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ABSTRACT

I will start with a review of [1], which was presented at the 2021 edition of this workshop. For time-
fractional parabolic equations with a Caputo time derivative of order o € (0, 1), we give pointwise-
in-time a posteriori error bounds in the spatial L, and L., norms. Hence, an adaptive time stepping
algorithm is applied for the L1 method, which yields optimal convergence rates 2 — « in the presence
of solution singularities. Interestingly, the proposed time stepping algorithm yields the grids similar
to a-priori-constructed optimal grids in [2, 3].
In the main part of the talk, we shall discuss recent extensions of the proposed methodology to
variable-coefficient multiterm time-fractional subdiffusion equations [4], and to the case of higher-
order discretizations [5]. The stable implementation of the proposed algorithm will also be addressed
[S].

I. N. Kopteva, Pointwise-in-time a posteriori error control for time-fractional parabolic equations, Appl.

Math. Lett., 123 (2022), 107515.
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3. N. Kopteva, Error analysis for time-fractional semilinear parabolic equations using upper and lower
solutions, SIAM J. Numer. Anal., 58 (2020), 2212-2234.

4. N. Kopteva and M. Stynes, A posteriori error analysis for variable-coefficient multiterm time-fractional
subdiffusion equations, J. Sci. Comput., (2022).

5. S. Franz and N. Kopteva, Pointwise-in-time a posteriori error control for higher-order discretizations of
time-fractional parabolic equations, J. Comput. Appl. Math., volume 427 (2023), 115122.




» Consider a fractional-order parabolic problem with o € (0, 1) :

Diu+ Lu = f(x,t) for (z,t) € Q x (0,T]
where Q < RY, d € {1,2,3}, subjectto u(z,0) = ug(z) and u = 0 on O

Dfu(-,t) :=

r(1_ So (t — s)~@ dsu(-, s) ds = J; ~*0,u =Caputo fractional derivative

Lu:=3% 1{ Oz, (ar () Oput) + by() 59;,;&} + ¢(x) u =2nd order, elliptic £ = L(t)




e Consider a fractional-order parabolic problem with v € (O, 1) :

Diu + Lu = f(x,t) for (x,t) € Q x (0,T]
where Q < R?, d € {1,2,3}, subject to u(z,0) = uy(z) and u = 0 on O

Dyu(-,t) := F(ll—a) Sé(t — 5)"*u(-, s) ds = J;}“0,u =Caputo fractional derivative

 In the a priori error analysis, an initial singularity of the exact solution is typi-

cally addressed, such as| |[0lu(-, )| <1+ t*"" |or similar...

NOTE: This is a realistic assumption, in contrast to |d'u(-,t)| < 1...

e AIM: an adaptive framework (a posteriori error estimates + an adaptive
time stepping algorithm) capable of identifying various solution singularities...




PLAN OF THE TALK

1. A-priori pointiwise-in-time error bounds

+ give lots of insight in what can be expected of the error;
+ a-priori chosen temporal meshes are our main competition, so to speak :)

2. Review of N. Kopteva, Pointwise-in-time a posteriori error control for time-
fractional parabolic equations, Appl. Math. Lett., 123 (2022), 107515.

3. RECENT EXTENSIONS:

+ N. Kopteva and M. Stynes, A posteriori error analysis for variable-coefficient
multiterm time-fractional subdiffusion equations, J. Sci. Comput., (2022).

+ S. Franz and N. Kopteva, Pointwise-in-time a posteriori error control for
higher-order discretizations of time-fractional parabolic equations, J. Comput.
Appl. Math., volume 427 (2023), 115122.

+ Stable implementation is also addressed in the latter




A PRIORI ANALYSIS — SOME LITERATURE

* Discrete Laplace transform approach: low regularity assumptions on the ex-
act solution, BUT uniform meshes (frequently convergence in positive time)

[B. Jin, R. Lazarov, Z. Zhou, IMA J. Numer. Anal., 2016], ...
[Y. Yan, M. Khan, N.J. Ford, SINUM, 2018], ...
[B. Jin, R. Lazarov, Z. Zhou, CMAME, 2019 — review]

e Graded temporal meshes = global in time convergence:

[H. Brunner, Math. Comp., 1985] — collocation for Volterra integral equations

[W. McLean, K. Mustapha, Numer. Math., 2007] — fractional wave equation

[K. Mustapha, B. Abdallah, K. M. Furati, 2014] — high-order Petrov-Galerkin in time
[M. Stynes, E. O’Riordan, J. L. Gracia, SINUM, 2017] — L1 method

e Discrete Gronwall inequality on graded (general) meshes — quite intircate...

[H.-L. Liao, D. Li, J. Zhang, SINUM, 2018],
[H.-L. Liao, W. McLean, J. Zhang, SINUM, 2019]....

e In this talk, I rely on insights from sharp a-priori pointwise-in-time bounds
using barrier functions on quasi-graded grids with arbitrary degree of grad-
ing: [N. Kopteva, X. Meng, SINUM, 2020], also [N. Kopteva, Math. Comp., 2019]...




« THEOREM [Kopteva+Meng]: Using (quasi-)graded mesh {t; = T'(j/M)"}22,
withr > 1,if [[du(t)| <1+t*" for [ =1,2 and t € (0,T], then

)
Mot Hl<r<2-—a,

[uty) — U™ < { M2t 11 + In(t,/t)] ifr =2 — a,

| Mo o=/ ifr>2—a.

Particular cases:

e When the optimal grading parameter r,,; = (2 — )/« is used, then the error is
bounded by M2 .1, i.e. we recover the optimal global convergence rates of
2 — «, as particular cases of our more general error bounds.

e Another straightforward particular case of our error bounds indicates that the
optimal convergence rates of 2 — « in positive time ¢ = 1 are attained using

much milder grading |with| r > 2 — o |.




WHY GRADED MESHES?

* Frequently assumed: there exists a unique solution of this problem in C(€) x
[0,T7]):

Olu(-, )| <1+ttt | for [ =0,1,2

NOTE: This is a realistic assumption, in contrast to |0'u(-,t)| < 1;

o Graded meshes in time: | {¢; = T(j/M)T}jj\iO with some r > 1

- | —yield global accuracy...

e Uniform meshes in time: 1.e. r = 1 — yield convergence in positive time...




 N. Kopteva, Error analysis of the LI method on graded and uniform meshes for a
fractional-derivative problem in two and three dimensions, Math. Comp., 88 (2019), 2135-

2155. L1 + framework for spatial discretizations + bounds on the exact solutions

* N. Kopteva and X. Meng, Error analysis for a fractional-derivative parabolic problem on
quasi-graded meshes using barrier functions, STAM J. Numer. Anal., 58 (2020), 1217-
1238. L1 + Alikhanov

* N. Kopteva, Error analysis of an L2-type method on graded meshes for a fractional-order
parabolic problem, Math. Comp., 90 (2021), 19-40. L2 scheme

* N. Kopteva, Error analysis for time-fractional semilinear parabolic equations using upper and
lower solutions, STAM J. Numer. Anal., 58 (2020), 2212-2234. semilinear case




MORE REFERENCES (INCOMPLETE LIST...)

e B. Jin, R. Lazarov and Z. Zhou, Numerical methods for time-fractional evolution equations with nons-
mooth data: a concise overview, Comput. Methods Appl. Mech. Engrg., 346 (2019), 332-358.

B. Jin, R. Lazarov and Z. Zhou, An analysis of the L1 scheme for the subdiffusion equation with nonsmooth
data, IMA J. Numer. Anal. 36 (2016), 197-221. uniform mesh
H. Brunner, The numerical solution of weak singular Volterra integral equations by collocation on graded
meshes, Math. Comp., 45 (1985), 417-437.

W. McLean and K. Mustapha, A second-order accurate numerical method for a fractional wave equation,
Numer. Math., 105 (2007), 481-510. graded mesh
K. Mustapha, B. Abdallah and K. M. Furati, A discontinuous Petrov-Galerkin method for time-fractional
diffusion equations, STAM J. Numer. Anal., 52 (2014), 2512-2529. graded mesh
M. Stynes, E. O’Riordan and J. L. Gracia, Error analysis of a finite difference method on graded meshes
for a time-fractional diffusion equation, SINUM, 55 (2017), 1057-1079. L, + graded
 H.-L. Liao, W. McLean and J. Zhang, A discrete Gronwall inequality with application to numerical
schemes for fractional reaction-subdiffusion problems, SIAM J. Numer. Anal., 57 (2019), 218-237.

H.-L. Liao, D. Li and J. Zhang, Sharp error estimate of the nonuniform LI formula for linear reaction-
subdiffusion equations, SIAM J. Numer. Anal., 56 (2018), 1112—-1133.

H.-L. Liao, W. McLean and J. Zhang, A second-order scheme with nonuniform time steps for a linear

reaction-subdiffusion problem, arXiv:1803.09873v4, (2018). discrete Gronwall inequalities
A. A. Alikhanov, A new difference scheme for the time fract..., J. Comput. Phys., 280 (2015), 424-438.

H. Chen and M. Stynes, Error analysis of a second-order method on fitted meshes for a time-fractional
diffusion problem, J. Sci. Comput., 79 (2019), 624—-647. Alihanov + graded mesh
C. Lv and C. Xu, Error analysis of a high order method for time-fractional diffusion equations, SIAM 1J.
Sci. Comput. 38 (2016), A2699-A2724. L5 scheme + uniform mesh




OUR MAIN FOCUS IN THIS TALK:

Pointwise-in-time a posteriori error control for time-fractional
parabolic equations

MESSAGES:
+ pointwise-in-time a posteriori error bounds in the L(£2) and L., (2) norms
+ explicit upper barriers on the residual are given that guarantee that the error remains within a
prescribed tolerance and within certain desirable pointwise-in-time error profiles

+ applicability to wide classes of time discretizations and arbitrarily large times




PLAN OF THE TALK

1. A-priori pointiwise-in-time error bounds

+ give lots of insight in what can be expected of the error;
+ a-priori chosen temporal meshes are our main competition, so to speak :)

2. Review of N. Kopteva, Pointwise-in-time a posteriori error control for time-
fractional parabolic equations, Appl. Math. Lett., 123 (2022), 107515.

3. RECENT EXTENSIONS:

+ N. Kopteva and M. Stynes, A posteriori error analysis for variable-coefficient
multiterm time-fractional subdiffusion equations, J. Sci. Comput., (2022).

+ S. Franz and N. Kopteva, Pointwise-in-time a posteriori error control for
higher-order discretizations of time-fractional parabolic equations, J. Comput.
Appl. Math., volume 427 (2023), 115122.

+ Stable implementation is also addressed in the latter




e Consider a fractional-order parabolic problem with v € (O, 1) :

Diu+ Lu = f(x,t) for (z,t) € Q x (0,T]
where Q < RY, d € {1,2,3}, subjectto u(z,0) = ug(z) and u = 0 on O

Diu(-,t) = F(ll—a) Sé(t — 5)"*d,u(-, s) ds = J}~“0,u =Caputo fractional derivative

L is a second-order elliptic operator




» Consider a fractional-order parabolic problem with v € (0, 1) :
Diu+ Lu = f(x,t) for (z,t) € Q x (0,T]

where Q < RY, d € {1,2,3}, subject to u(z,0) = ug(z) and u = 0 on O

Dfu(-,t) := ﬁ S(t)(t — 5)"*du(-, s) ds = J}“0,u =Caputo fractional derivative
L is a second-order elliptic operator

* Qur AIM: pointwise-in-time a posteriori error estimates in L({2) and L, ({?)

norms on general temporal meshes for reasonably general discretizations

Main REF for this part: NK, Pointwise-in-time a posteriori error control for time-fractional parabolic

equations, Applied Mathematics Letters, 123 (2022), 107515

NOTE also: Lehel Banjai and Charalambos G. Makridakis, A posteriori error analysis for approxima-

tions of time-fractional subdiffusion problems. Math. Comp., 2022. (no algorithm)




AIM & PLAN

* Qur AIM: pointwise-in-time a posteriori error estimates in L,({2) and L ({?)

norms on general temporal meshes for reasonably general discretizations

* A posteriori error estimates in the L,({2) norm:
Crucial LEMMA:

<D?U('7t)7 U(7t)> = (D?Hv(7t)H)HU(7t>H
THEOREM: error estimate via the residual R},
|(un —w) (-, 1) Loy) < (DF + A) 7 Bu( 1) Loy

Residual BARRIERS to guarantee a desirable error profile...
= no need to store past values of the sampled residual...

e Application for the L1 method: (for other methods, see [NK + S.Franz, 2022])
Adaptive time stepping algorithm + Numerics
Optimal orders of convergence: globally / in positive time
Competitive in comparison with a-priori-chosen graded meshes

* A posteriori error estimates in the L., ({2) norm

* Variable-coefficient multiterm time-fractional case (jointly with M. Stynes, 2022)




* We look for a posteriori error estimates

Herror(t)” L@ S function (mesh, comp.sol—n)

with all constants explicit in the RHS

 Substantial literature for classical parabolic and elliptic PDEs

e We shall only consider discretizations in time (i.e. in space we keep £ undis-
cretized)

» We shall first consider the popular L1 method = an analogue of the backward Euler method
extended to fractional-parabolic equations (Works for wide classes of methods...)

e residual of the computed solution Ry, (-, t) := (D¢ + L)uy (-, t) — f(+, 1) (some-
times, 0;u;, may be a distribution...)

 to compute the residual, one needs to (appropriately) interpolate the computed
solution in time between time layers




CruciAL LEMMA

e LEMMA: Letv(-,0) =0andv € Ly(0,t; Ly(Q)) nWhP(e,t; Ly(Q)) for any
0 <e<t<T. Then

(Div(-,t), v(-, 1)) = (Do, ) ) v )] | for ¢ >0

 Discrete version for the L1 discretization is quite obvious:

Div(- ty) = 650" = Kpm 0™ Z (Fom.j = nmj 1)vj_1
—— o
>0 >0

—1

where £, ; 1= e Stj_ltm — 5)7, 50
m o

OFv™, ™) 2 Knm vaHQ—Z (Km,j —Y/fm,j—lz [ = ™) = (62 0™ () o™

>0 J=1 >0

see, e.g., [NK, Error analysis of the L1 method on graded and uniform meshes for a fractional-

derivative problem in two and three dimensions, Math. Comp., 88 (2019)]




CruciAL LEMMA — PROOF

e LEMMA: Letv(-,0) =0andv € Ly(0,t; Ly(Q)) nWh®(e,t; Ly(Q)) for any
0 <e<t<T. Then

(Div(-,t), v(-, 1)) = (Do ) [o( )] | for ¢ >0

 PROOF of the continuous version relies on the alternative (equivalent) defini-
tion of D (for the case v(+,0) = 0):

t

['(1 —«a) Dfv(-,t) =t %(-, 1) + f at —s)* (-, t) —v(-,s)} ds

0

This representation was also used by:

Y. Luchko, Maximum principle for the generalized time-fractional diffusion equation, J. Math.
Anal. Appl., 351 (2009), 218-223],

[H. Brunner, H. Han and D. Yin, The maximum principle for time-fractional diffusion equations
and its application, Numer. Funct. Anal. Optim., 36 (2015), 1307-1321]




A POSTERIORI ERROR ESTIMATES — L5(£2) NORM

« THEOREM: Let £, for some \ € R, satisfy (Lv,v) = A|v|* Vv € H}(Q).
Suppose the exact solution u and its approximation uy, are in Ly (0,t; La(€2)) N
Wh® (e, t; Ly(Q2)) forany 0 < ¢ < t < T, and also in H;(Q) for any ¢ > 0,
while uy(-,0) = up and Ry, (-, t) := (DY + L)uy(-,t) — f(-,t). Then

[(un =) D)o@ < (D + N) IR )] 2y | for ¢> 0

e NOTATION:

0

(D2 + A)~Lu(t) J(t )0 B (At — %) v(s) ds

0
Here E, 5(s) = Y. {T(ak + §)} ~'s" is a generalized Mittag-Leffler function,

while (D¢ + 0) v := Jv = Sé(t —5)* tu(s)ds.

* Also, w(t) = (D + \)~wu(t) is a solution of the equation (D% + N)w(t) = v(t)
for t > 0 subject to w(0) = 0.

AsEyqo > 0,50 v =01mpliesw =0 — comparison principle!




L5(€2) NORM THEOREM — PROOF

« THEOREM: Let £, for some A € R, satisfy (Lv,v) = \|v[|* Vv € H}(Q).
Suppose the exact solution u and its approximation uy, are in Ly (0,t; La(€2)) N
Wh®(e t; Ly(Q)) forany 0 < € < ¢ < T, and also in H}(Q) for any ¢ > 0,
while uy,(-,0) = ug and Ry, (+,t) := (D¢ + L)uy(-,t) — f(+,t). Then

[(un = u) (5 )l Loy < (D + X)HRA( )| Ly | for >0

« PROOF: Sete:=uy —u. Thene(-,0) = 0and (D + L)e(-,t) = Ry(-,t) for
t > 0 subject to e = 0 on 0.

Taking the inner product of this equation with e(+, ¢), then applying the obvious
(Le,e) = Ale|?® and (crucially!) | (Dfe(-,1), e(-,t)) = (Dlle(-, t)])[e(, 1)
(by our crucial LEMMA), one arrives at (D + \)|e(-,t)| < |Ru(-,t)| for ¢ > 0.

Then (D¢ +A){(DF+X) | Ru(-, t)|—]e(-, )|} = 0, so the comparison principle
yields the desired bound. O




RESIDUAL BARRIERS 1

Using the comparison principle, one can derive residual barriers that guarantee
certain desirable pointwise-in-time error profiles.

« COROLLARY: If |Ry(-,t)| < (D 4+ X)E(t) Vit > 0 for some barrier function
E(t)=0Vt=0,then |[(u, —u)(-,t)| < EE)VE=0.

ADVANTAGE: no need to store past values of the sampled residual...

NOTE: The above corollary may seem to imply that one can get any desirable pointwise-in-time error
profile £(t) on demand. The tricky part is to ensure that (Df* + A\)E(t) > 0 for ¢ > 0, which is not true for

a general positive £. Two possible error profiles will be described by the following result.




RESIDUAL BARRIERS 11

Using the comparison principle, one can derive residual barriers that guarantee
certain desirable pointwise-in-time error profiles for|e| ) withp = 2 (p=00 —later)

* COROLLARY: If [|Ry(-, 1) |z, < (DF + AN)E(t) YVt > 0 for some barrier
function £(t) = 0Vt > 0, then |(up, — ) (-, ¢)| 1, < E(L) VI = 0.

e COROLLARY: Suppose that A > 0. Then for the error e = u;, — u one has

IBu(, )iy S TOL-Ro(t) = e, 0)1,e) < TOL,

|Rr(, )|z, <TOL-Ri(t) = |le(, )|z, < TOL -t

Ro(t) = {T(1—a)} '+ X, Ri(t):={T(1—a)} Lt o(r/t) + \EL),

E1(t) := max{r,t}o 1,
Q(S) -= S_B[]‘ o ((1 o 8)—'_)6] > S_B min{@s, 1}7 6 =1- «,
where 7 > 0 is an arbitrary parameter (and t®~! can be replaced by &;()).

ADVANTAGE: no need to store past values of the sampled residual...




ADAPTIVE TIME STEPPING (STRAIGHTFORWARD?)

u) = ug; to:=0; t1:=min{ry, T}; m:=0;

while t,, <T
m:=m+1; flag := 0;
while €, —Tm—1 > Txx
compute u;* using the L1 method
if |Rn(-,t)| < TOL-Ry(t) Vte (tm—1,tm)
if t,, =T
M = m; break
elseif t, <T
BE = il gy 2=
t ;= min{t,,_1 + Q(t,, —tm_1), T}; flag :=1;

end
else
if flag =20
tm = tm—l + (tm - tm—l)/Q;
else

~

up' = up's by =t
tmay1 := min{t,, + (ty, —tm_1), T}; break
end
end
end
end

Parameters: () := 1.1,
7« = 5 TOLY® for
Ro and 7y := TOL for
Ri, Teyg := 0.

Here we used the
standard mathematical
notation combined with
the MatLab while
loop syntax (where,
to be precise, break
denotes an exit from

the interior while loop).




APPLICATION TO THE L1 METHOD

Given an arbitrary temporal mesh {¢;}! on [0, T, let {u] }}, be the semi-discrete
approximation obtained using the popular L1 method.

Then its standard Lagrange piecewise-linear-in-time interpolant u;, defined on Q) x
|0, T'], satisfies

(DY + L)up(x,t;) = f(z,t;) for xeQ, j=1...,M,
subject to u) := ug and uy, = 0 on o).

So for the residual of u;, one immediately gets Ry (-,t;) = 0 for 7 > 1, i.e. on each
(tj_1,t;) for j > 1, the residual is a non-symmetric bubble.

Hence, for the piecewise-linear interpolant R} of Rj one has| R} =0 |for ¢ > ¢y,

and, more generally, R = [Lug — f(-,0)](1 —t/t;)" fort > 0.

Finally, note that| R, — R} = (D%uy, — f) — (D%uy, — f)! | (as (Lup)! = Luy).

NOTE: one can compute R} by sampling, using parallel/vector evaluations, without
a direct application of £ to {u7}.




TEST A — NO SPATIAL DERIVATIVES

Test problem A. (DY + 3)u = f(t) with the exact solution u = u(t) = t* — t*
(which exhibits a typical singularity at ¢ = 0) for ¢ € (0, 1].

The adaptive algorithm constructed a temporal mesh: || R, (-, 1) < TOL - R,(t),
p = 0,1 (with 7 := ¢; in /R on next page).

1
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Figure 1: Adaptive algorithm with Ro(t): maxpo, 1 |e(t)| on the adaptive mesh, the corresponding TOL and
error on the graded mesh, o = 0.4 (left) and o = 0.7 (centre). Right: graphs of {t; }jMZO as a function of j /M
for the adaptive mesh v graded mesh withr = (2 — o) /a, a = 0.7, TOL = 107>, M = 67.

10"

* For R, the errors on the adaptive meshes were compared with the errors on the
optimal graded meshes {t; = T'(j/M)"} L, withr = (2 — o) /a.

* We observe that the optimal global rates of convergence 2 — « are attained.




TEST A — NO SPATIAL DERIVATIVES, ERROR ATt = 1

—o—adaptive mesh error|
——TOL - t*1

10-2 L

10t 103+

108 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
10! 102 10° 10" 10? 10° 10 1C 10 10° 102 107 10°
M M t
Figure 2: Adaptive algorithm with R 1 (t) for test problem A: |e(1)| on the adaptive mesh and the corresponding

TOL, o = 0.4 (left) and o« = 0.7 (centre). Right: log-log graph of the pointwise error |e(t;)| on the adaptive
meshv TOL - t*~', a = 0.4, TOL = 10~*, M = 146.

* For R, we observe the optimal rates of convergence 2 — « at terminal time
t=1.

e This is consistent with the a priori error bound [NK, X. Meng, SINUM
(2020)] for a mildly graded mesh {¢t; = T'(j/M)" ?io withr = 2 — a:

the error behaves as M "% ! for 1 <r <2 — «a | (with a logarithmic factor

for r = 2 — «), while the optimal convergence rate 2 — o in positive time
1s attained if r ~ 2 — a.




PARABOLIC TEST PROBLEMS

Test problem B.  Consider (z,t) € (0,7) x (0,1] with £ = —02 and the exact
solution u := (t* — t?) sin(z?/7), so we set A := 1.

10 ‘ 107" ‘ 1 0'2[

-e-adaptlve mesh error -e-adaptlve mesh error -6-adaptive mesh, [|e(0.2)]|
- ToL -5 ToL 02071 TOL
4Me? g2t 3Me? ] C 0.3 M2

103+

102t

103}

10 ¢
104 ¢

100t 10

10° ‘ | it 10° | | < 10° |
10" 102 10° 1C 10 102 10° 1C 102 10°
. M M M
Figure 3: Adaptive algorithm with Ro(t) for parabolic test problem B: max; ¢, |e(t;)| on the adaptive
mesh and the corresponding TOL, o = 0.4 (left) and o« = 0.8 (centre). Adaptive algorithm with R1(t) for

parabolic test problem C: , |e(0.2)| and TOL, o = 0.6 (right).

Test problem C. Consider (z,t) € (0,7) x (0,0.2] with £ = —2, so A := 1. Now
up :=xforr <landug:=1—(z—1)/(xr — 1) forx > 1, while f := 0.

As Lug ¢ Ly(€)), to be able to compute || ;|| on (0, t;), we change the interpola-
tion of the computed solution {uh} Zoon (0, ;] to piecewise-constant...

NOTE: all changes in u;, are reflected when computing its residual R},!




A POSTERIORI ERROR ESTIMATES — L (£2) NORM

« THEOREM: Let Lu := Zzzl{—ak(x) 0z u + by(z) @Eku} + ¢(x) u, with suf-

ficiently smooth coefficients {ay}, {bx} and c in C'(€2), for which we assume that
ap > 01in €, and also ¢ > \ € R (while (Lv,v) > \|v|? is no longer required).

Let the exact solution u and its approximation wu;, be in C(2 x [0,t]) n
Wh® (e t; Lo(Q)) forany 0 < e < ¢t < T, and also in C*(Q) for any ¢ > 0.

Then the error bounds of the above THEOREM and both COROLLARIES
remain true with || - |1,q) replaced by || - |1 ().

e PROOEF: relies on the maximum principle from [Y. Luchko, Maximum principle for
the generalized time-fractional diffusion equation, J. Math. Anal. Appl., 351 (2009), 218-223]

(A = 0) and [NK, Maximum principle for time-fractional parabolic equations with a reaction

coefficient of arbitrary sign, Appl. Math. Lett., (2022)] (A € R).

Maximum/Comparison principle: Suppose that v(x,t) > 0 fort = 0 and x € 052, and v is in
C(Q x [0,t]) n WE*(e,t; Lo (Q)) forany 0 < € < t < T and also in C?(Q) for any ¢ > 0.
Then (D¢ + L)v = 0in (0,7] x Q implies v = 0in [0,T] x Q.




CONCLUSIONS SO FAR «— AIM & PLAN

* Qur AIM: pointwise-in-time a posteriori error estimates in L,({2) and L ({?)

norms on general temporal meshes for reasonably general discretizations

* A posteriori error estimates in the L,({2) norm:
Crucial LEMMA:

<D?U('7t)7 U(7t)> = (D?Hv(7t)H)HU(7t>H
THEOREM: error estimate via the residual R},
|(un —w) (-, 1) Loy) < (DF + A) 7 Bu( 1) Loy

Residual BARRIERS to guarantee a desirable error profile...
= no need to store past values of the sampled residual...

e Application for the L1 method: (for other methods, see [NK + S.Franz, 2022])
Adaptive time stepping algorithm + Numerics
Optimal orders of convergence: globally / in positive time
Competitive in comparison with a-priori-chosen graded meshes

* A posteriori error estimates in the L., ({2) norm

* Variable-coefficient multiterm time-fractional case (jointly with M. Stynes, 2022)




PLAN OF THE TALK

1. A-priori pointiwise-in-time error bounds

+ give lots of insight in what can be expected of the error;
+ a-priori chosen temporal meshes are our main competition, so to speak :)

2. Review of N. Kopteva, Pointwise-in-time a posteriori error control for time-
fractional parabolic equations, Appl. Math. Lett., 123 (2022), 107515.

3. RECENT EXTENSIONS:

+ N. Kopteva and M. Stynes, A posteriori error analysis for variable-coefficient
multiterm time-fractional subdiffusion equations, J. Sci. Comput., (2022).

+ S. Franz and N. Kopteva, Pointwise-in-time a posteriori error control for
higher-order discretizations of time-fractional parabolic equations, J. Comput.
Appl. Math., volume 427 (2023), 115122.

+ Stable implementation is also addressed in the latter




MULTITERM CASE

* The above framework was extended to a variable-coefficient multiterm time-
fractional case (joint work with M. Stynes, JSC, 2022)

14
Z t) Dy u( )] + Lu = f(x,t) for (z,t) e Q x (0,T]

0<ay<..<ay<a; <1, whileeachq; € C[0,T] with

12
> ai(t)>0 and g(t)=0 Vi,

=Sl

where Q < RY, d € {1,2,3}, subject to u(z,0) = uy(z) and u = 0 on O

Dyu(-,t) := (t — 8)~*du(-, s) ds = J}~*0,u =Caputo fractional derivative

F(l— ) So

Lu:=Y% 1{ Oz, (ar () Oput) + by() @ku} + ¢(x) u =2nd order, elliptic £ = L(1)




MULTITERM CASE — RESIDUAL BARRIERS 1

Using the comparison principle, one can derive residual barriers that guarantee
certain desirable pointwise-in-time error profiles.

« THEOREM: If | Ry (-, t)| < (X_,[a(t) Dfiu(z,t)]+A)E(t) ¥t > 0 for some
barrier function £(t) > 0Vt > 0, then |(u), — u)( | <E@)Vt=0.

As in the single-term case:

ADVANTAGE: no need to store past values of the sampled residual...

NOTE: The above corollary may seem to imply that one can get any desirable pointwise-in-time error
profile £(t) on demand. The tricky part is to ensure that (Df* + \)E(t) > 0 for ¢ > 0, which is not true for

a general positive £. Two possible error profiles will be described by the following result.




MULTITERM CASE — RESIDUAL BARRIERS 11

Using the comparison principle, one can derive residual barriers that guarantee
certain desirable pointwise-in-time error profiles for |||z, o) with p € {2, oo},

« THEOREM: If | Ry (-, 1)| < (X, [¢:(t) D u(x, )]+ N)E(t) V¢ > 0 for some
barrier function £(t) > 0Vt > 0, then |[(u, — u)(-, )| < E(t) Vi = 0.

e COROLLARY: Suppose that A > 0. Then for the error e = u;, — u one has

| Ru(-8) 2,00 < TOL - Ro(t) = e, )|, <TOL,
HRh(-, S)HLP(Q) <TOL -R,4 (t) = He(-, t)HLp(Q) <TOL - ta_l,
Ro(t) := D [a:(t) {T(1 — )} 1t + )\, Ri(t) =0 [ 1+ &),

E1(t) := max{r,t}o1,

R1(t) is explicit (but more intricate),

where 7 > 0 is an arbitrary parameter (and ¢! can be replaced by & ().

ADVANTAGE: no need to store past values of the sampled residual...




L5(€2) NORM THEOREM — PROOF

« COROLLARY: Let £, for some )\ € R, satisfy (Lv,v) = Mlv|? Vv € H}(Q).
Suppose the exact solution « and its approximation uy, are in Ly (0,t; Lo(£2)) N
W (e, t; Lo(2)) forany 0 < € < t < T, and also in Hy (92) for any ¢ > 0, while
wp(+,0) = ug and Ry (-, t) := (X_, [¢i(t) D u(z, t)] + L)un(-,t) — £ (-, t). Then

[ai(t) D u(a, t)] + X | | Ru( 1) Ly

M~

|(un — w)(5 1) o) <

1=1

for ¢t > 0, assuming that the RHS exists.

 Extensions to the spatial L, (€2) norm are also given.

e We also performed extensive numerical experiments (5 pages):
with various configurations of {¢;(¢)} including ¢; (¢) being initially 0;

in all considered cases, the time stepping algorithm produced desired error pro-
files and captured solution singularities.




PLAN OF THE TALK

1. A-priori pointiwise-in-time error bounds

+ give lots of insight in what can be expected of the error;
+ a-priori chosen temporal meshes are our main competition, so to speak :)

2. Review of N. Kopteva, Pointwise-in-time a posteriori error control for time-
fractional parabolic equations, Appl. Math. Lett., 123 (2022), 107515.

3. RECENT EXTENSIONS:

+ N. Kopteva and M. Stynes, A posteriori error analysis for variable-coefficient
multiterm time-fractional subdiffusion equations, J. Sci. Comput., (2022).

+ S. Franz and N. Kopteva, Pointwise-in-time a posteriori error control for
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+ Stable implementation 1s also addressed 1n the latter




MAIN FINDINGS

e Our adaptive algorithm is essentially independent of the method (or its order) and, additionally,
does not require a preliminary a-priori error analysis either of the exact solution or its numerical
approximation. The latter may be important if the a-priori error analysis is lacking (such as for

collocation methods) or limited to, e.g., uniform meshes.

* We demonstrate that high-order methods (incl. continuous collocation methods of order up to as
high as 8) exhibit a huge improvement in the accuracy when the time steps are chosen adaptively.
In fact, our algorithm yields optimal convergence rates of order ¢ — v, where q denotes the order
of the method, either globally in time or in positive time (depending on the desired error profile
used by the algorithm). At the same time, the algorithm is capable of capturing both initial
singularities and local shocks/peaks in the solution.

* We make a few subtle improvements in the original version of the time stepping algorithm that
substantially reduce the computational time. In particular, we modify the choice and search for

a suitable initial time step, and also numerically test the algorithm parameters.

* We provide clear and specific recommendations on the stable and efficient implementation of
the resulting algorithm, which are essential, and not at all straightforward, in the context of
higher-order methods. Hence, we obtain numerically stable and efficient implementations for
all considered methods (including computations of their residuals) with « at least within the
range between 0.1 and 0.999 and for values of TOL as small as 1075,




NUMERICS 1

Test problem. D¢y — Au = f in(0,1) x (0, 1) with the exact solution u(z,t) =
(t* — t* + 1) z (1 — ) (which exhibits a typical singularity at ¢ = 0) for ¢ € (0, 1].

Comparison of uniform v adaptive temporal grids:

o _ - - | ‘—‘(‘2‘—“)‘ — L1, error
— — L1-2, error
| M 10 — coll(2), error
A/—(5- —coll(4), error
8 i B || coll(8), error
e 10" 102 10° 10! 107
M M

Figure 4: L., (0,T; L., (2)) errors for various methods vs. number of time steps M for & = 0.4 on
uniform meshes (left), and adaptive meshes (right) with residual barrier Ry, A = 72, and w = \ /8

* We demonstrate that high-order methods (incl. continuous collocation methods of order up
to as high as 8) exhibit a huge improvement in the accuracy when the time steps are chosen
adaptively. In fact, our algorithm yields optimal convergence rates of order ¢ — «, where ¢
denotes the order of the method, either globally in time or in positive time (depending on the
desired error profile used by the algorithm).




NUMERICS II

Test problem. D¢y — Au = f in(0,1) x (0, 1) with the exact solution u(z,t) =
(t* — t* + 1) z (1 — ) (which exhibits a typical singularity at ¢ = 0) for ¢ € (0, 1].

102 | |—e—L1, TOL
—error
4 ——L1-2, TOL
10 | |—error
—e—coll(2), TOL
10=6 | |—error
—e—coll(4), TOL
—error
1078 | |—e—coll(8), TOL
| | | ——error
10° 101 102 10°
M

Figure 5: L. (0,T; Ly (£2)) errors for various methods vs. number of time steps M for o = 0.4,
residual barrier Ro with A = 72 and w = \/8

* QOur algorithm yields optimal convergence rates of order ¢ — «, where g denotes the order of
the method, either globally in time or in positive time (depending on the desired error profile
used by the algorithm). At the same time, the algorithm is capable of capturing both initial
singularities and local shocks/peaks in the solution (see the paper...)




STABLE IMPLEMENTATION ISSUES

Fractional derivative in LL1-method:

Evaluation for D®uy (-, t) for any t;, 1 <t < ty:

D?uh('at) —
k—1
1 Uj — Uj_l 1—a |S=tj Uk: — Uk:—l 1—
— t—s) % 7 4+ t —t._ @
['2-a) ( ;1 & S Tk =)
Numerical ISSUES:

 singularity at s = ¢ in integral,

S:tj

» cancellation at (t — s)' ™| for j « kand t;_y ~ 1y

S:tj_
i.e. the difference of two nearly equal numbers (assuming that (¢t — ¢,)
(t — t;—1), which leads to noticeable round-off errors!

Q@




STABLE IMPLEMENTATION

Stable implementation of L1-method:

Sztj

» ISSUE: cancellation at (t — s)' ™| for j « kandt;_; ~ t;

s=tj—1
 Rewriting: Let d;(t) :=t —t;

L = AT da ()T = dia () ((djj(lt()t)>l_a - 1)
=d; q1(t)"- (exp ((1 —a)ln (dfi—(lt()t))) — 1)

(t —s)t—

e Taylor series

exp(z) —1=>" % —1=3" % =expml(z) (MatLab)

n=0 n! n=1

loglp(y) :=In(1+y) =D (-1)""L




STABLE IMPLEMENTATION

Stable implementation of L1-method (continued):

S:tj

 ISSUE: cancellation at (t — s)' =

fOI'j < k and tj—l S tj

s=tj_1

 Rewriting: Let d;(t) :=t —t;

(¢~ )=l = (e (exp ((1 _a)ln (dfi(f&))) _ 1)

Let d;(t) T; T
rk;(t) == In (djil(t)) = In (1 — dj_i(t)) = loglp (—dj_—i(t)) .
Then -
(t—s)t™ iy = i—1(t) 7 expml ((1 — a) k,(1)) .

Stable implementation for high-order collocation methods + .2 method:

— Similar issue, but becomes even more problematic...

— See the paper for clear and specific recommendations on the stable and efficient implementation
of the resulting algorithm for such methods (up to order 8). Hence, we obtain numerically stable
and efficient implementations for all considered methods (including computations of their residuals)
with « at least within the range between 0.1 and 0.999 and for values of TOL as small as 1075,
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+ Stable implementation 1s also addressed in the latter




ABSTRACT

I will start with a review of [1], which was presented at the 2021 edition of this workshop. For time-
fractional parabolic equations with a Caputo time derivative of order o € (0, 1), we give pointwise-
in-time a posteriori error bounds in the spatial L, and L., norms. Hence, an adaptive time stepping
algorithm is applied for the L1 method, which yields optimal convergence rates 2 — « in the presence
of solution singularities. Interestingly, the proposed time stepping algorithm yields the grids similar
to a-priori-constructed optimal grids in [2, 3].
In the main part of the talk, we shall discuss recent extensions of the proposed methodology to
variable-coefficient multiterm time-fractional subdiffusion equations [4], and to the case of higher-
order discretizations [5]. The stable implementation of the proposed algorithm will also be addressed
[S].
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