥~ cannot be found analytically.

(2) The right-hand-side of (3.2), which is obtained from the right-hand-side
of (3.1) via the transformation ¢’ = v(t) — ¥(a), may lose regularity. For
example, if a = —1, ¥(t) = t*> + Bt (8 > 0) and g(t, z(t)) = t, then dg/0t = 1
which is well behaved, but transforming using t’ = t3 4+ ft + 1 + 3 gives

g (W (¢ + () = \/g ty (%)2 + (g)s - \/3 —y (%)2 * (5)3

where p=,q=1+8—t,t >0, and the first-order derivative of this
function with respect to ¢’ can be very large for any fixed t' > 0 as § — 0.
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Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L2

Relationship with Riemann-Liouville fractional calculus

Forn—1<a<nécZ and z € ACE, [a,T], the nonlinear t-Riemann-
Liouville fractional derivative initial-value problem
{ngﬂr() gtz (), a<t<T,

3.5
DOH’k " ( ) Lak, k_0517 P 717 ( )

is equivalent to the nonlinear Riemann-Liouville fractional derivative initial-
value problem
{ rEDE v Za(t') = g (07 (¢ +9(a)), Za (1)), 0 <t < Y(T) = ¥(a),

LDGH " Fa(0) = Tak, k=0,1,--- ,n— 1.

(3.6)

Numerical approximations to ) fractional derivative



Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L2

Relationship with Riemann-Liouville fractional calculus

Remark

From the definition of the ¢-Riemann-Liouville fractional derivative, one can
see that (3.5) is equivalent to the Volterra integral equation

n—1
_ - (@) —pla)) 1 /t B a—1 /
o(t) = Y OOt [ W=D gl o) (90
(3.7)
provided that = € ACg‘w [a,T]. Similarly, (3.6) is equivalent to the Volterra
integral equation

- akl

1 [, ai 1 ~
*@/O (' —s)* ' g( " (s + 9(a)), Tals))ds.

(3.8)
provided that £ € AC™ [0,%(T) — ¢(a)]. (Note that when using the a-order
Riemann-Liouville fractional derivative of a given function v, in the literature
the condition that v € AC™ is often assumed without being stated.) One
can see easily by making the substitution ' = ¢(t) — ¢ (a) that the Volterra
equations (3.7) and (3.8) are equivalent and their solutions satisfy the relation
2(t) = 3 (b1t + $(@))) = Fa(t).

M

k=0




Numericz L1 discretisation L1-2 discretisation L2-1, discretisation

L1 discretisation for Type B

U(T) = (@)

If one takes the special non-uniform Type B partition with 7 = N

the L1 discretisation becomes
k—
1 ~(o¢ ) j ~(a) £0
oy (P - X (b ) # ),

’@(ytfk

where

g =7 (k—j+ )~ (k—5)], j=1,2 k.

Numerical approximations to v fractional derivative
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Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L2 ¢

L1 discretisation for Type B

Theorem

For 0 < a < 1 and 63, f(t) € C'[a, T}, the truncation error of the L1
discretisation is bounded by

1 o
k < 2 ~2—«a
B = {8F(1a) + 2F(30z)}tgr£?§th [y BT,

where R” is almost the same as the case of Type A in form.
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Numeric: L1 discretisation L1-2 discretisation L2-1, discretisation L2

L1 discretisation for Type B

The coefficients Eﬁ) satisfy

@) >a® > >a% >0 for 1 <j<k<N.

Numerical approximations to ) fractional derivative



Numeric: L1 discretisation  L1-2 discretisation L2-1, dis

L1-2 discretisation for Type B

If the special non-uniform Type B partition is used, then the L1-2 discretisation
analogous to the case of Type A can be expressed as

k-1
@ k 1 [e% @ [e% a) 0
cyDaf :1“(27—{% ) Z(ﬁﬁm ‘v‘(jk))f E{lk)f ;

j=1

where
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Numerice L1 discretisation L1-2 discretisation L2-1, discretisation L2

L1-2 discretisation for Type B

The truncation errors R* (1 <k<N ) of the LL1-2 discretisation can be
similarly bounded as follows:

« ~2—« _
‘R’fgri)m?él\%f G w=t

‘R ’ _81“7) - |62 £(8)] (¥(t) — 1/1(151))_1_0‘ .

1 a 3 ~3—a
k> 2.
+ { 2r(1-a)  302—a) } o225, 180175, k2

Numerical approximations to ) fractional derivative



Numerice L1 discretisation L1-2 discretisation L2-1, discretisation L2

L1-2 discretisation for Type B

Theorem

For1 < j <k < N, the coefficients Egak) have the following properties:
(1) Eﬁo;c) >0, j # k—1; (ii) The sign of Ac{kajlk is uncertain for k > 2;

(iii) Efi)z k= E{ka):a,k > > 5(1621@)7 (iv) E{;ﬁi > ‘c\ici)llJ for k > 2;

N —
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isation L1-2 discretisation L2-1, discretisation L

L2-1, discretisation for T

Letaw € (0,1)and o =1— %. Consider a Type B non-uniform partition. Then

the L2-1, discretisation at ¢t = t;,, can be shown to have the following form,

k
1 .
a pkto ~a,0) pk+1 ~a,0) »-(a o) ~a,0) 0
C1/J©a,tf T I(2— { Chkt1, kf - Z ( J+1 k ] k ) f] —Cik f },
C—a)
where
I G RS
Gy B R RE RS R
e (i +B) =k
o) _ [ Tk o=+ )T = (ko =)' 0], 1< <k,
J,k ?lfao,lfa’ J =k + 1.

T(a,o ~l—a 1 . - [eY
b(.k’):T1 { [(k+0—]+1)2 (lc—|—a—])2 ]

1 —« N1l—a -
_5[(k+a—j+1)l +(k+o—75" ]}7 1<j<k.
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Numeric: L1 discretisation L1-2 discretisation L2-1, discretisation

L2-1, discretisation for Type B

The truncation error of L2-1, discretisation for Type B satisfies

o~ % o_lfoz 2 o
< Sy f@)| 7T~
= {12r(1 — o) T2 -a) } toStotess 8357

‘Rk+a

For 1<j<k+1and0<k<N —1, the coefficients &é‘;’”) have the
following property:

0<2G) <Ey < <AL <
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Numericz L1 discretisation L1-2 discretisation L2-1, discretisation

L2 discretisation for Type B

Choose a uniform partition of Type B in the sense of the function ¥ (t), with
~ T) —

T = ¢(tk) — w(tk—l) — M
1< k<N —1is as follows:

. Then the L2 discretisation at t = t; for

9 k41 ' _
D =gy aw (- 7).
j=1
where
7;7155?}37 .7: 17
) _ ) =1 (~(a (@) :
CGir =947 . (ajfl’k — ajyk) , 2<j5<k,

FaC), j=k+1,

Al =7 =g+ )7 = (k= 4)*], 15 <k

L2 ¢
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Numericz L1 discretisation L1-2 discretisation L2-1, discretisation

L2 discretisation for Type B

The truncation error of L2 discretisation for Type B can be bounded

‘Rk‘ < 5 ("/}(T) — "/)(a)) - max |5if(t)| 7.

33— «) to<t<tpi1

The coefficients Eﬁg have the following properties for 1 < j < k < N

(), >0, 8% <0 for1<j <k, (i)[e%)] <e%, fork>2,

()3 > o > o> e, o <o) for k23

Numerical approximations to v fractional derivative
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Numericz L1 discretisation L1-2 discretisation L2-1, discretisation

H2N2 discretisation for Type B

If a Type B partition is used, then the H2N2 formula at t = t27% = [Y(te)+
29 (tk—1)] for 1 <k < N is as follows,
o b2 N (g g 2
cyDa "2 = T3 —a) 2=k (f - f ) T TG =) ok Sy f(to),

j=1

where

F(a -as), 1<i<k-1,

~o) _
GETY e i
T g I
(o) Tk -5 = (k- 1)), =0,
a;, = ~l—a
Pl B kg~ (k=i - 1?0, 1< <k- 1

Numerical approximations to v fractional derivative
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Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L.

H2N2 discretisation for Type B

The truncation error of H2N2 discretisation for Type B can be bounded as
follows
k—3 < 1 ~3—a _
= 92-aT(3 — @) toton 5, [0 F@ 77 k=1,
1 2 4
R 2| < b} P k>2.
’ S\Te=a Tare= a)} toStoy |8 @]F7, k>

The coefficients &' ) for 1 < j < k < N have the following properties

(i) &) >0, “‘*’<0 for1<j<k—1,

()R >R > >, for k>3, (i) [§2, ] <%

Numerical approximations to 1) fractional derivative



Numericz L1 discretisation L1-2 discr ation L2-1, dis

L2, discretisation for Type B

Suppose we use the special Type B non-uniform partition. The L2; discretisa-
tionatt=t; 1 (1<k<N)is

1
2

o k—i 1 ~(a k,l

cyDarf™ 2 = m{aijl,kvw,tf 3

k—1 .
=S (@ @) Ve — e f(to)},
j=1
where
~(a) 27 [(k - %)2_(! - (k - 1)2—a] , =0,
aj,k =

P (k)0 (h—j - 1P0], 1< < k1.
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Numericz L1 discretisation L1-2 discretisation L2-1, discretisation L2

L2, discretisation for Type B

The truncation error of L.2; discretisation for Type B can be easily
estimated

IS

1 7 3 ~3—a
< .
= {4r(2 — o) 2B -a) } 225, 106107

The coefficients ?i;?;c) have the property
aﬁf_)l,k > Eﬁf_)z,k > > Eé‘fk) > 0.

On Type B partition the H2N2 and L2; discretisations are essentially the

same, but this is not true of these discretisations on Type A partition.
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Numerical Examples

In this section we present numerical examples to test the convergence
orders of some of the discretisations that were derived earlier. Here we
consider only Type A partitions.

We shall examine ¢(t) = t” where p > 0 is constant.

Example

Let f(t) =%, [a,T] = [1,2], a € (0,1). A simple calculation gives

cyDg, f(t) = ﬁa’)(ﬂ —a)'m 4 ﬁ(tﬂ _ah)e,

Here, set Error = |cyDS, f(tn) — oy 22 ™| for the L1 discretisation.

V.
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Numerical Examples

Table: Convergence rates with o € (0,1) for L1 discretisation

a 0.2 0.5 0.8
p N Error Rate Error Rate Error Rate
200 2.4733E-06 - 3.4739E-05 - 3.7947E-04 -

1/2 300 1.2084E-06 1.7666 1.8922E-05 1.4984 2.3320E-04 1.2008
400 7.2639E-07 1.7691 1.2295E-05 1.4986 1.6509E-04 1.2006
500 4.8928E-07 1.7709 8.8001E-06 1.4988 1.2629E-04 1.2005

200 1.7449E-04 - 1.2884E-03 - 6.9391E-03 -
2 300 8.6158E-05 1.7404 7.0523E-04 1.4864 4.2705E-03 1.1973
400 5.2145E-05 1.7455 4.5956E-04 1.4886 3.0255E-03 1.1980
500 3.5295E-05 1.7490 3.2956E-04 1.4901 2.3156E-03 1.1983
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Numerical Examples

Example
Choose f(t) = t3*, [a,T] = [1,2], @ € (0,1). Then
¢
r2-—aw
6
I'4d—a)

6

20040 _ p\l-« ptp_p%a
a”’(t” — a”) +F(370¢)a( a”)

Cz/)Dg,zf(t) =

+ (t° — a”)>~°.

For the L1-2 discretisation, let Error = ‘cwDaa,tf(tN) — cu,]Dg,th’; and for
the L2-1, discretisation, let Error = ‘cng,tf(tN—1+a) — c¢©g7th_1+"|.

v
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Numerical

Examples

Table: Convergence rates with o € (0,1) for L1-2 discretisation

e’ 0.2 0.5 0.8

p N Error Rate Error Rate Error Rate
200 1.1127E-08 - 1.1615E-07 - 1.2778E-06 -

1/2 300 3.5023E-09 2.8509 4.1568E-08 2.5341 5.2246E-07 2.2057
400 1.5436E-09 2.8479 2.0082E-08 2.5288 2.7711E-07 2.2043
500 8.1789E-10 2.8464 1.1431E-08 2.5255 1.6948E-07 2.2034
200 5.6224E-06 - 4.4886E-05 - 2.6187E-04 -

2 300 1.8508E-06 2.7404 1.6390E-05 2.4846 1.0753E-04 2.1952
400 8.4004E-07 2.7459 8.0132E-06 2.4874 5.7161E-05 2.1965
500 4.5483E-07 2.7495 4.5981E-06 2.4892 3.5008E-05 2.1972
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Numerical Examples

Table: Convergence rates with o € (0,1) for L2-1, discretisation

a 0.2 0.5 0.8
p N Error Rate Error Rate Error Rate
200 1.0465E-09 - 1.4682E-08 - 2.9491E-07 -

1/2 300 3.6206E-10 2.6177 5.3230E-09 2.5023 1.2091E-07 2.1990
400 1.6924E-10 2.6435 2.5925E-09 2.5008 6.4227E-08 2.1991
500 9.3587E-11 2.6548 1.4839E-09 2.5005 3.9318E-08 2.1992

200 3.9780E-06 - 2.3440E-05 - 9.9503E-05 -
2 300 1.3211E-06 2.7186 8.5934E-06 2.4748 4.0883E-05 2.1937
400 6.0308E-07 2.7259 4.2116E-06 2.4790 2.1740E-05 2.1952
500 3.2789E-07 2.7308 2.4208E-06 2.4815 1.3318E-05 2.1961
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Numerical Examples

Example

Let f(t) = t%, [a,T] = [1,2], @ € (1,2). One has

cwDaf(t) = _ 6 a’(tP — ap)2fa + _9 (" — ap)37a.
vait r'3—a) T(4—a)

Here, let Error = ‘Cd)Dg"tf(th) = cngJfN*w for the L2 discretisation;
Error = |C¢Dg"tf(tN_%) — Cng,th_%’ for the H2N2 discretisation; and
) — cyD2, fN72| for the L2, discretisation.

Error = |c¢ngtf(t}‘v

1
2
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Numerical Examples

Table: Convergence rates with o € (1,2) for L2 discretisation

«a 1.2 1.5 1.8
p N Error Rate Error Rate Error Rate
200 3.2478E-03 - 4.1969E-03 - 3.9832E-03 -

1/2 300 2.1693E-03 0.9953 2.8129E-03 0.9868 2.7159E-03  0.9445
400 1.6286E-03 0.9966 2.1163E-03 0.9892 2.0668E-03  0.9494
500 1.3036E-03 0.9973 1.6965E-03 0.9907 1.6710E-03  0.9527

200 1.2352E-01 - 9.6004E-02 - 5.4651E-02 -
2 300 8.2585E-02 0.9930 6.4540E-02 0.9794 3.7523E-02 0.9274
400 6.2030E-02 0.9948 4.8642E-02 0.9830 2.8683E-02 0.9339
500 4.9670E-02 0.9959 3.9041E-02 0.9853 2.3265E-02  0.9382
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Numerical Examples

Table: Convergence rates with o € (1,2) for H2N2 discretisation

«a 1.2 1.5 1.8
p N Error Rate Error Rate Error Rate
200 8.1888E-06 - 1.0584E-04 - 1.1416E-03 -

1/2 300 3.9673E-06 1.7873 5.7482E-05 1.5056 7.0100E-04 1.2029
400 2.3717E-06 1.7883 3.7286E-05 1.5046 4.9605E-04 1.2021
500 1.5911E-06 1.7890 2.6656E-05 1.5040 3.7937E-04 1.2017

200 3.4389E-04 - 3.7279E-03 - 2.0699E-02 -
2 300 1.7874E-04 1.6140 2.0552E-03 1.4687 1.2760E-02 1.1932
400 1.1160E-04 1.6370 1.3448E-03 1.4742 9.0480E-03 1.1949
500 7.7205E-05 1.6514 9.6711E-04 1.4776 6.9288E-03 1.1959
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Numerical Examples

Table: Convergence rates with o € (1,2) for L2; discretisation

«a 1.2 1.5 1.8
p N Error Rate Error Rate Error Rate
200 6.7712E-06 - 1.0410E-04 - 1.1398E-03 -

1/2 300 3.3365E-06 1.7455 5.6708E-05 1.4982 7.0018E-04 1.2018
400 2.0167E-06 1.7500 3.6850E-05 1.4984 4.9559E-04 1.2013
500 1.3638E-06 1.7531 2.6377E-05 1.4985 3.7908E-04 1.2010

200 4.4051E-04 - 3.8011E-03 - 2.0750E-02 -
2 300 2.2173E-04 1.6931 2.0877E-03 1.4779 1.2782E-02 1.1948
400 1.3580E-04 1.7041 1.3631E-03 1.4818 9.0608E-03 1.1962
500 9.2697E-05 1.7113 9.7883E-04 1.4842 6.9370E-03 1.1969
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