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ER1: First-order liguid-gas transition

® There is a density jJump at the liquid-gas transition, signifying
a first-order phase transition.

® The density jJump decreases at higher temperatures/pressures,
and the first-order line ends at the liquid-gas critical point.
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& B2: Pauling® &4

In ice |,, the oxygens form a periodic lattice isomorphic to the
centre of the tetrahedra In the pyrochlore structure.
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& B2: Pauling® &4

The disordered arrangements of hydrogens produce an extensive
amount of ice-ruled configurations 0.

6 3
In 1935, Pauling calculated that Q = (2)°N <16) N — <§) N

L. Pauling, J. Am. Chem. Soc. 57, 2680 (1935)

In 1966, Nagle correlated the value of w from 3/2 to 1.5069.
J. F. Nagle, J. Math. Phys., 7,1484-91 (1966)

The number of configurations Q  _ io- S S—
determines the Pauling residual =,
4
entropy §: .
S = kglnw = 3.41]/(mol - K)
............................................................................ E e II auling’s ice entropy
| HINT from water ice to spin |ce PO e e e
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& &.2: Pauling® 4 1%

from water ice to spin ice

water ice spin ice

¢

’ f)\ two-in-two-out ice rule
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David J. Thouless F. Duncan M. Haldane J. Michael Kosterlitz

Prize share: 1/2 Prize share: 1/4 Prize share: 1/4

The Nobel Prize in Physics 2016 was awarded with one
half to David J. Thouless, and the other half to F. Duncan
M. Haldane and J. Michael Kosterlitz “for theoretical
discoveries of topological phase transitions and topological
phases of matter”.
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Alexei Kitaev Xiao-Gang Wen
California Institute of Technology =~ Massachusetts Institute of Technology

The APS's 2017 Oliver E. Buckley Condensed Matter Prize was
awarded to Alexei Kitaev and Xiao-Gang Wen “"for contributing
to the understanding of topological order and its consequences
in a broad range of physical systems, including the fractional
quantum Hall effect, frustrated magnets, and topological states
protected by symmetry”.
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History of Ising model

(Wilhelm Lenz (1920) = _J; %i5j
ij

Ernst Ising

Wilhelm Lenz iy
= = (1900.05—1998.05)

(1888.02—1957.04) o

|__Ernst Ising (1925) E. Ising, Z. Phys 31, 253-258 (1925)}

» A linear chain of two-state spins cannot undergo a phase
transition at finite temperature.

» Ising purportedly showed that his model can not exhibit a
phase transition in two and three dimensions, either.



The Pierls arguments

H = —JZ 5355  R. Peierls, On Ising’s model of ferromagnetism. (1936).
(i7)
“domain wall in 1D W
E=FEy+4J
st oz =TT
L

F=U-TS=(Ey+4J)—TInL 9 Tc=0



The Pierls arguments

H=—-J E SiSj  R. Peierls, On Ising’s model of ferromagnetism. (1936).
(17)

‘domain wall in 2D

B = Ey+ 201 T
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) ~ & where ¢ is a number between 2 and 3. ;

|
F=U-TS=~E+2L-Time [[|||||]]
[

T
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7> e TR

Here, it IS more advantageous (from a free energy point of view) to
have the system dividing up into an infinite number of domains.




Magnetism: The Ising Model

Rules for the Ising Model: ?
Spins can be only in two states:
Nup — Ndown

~N :

N = Nup + Ndowna m =

N
O No. of spin configuration: Q = (N ) = (N (1 _1|_Vm)/2)
up

O Thermal entropy (per site):

S

== %m O~ lno - QtminCG+m)  (d-mn(i-m)

2 2

O energy (per site): e= % ~ —ézimz = —%jzmz
According to the Bragg-Williams theory, the free energy per site
f(T,m)=e—Ts

f(T,m) = —%szz + %T[(l +m)In(l1+m)+(1—m)In (1l —m)] —T In2.
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Expanding for small m, (14 2) log(1 +) + (1 - 2) log(1 — 2) ~ 2% + T + O(a”)

F(T,m) U-TS Jz

1 1
T, = ~—-TIn2+=(T-T)m?*+-—=Tm*, T,=—
fT,m) = ——= = — N2+ 5 (T~ Tom? 4 ST, T, =3

t=(T—T.)/Te
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Critical exponents

® specific heat: C « |t|™@

® magnetization: m o |t|F

® magnetic susceptibility: y o [t|7Y
® correlation length: & « |t|™V

These exponents display criticality universality. This explains the
success of the Ising model in providing a quantitative description of

real magnets.

=

2
S F ZH#ElsingtEBL: ¢ ~ —Nkz<1> In|1

T \ kT, T,

( _411/8
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. 0, T=T,
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Landau’s paradigm: & F-L 54X
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Beyond Landau’s paradigm: 363048 %

< Topological phase transition: T - L 748 %

The Mermin-Wagner Theorem

In one and two dimensions, continuous symmetries cannot be
spontaneously broken at finite temperature in systems with
sufficiently short-range interactions.

r

Consider a FM Heisenberg model with nearest-neighbor interaction
H:_JZ*gf'SjJr h szsi with J>0 and B, —»0"
(i,4) | i

The spontaneous magnetization at T = 0 will be reduced by the
excitation of magnons forT > 0, i.e,,

AM,(T) = Ms(0)- Mg(T) /x ~—dE  D(E): &%
) N

i}




Mermin-Wagner theorem

The density of states can be calculated from the magnon dispersion
relation:

ds d—1
D(F) x : E2 a2
S(E) %E(Fs)‘ )  D(E) 75 =
_____________________________________ . |0 ] 11
S(E) o k471 E‘T and %E(kz)‘ X \ﬁ

_____________________________________________________________________________________________

The reduced spontaneous magnetization:
/ dE T‘-f/mm%d 5 (Y r (@
X 2 I —= —_ —
=T (5)r ()

‘ There Is no spontaneous magnetization forT > 0andd < 2! ‘

eLBT _




Kosterlitz-Thouless transition

Two dimensional XY model

H=—%;J(T—T’)S(r ——Z}r—f oS 6,)
® reduced Hamiltonian - ° méﬁé_(_:_{l_\_/“e_ Hamiltonian
=—-fH=K Z cos(0; — 6;) W = Ey — K &2z |VO(z)[?
<i,j> 2
where f = 1/kgT and K = 5] where E, = QKLE/G,E :

BT 80 - 8 KT 2
(S; - §> Re(e!0(m)=0(r5))y —

1

|75 — ?3‘2 J

RE A 3R R

— — SR —1 > .
(Sf, : Sj> X K|Fi_r"?j| oC e_(rl_rj)/(ln (T/j)) ;}E&ﬁﬁﬁ



Kosterlitz-Thouless transition

® The periodicity of spins allows topological vortex configurations.

T~

N NG TP TN

/ N —
200 Ina N VL N NG R A AV A RNE R 74(11 .VO(T7) = 2rny

A N/ / AN~ N N T T
AT VRN N PN P b A |

® Spontaneous vortex formation

L
ir L
U= %fdz-r (VE(?))Q = Jm = = Jrln=
a T a
F=FE-TS=(nJ—2kgT)n L
L2 L ¢
S=kplnQ=kgln (—2) = 2kpIn —
a a
oo if T > 2L
lim AF — o
L—o0 +oo  if T < EHTE‘

RIEN I HEEAREN BN KR E IR S R TS
2. FEitt, KTIETZAR E2FFMRE (BlREE) ESHHEE.




Kosterlitz-Thouless transition

Vortex

T —r;(']_”) unbinding ” const.
G~ () / G(r) ~ e T, E(T) ~ eVT-TxT
>

vortex-antivortex bounded  T.__ vortex-antivortex unbounded T

KT

| Below T«n the vortices and anti-vortices bound in pairs |
| by a logarithmic confining potential, and their correlation |
| function decays algebraically. |

IAbove T«r the vortices proliferate and their correlation
: ! function decays exponentially, and the correlation length !|§
I diverges extremely rapidly near the critical point.




Kosterlitz-Thouless transition

Low-T (BKT) Phase TBKTHigh-T (Disordered) Phase
T —————————————— T
(85 - 85) o (—) V¥ 2 B B\ R AN (5 -5;) xexp (—)
1 A e BT - | §
power-law decay § ¢&F'¢ § tansion W€ BE exponential decay

® No local order parameter

® No spontaneously symmetry breaking

® Phase transition caused by topological excitations

® Termed Infinite order phase transition (in the sense that
no discontinuity in any order derivative of free energy)

B A phase transition that is beyond Landau paradigm
B Topology is an important concept in modern condensed
matter physics.



TmMgGaO,: Realization of KT transition

J, = 0.99 meV
- 4
J, = 0.05J,
¢t = 4 H. Li, et al., NC (2020)
A5 IR A
A =0.54J,
o=~  Z.Hu, etal., NC (2020)
b Fhsmipum
5,
c L
£ ool
I ;l; 0.4-
I 0.2-
v _
Ay 0.54 XY point A/, | "ok "



TmMgGaO,: Realization of KT transition

=Y SiSi+) AST

3R A E

(1,7) '

AT/

HF

/)
AaxXy

Moessner, et al. PRB (2001)

1/,

Map to XY model with a complex order parameter Sf‘

¥ = |yle’ =S + e S + s,

*Ising Models of quantum frustration”,

For TmMgGaO,
Li, et al. Nat. Comm. 10.1038 (2020)

Si Si
| T T 3-sublattice
Paramagnetic :‘ KT-phase l' (Clock-order)
- .

.0_06_0
c-r‘e o‘n
o“‘o"e

emerged bonded V-AV pair ‘
vortex-antivortex pair undatndd Absence of vortices
st
(S7S7) ~ (S§S5) ~ 0+

n(T) € 5.3 |@

- -n(T)
Il", rjl .lo)

exp(-|ri —r;|)
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Beyond Landau’s paradigm: X2 K Z-FERX &

< Deconfined quantum criticality: & /7-# F 48 %

‘J‘I
Can LGW describe a
1 direct and continuous
g r s Neel-VBS transition?
Neel order Spontaneous valence bond order
® >
AP
& & 'y
Oa Og Oa Og Oa Og
Y \ | —ﬁi |
A A+B B A B

coexistence phase separated transition first-order transition



Beyond Landau’s paradigm: X2 K Z-FERX &

< Deconfined quantum criticality: & /7-# F 48 %
Deconfined Quantum Critical Points

T. SENTHIL, ASHVIN VISHWANATH, LEON BALENTS, SUBIR SACHDEV, AND MATTHEW P. A. FISHER Authors Info & Affiliations

SCIENCE - 5Mar 2004 - Vol 303, Issue 5663 - pp. 1490-1494 - DOL: 10.1126/science.1091806

& H:—JZC@'J'—Q Z CijChi C'j — % — S, - Sj

()

(i) (ijkl) VBS
I'l  AF Quantum-critical .
St
% =
: |
: 8¢ g
N = 2,0a8283 Spinons A. W. Sandvik, PRL (2007)

small confinement scale since 4-monopole fugacity is “dangerously
irrelevant “



SrCu,(BO,),: Realization of DQCP

Plaquette singlet

Dimer singlet

Shastry-Sutherland model

v TEMTH = M1 C, data

» 4 T(Mk) W T,(FWHM) 4 210GPa
o 7,("TY ¥ 2.00 GPa

—— X 2.20 GPa

X % -+ PM + 2.28GPa

= | >

21 .GPa Ty

i s :

" PS liquid Y *

o

o © o © @
- Xla AFM
A A A 15 M A A a 1 A a a i 1 i )

Y. Cui, et al., Science (2023) F 1% 3% 280
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Spinon excitation and Luttinger liquid

Heisenberg spin chain | % =J7) S, 5.
J
® for spin-1/2 case: the ground state is gapless with an algebraical

decay of spin-spin correlation function (quasi-long-range order).
Lieb-Schultz-Mattis (LSM) theorem

If a quantum spin system defined on a lattice has odd number of
spin-1/2 per unit cell, then any local spin Hamiltonian which
preserves the spin and translation symmetry cannot have a
featureless (gapped and nondegenerate) ground state.

o el =1/4—1In2 =—-0.44314718--

Bethe ansatz
o (Sp-S,) o (—1)rVinx




Spinon excitation and Luttinger liquid

Heisenberg spin chain | # =7 S;-S;,
j

® for spin-1/2 case: the ground state is gapless with an algebraical
decay of spin-spin correlation function (quasi-long-range order).

120

S(Q,w) Bethe Ansatz } Spinons in KCUF3 ™

Bethe ansatz o ’ .
upper bound: = ®

(1 g
wy(q) = wJ sin (Eq) g; 60

lower bound: 20l

(LI
o1(q) = 2.7 sing) ‘

1 0.5 0 05 1
Wavevector q along chain (units of 2x)

-> Continuous spectrum implies that the ground state is
a spin liguid with the spinon as its excitation.




Spinon excitation and Luttinger liquid

Heisenberg spin chain | # =7 S;-S;,
j

® for spin-1 case: the ground state is gapped with an exponential
decay of spin-spin correlation function (short-range order).

e = ——— = % The Nobel Prize in Physics 2016
% David J. Thouless, F. Duncan M. Haldane, J. Michael Kosterlitz

Qi 6
CKiorgliga Syensha Share this: AEFIEE &
|

Vetenskapsakardemion fiar
den g oktofir 2016
Festutat art med dec

NORELPRIS | F. Duncan M. Haldane -

som detta ar tiflerfmnes don
som tnom fysitkais emide giort | Facts
den nktiqaste upptadktor

dler u,",vﬁnnnmnx aemensamit Ixléna
F. Duncan M. Haldane

W F Duncan M Haldane

for teonetisku upptadiearay tepolagiska
fusovengingaroh
fopeloqrska matenefuser:

Born: 14 September 1951, London,
United Kingdom

Affiliation at the time of the
award: Princeton University,
Princeton, NJ, USA

Prize motivation: "for theoretical
discoveries of topological phase
transitions and topological phases
of matter"

Prize share: 1/4

F. D. M. Haldane,. PRL 50, 1153 (1983)




Haldane conjecture

» For S = %%g .-+, the ground state is gapless.
x (%) similar to the low-T phase of 2D XY model
» ForS =1,2,3,:--, the ground state is gapped.

¥ DMRG Calculation of Haldane Gap

Apaig o he/€ = JSe ™ | arxiv:1906.12207

A ( S = 1) =0.41050(2) S. R. White & D. A. Huse, PRB (1993)
A(S = 2) ~0.0876(13) X. Wang, S. Qin, and L. Yu, PRB (1999)



edge states and symmetry fractionalization

® Spin-1/2 edge states

X7
LD AR + | 1) T =1

» Spin singles are formed between nearest-neighbor sites.
» There are two isolated spin 1/2’s at the ends of an open chain,
giving rise to a four-fold ground-state degeneracy.

0.6
0.4 4
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Nonlocal string order parameter

ToooloTooloToool0To0000/
T N N 2 | V7T i

® Diluted AFM order

® Hidden string order parameter
M. den Nijs & K. Rommelse, PRB 40, 4709 (1989)

, : ' j—1  ga .,
04, = — lim <SF"€W l=it1 ] SC.)°>j o0 =21,z
| im0

10 4+ 000(2 00 =0 + 0050 + o)

+ |-+ -04+0—-0+:--)+---
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Triangular Ising antiferromagnet

frustrated
VS
un-frustrated
?

| Geometrlcal Frustration: The geometry of the lattice precludes the
S|multaneous minimization of all interactions. |




Triangular Ising antiferromagnet

® Extensive ground-state degeneracy

at least 2NV3 ground-state degeneracy.

residue entropy s > In 2/3 = 0.210.

® Residue entropy

/3
2
§7 = — / In(2 cos o) da =~ 0.323 066.
T
0

- 0 - ! .
G. H. Wannier, Phys. Rev. 79, 357 (1950) 0 )



Triangular Heisenberg antiferromagnet

@ Spin-1/2 Heisenberg antiferromagnet

o

)

geometrical frustration three-sublattice 120° order



Triangular Heisenberg antiferromagnet

RESONATING VALENCE BONDS: A NEW KIND OF INSULATOR ?*

P. W. Anderson
Bell Laboratories, Murray Hill, New Jersey 07974
and
Cavendish Laboratory, Cambridge, England

(Received December 5, 1972; Invited**)

Anderson’s proposal: Anderson, Mater. Res. Bull. 8, 153 (1973)
a short-range Resonating-Valence Bond (RVB) state

VAV AVAVA VAV S

Linear superposition of infinite No. of VB configurations



Quantum Spin Liquid

QSL Is a nonmagnetic state with long-range entanglement

(cannot be written
as a product state
of short-range-

” entangled blocks)
N

XA
S F
% no local unitaries

CO-OD-O0D = (| 1) — [t @ (| D) —[T1) ®

Product state of short-range entangled blocks

|II,RVB> ~ |1D100pfstring> —

56




Quantum Spin Liquid

fractionalized excitations continuum spectrum  topological degeneracy
spinon, vison, etc 5(q, w)

1D example: spin-1/2 Heisenberg chain

1.2

v SRR SRSR R R XY

0.4

1.0

o
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0.1
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Energy transfer (meV)
(‘nysad _AdWw) (@ D) S
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Experiment ~ Theory
0 /74 172 3/4 1
Momentum transfer (h, ~1/2,1/2) No energy cost in moving spinons far apart
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JLATrR#: Kagome Lattice

Kagome Heisenberg model

H = JZS i J>0

(17)

» low dimension (d = 2)

» low spin (S =1/2)

» low coordination number (z = 4)
» non-bipartite nature

Kagome SL
Yan et al., Science 332, 1173 ('11)

Liao et al., PRL 118, 137202 ('17)
Shores, et al., J. Am. Chem. Soc. (2005). and more ...

Herbertsmithite: ZnCu;(OH),CI,



)%%#BE{IF )ﬂ . ]1_]27}%ﬁ

H=J S;5+ b > S5;S; —
12,515+ 5 2 55 =mam
(i) (if,
three-sublattice 120° order QSL Stripe order
G
~ (0.07 ~ 0.15 J2/]1 _

(a) 120°AF . (b) spin ligquid (c) stripe AF >

Hu, et al., PRL 123, 207203 (’19)
S-S Gong, et al. PRB 100, 241111(R) (’19)
F. Ferrari and F. Becca. PRX 9, 031026 (’19), and more
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H=J02 55+ > 55  miseik
(ij) (i)

Neéel AFM SL VBS Columnar AFM
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X FBAXKE : Kitaevie ZiER

H=- > K,S55]

Kitaev SL
Kitaev, Ann. Phys. 321, 2-111 (°06)

gapped spin liquid
/X Kx+ Kz + Ky = const.

gapless spin liquid
Majorana metal




X FBAXKE : Kitaevie ZiER

@ Kitaev model: #= 5 s/si+ 5> s/57+ Y Sis;

{ij)Ered ] ) Egreen {i7) €blue

A. Kitaev, Ann. Phys. (NY) 321, 2-111 (2006)

® i
xr ® )
yA
. [
00 ¢
T __ T
b =a,ta
= — (GT — ai)
Majorana G_:II e mec
fermions z T
b* = a¢+aT O_y — Ebyc B H — 4 ZJ’YUUIJPEFJ

N _; (a¢ - ajr) ag? ib%c HJ quadratic



RXIeFBAKE: Kitaeve Z AR

0.30 " e S
@ Spin fractionalization | &+ =
< S : ot L=12
C lItinerant Majorana fermion  0.20¢ i 6 HH L=20
Si < 1 I - :
b” Localized Z; fluxes C0.15) | R i
0.10»} T, & Ty
J. Knolle, et al., PRL 112, 207203 (2014) 005} N
J. Nasu, et al., PRB 92, 115122 (2015) 0.00 it L
102 107! 10"
Ty Ty
Quantum spin liquid Spin fractionalization Paramagnetic
T << Jx/ks T < Jx/ks T > Jx/ks

itinerant Majorana fermion localized Majorana fermions Zyflux S -H. Do, et al., Nat. Phys- (’ 17)



= A mAEQSLIEZEAMF: YbMgGaO,

YbMgGaOy Q\W‘ » Mmagnetic mome?tf

9
0“9"0

M92+/Ga3+ "] “o c“ °

Li et al., Scientific Reports 5, 16419 (2015).
Li et al., Phys. Rev. Lett. 115, 167203 (2015). orbitals

o rare-earth, Yb3*, J=7/2 + crystal-field splitting
lowest doublet, effective §=1/2
o anisotropic exchanges ... (compare to Heisenberg)

@]

o octahedral environment ...
lattice symmetries = four terms in the exchange matrix
o mostly nearest-neighbor exchanges ( Felectrons)

@]



= A mAEQSLIEZEAMF: YbMgGaO,

Experimental facts

> C,~T?3at H=0
Li et al., Sci. Rep. 2015, Y.Xu, et al, PRL 2016, J. Paddison et al, NPhys 2017

» Constant susceptibility at T~0

Lietal., PRL 2015, Y. Shen, Nature 2016

» Constant uSR rate Lietal., PRL 2016

» Zero spin entropy: spin singlet ground state

Lietal., PRL 2015, J. Paddison etal, NPhys, 2017

» Neutron scattering: Diffusive spin excitations & Spinon Fermi

surface V. shen, et al Nature 2016, J. Paddison et al, NPhys 2017

= U(1) gapless quantum spin liquid



= A mAEQSLIEZEAMF: YbMgGaO,

H=> [J S5+ U1 (S7ST +857ST) <= XXZterm Q. Luoetal., PRB (’17)

(if)

+ Tt (5SS + 1587 S;) — ”2 (VS8 — iS7 8i + (i ¢ j))| <= SOC
J,=0.98(8)K, CERLT =100
1= 030K 12| N/, =100 -
1., = £0.155(3)K; S £ =100 °
J,.= £0.04(8)K. ool ny i

~ | stripe-B N stripe-A
~ 0.6_— -
0.3:— h
\




%8 mAEQSLEZEMHA: a-RuCl,

Continuum spectrum

A. Banerjee et al., Nat. Phys. (°16)

a-RuCl3: Zigzag orderat Ty, =7 K

Plumb et al., PRB 90, 041112(R) (’14)
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%8 mAEQSLZZAH: a-RuCl,

@ In-plane magnetic-fielo

40
H /! ab 4T, from C,
BD | =] TN from A4
o T* from NMR
=
= 20r PM :
10} 2
poeeg-oa ':;lG |
A AEM apless
n M i L
0] 4 8 12 16
piH (T)
.1 /
NMR: 7, o T°
10* :
107k - @ -
¥ H Jf ab ]
— 10 o BOT B 140 1
:{f.e 103 @ 180
T <10} 0o ]
3
107"
107} E
107 760

J. Zheng, et al., PRL (2017)

5

Temperature (K)

-induced QSL

. . . : ; T
16 » T, (neutron) ® A (g, fit)
wal T (e,) —= |&0
e
12 50
|
10} M T =
i 402
B =
+ B 303
- |
* 420
-’ QPM
1
10 12 14
ji, BT (T
P —A/T
heat capacity: C,, oc e~ 2/
1.0 —————— —_—
t oT (<)
0.8 + 10T
T -
+ 11T LXX XY
t 12T !;" 4.+"_‘.>E!i
0613 13T & 0 5T F
taaT L o4 T A
0.4

i 5 6 7 8 9
Temperature (K)

J. A. Sears, et al., PRB (2017)



% T A QSLIEEAM#: a-RuCl3

@ half-integer quantized thermal Hall conductivity

(a) - (b)

15 7.5 8:0 8:5 91.0

=

4 6 8 10 12 E 0 = 60°
. ¥ | 3.7K
Conventional paramagnet ; L i 3 000 2% 0.0 4 o
""""""""""""""""" % 05} &
b Spin liquid (Kitaev paramagnet) <k =] ® c1 60° 4 ‘
P — x R 4
= 00f—— [T —&®—°
- Half-integer c 5 > [ é’,- a . 1
8 N quantized platcau QO H I 1
& —— : £ 6 = 60°
s v 1.0f 43K 'S
é ; ........ ’., ..w .................. |
3
l\z ‘?o 05+ . L2 %
Ek 0.0 ¥
3 ]
T o= 60°
NE 1.0+ 49K ® ]
R TR R o it SR PSS
Z o5 ]
7 3
% 00 o]
~ ~ )
: ‘ Topelogical phase }-o 5 '
z " , " A
o : ‘ 44 46 48 50 52
toH, (M transition point ug, M

Kasahara, V. et al. Nature 559, 227-231 (2018).

P
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Y
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%8 mAEQSLZZAH: a-RuCl,

@ absence of quantized thermal Hall conductivity

C j.oos
) 9k 922 K

0.0010

A, (Kmw)

0.0005

Peter Czajka, et al.
Nature Mater. 22, 36-41 (2023). Ton el

\ 4

B, B, B,




Yb# QSL4& 2t 41+

B4 H20fA_ ERER NaYbs,
NaYb52 NaEr82 NaLuSz FM i = G,

v

Chin,

v & Torque

e e 17 v * DC
e r | v ac
Bt e ,ovame

l
3
|
3

! 323335 ‘.: “__‘.___‘ .L-
|
1 )

TR it
fammmaid 1 o ~ Ms/3 or Ms/2 .
5’:;'3" ‘_' : t’
= or -
= 8 " n
L] .PM
4l A " .
g e A
I3 " . e
QSL H // ab plane
0 T T T T T v T
0 0.4 0.8 1.2

Temperature (K)

Phys. Lett. 35, 117501 (2018) Quan. Frontiers. 1, 13 (2022)
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CoX Kitaev#t#+

Na,Co,TeO, BaCo,(AsO,),

A Blp ° TwiT X dMidB
™ Tp Z‘T O TN’ C’-T : BaCOZ(ASO4)2 * TN1 from M
25 O T..C-T H H o Ty, fromM
A T* T e 6k F g X B o TyfromC,
i e L y o Ty from kT

<
s F i
= B+
sa '+
£ i i
10 E = sspri’rgl + AFMII KQSL?
'§ 28 24 : :
’ = \
= \
= DR N S
0 > 4 6 3 10 12 8.0 0.2 0.4 0.6
B (T) Magnetic field (T)
Nat. Comm 12, 5559 (2021) Sci. Adv. 6, 6953 (2020)

Possible evidences of QSL have been reported in several
Co-based Kitaev materials.



Outline
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Kitaev materials and Kitaev-I' model

© non-Kitaev Interactions In Kitaev materials

> adlwoetue 5dSIr (IV 4d® Ru (Il
. O N, v o o
O el O DaeC O zigzag order
57 _ <X
o ksl o kel o ™ In=19K i<
:.'::'koéo::': TN:7K[@’ .. O
A,IrO, (A = Li, Na) ' a-RuCl,
Singh and Gegenwart, PRB 82, 064412 (°10) Plumb et al., PRB 90, 041112(R) (’14)
| .\: N* ® zigzag order (4-site)
4 [ Gaoting Lin, et al., NC (2021)
b "\"F‘\;
v b ® triple-q order (8-site)
\_.. - 3d"Co (I ;A W. Chen, et al., PRB (2021)
Na,Co,TeO, R \/’#\, W. G. F. Fruger, et al., PRL (2023)



Kitaev materials and Kitaev-I' model

O Generic J-K-T" model Rau, Lee, and Kee, PRL 112, 077204 (2014)
M= [ISi-S+KS]Sy +T(s3S + 5]
(i) Iy

Kitaev

Zigzag

K = SIin 9 S111 fﬁ P o Sy
1 > o > e FX K < e
37‘ . ° e » A A ¥ \ \ \
, { AFM >l e A FA W WX
e/ 120°} > » A A 7 X WX ¥

e A VAR
m o m s/ m X

(b) AFM (c) FM (d) Stripy

“ N\ +—
J=sin@cose -~ >

M A Y

> X M
N N X 2

=1

(e) Zigzag (f) 120°

Stripy

When KI' < 0 (e.g., K<0 & I'" >0), the model is frustrated!



Kitaev materials and Kitaev-I' model

@ Debates on the spin-1/2 Kitaev-I" model
M. Gohlke, et al., PRR 2, 043023 (’18)

correlated paramagnet LKS‘LJ
0.5 0.98 1

J. Wang, B. Normand, andZ -X. Liu, PRL 123, 197201 (’19)

PKSL | FM { KSL
0.5 0.8 0.84 0.92 0.95 1
F. L. Buessen and Y. B. Kim, PRB 103, 184407 (’21)

seudofermion fRG - L. . |
_ FM KSL

infinite DMRG - cylinder geometries

0.5 0.85 0.94 1
Effective models + ED (up o 36 sites) I. Rousochatzakis, et al., unpublished
algebraic spin liquid of 7 variables * (2) | KsL
0.5 ~0.8 0.96 1
+T limit — /7 —K limit

for a review, see:

, ' loannis Rousochatzakis, Natalia B Perkins, Qiang Luo, and Hae-Young Keex !
l Beyond Kitaev physics in strong spin-orbit coupled magnets, |
Rep Prog. Phys. 87, 026502 (2024).



From 2D to 1D: Reducing the complexity
© 2D K-I' model @ 1D anisotropic K-I" chain

(" L/2 I
o" o H = .'BH( 0) + 'H(y} v,

H = Z 5757 + (S SB SiBSj )] Zg o1-1,21(0) + 9y Hop 0141(0)
(i,5)€af(7)

=1

1 (0) = KS) ST +T(S*SP + §°5%).
\ ) J J J/

‘ ] AL AL LA
Motivation

» Insight into 2D problems

» analytical methods, e.g., CFT,
bosonization, are available

» DMRG and TMRG!



Bond-alternating Kitaev-I'" chain

(L h
H= ng?{é?_l,m(@) + Qy?{g,}gwl(g) o
9 = 9y/9s

({,g;;) (0) = KS]S] +T(S*S7 + S/ S_?/).

@ Symmetry analysis
» Self-dual relation

(S2,5Y,857) = (-SY,-S7,-S;) wmp  E(g) =gE(1/g)

» Mirror symmetry

(SEE?S:'” Sz) — (Szya_sm Sz) ‘ E(K?F) - E(K? _F)

1771 171

> Hidden SU(2) symmetry ‘ SU(2) Heisenberg point



Bond-alternating Kitaev-I'" chain

@ Site-ordering cross decimation (Ug) rotation

M¢ny agh | ¢P g
2). H;7)(©) = KS]'S] +T(S7S] + 5755).
—%L V) 3oy oy ey ey oy Loy
1 2 3 4 5 6 7 8

sublattice 3 : (x,y,z) — (¥, Z, X), 9 10 11 12

sublattice 4 : (x,y, z) — (=9, =X, —2), (@ﬂ\&. y W Y ﬂ' y V‘y
*

sublattice 5 : (x,y,z) — (Z, %, ), Z i y z T Y

sublattice 1 : (x,y, z) — (X,

v,
sublattice 2 : (x, y, z) — (—X,

sublattice 6 : (x,y, z) — (-2, —y, —X),

> Hidden SU(Z) symmetry Yang, et al., PRL 124, 147205 (20)

When K= [I'| >0, FM SU(2) Heisenberg point
When K =-|I'| <0, AFM SU(2) Heisenberg point



bond-alternating spin-1/2 K-I'" chain

- K = sinf oy

© Four disordered states
EH vs OH, A, vs A4,

OH: a SPT phase
@ Three SSB phases

FMus. 6-fold degeneracy

el — cosU=> M1/M2: 8-fold degeneracy

) Two topological QPTs
N A,—A, transition:

Ising university class with ¢ = 1/2

....

...................... EH—OH transition:

Gaussian university class withc =1
© One multicritical point
EH vs OH: Even/Odd-Haldane Ay—A, and LL—LL’ meet

LL: Luttinger Liquid at FM Kitaev point.

Q. Luo, et al., PRB 103, 144423 (2021)



Ising A,-A,, topological phase transition

® 1D Kitaev spin chain Feng, Zhang, Xiang, PRL 98, 087204 (2007)
N/2

X X y _y ' Ax ' Ay >

H = 2(11021—1021' +]202j02j+1) gl= 0 g 21 relative strength g
j=1

2N
oj=7=m i =]17 | spin duality transformation
=J

® 1D Ising spin chain e o

N | B adn i & Lo o | . éééé |

Hd = Zi(.]l TEJ-_ZTEJ- + J27-y2j)° g:O"O“'O“'O“‘O‘ gc:1 magnetic field g
j=

N @ (b) z

Ox(2r) = lim <]_[ a,f> ye \ @

S P = ] e y ol

£ sk : ;

v 3

2r+1 g

oo~ fi )

0.0

k=2




Ising A,-A,, topological phase transition

© Example at 8 = 0.48m: String order parameter

1.0

0.8
> 06 _
HS)MO 4 _ o 0.507 -

' « 0.487 |

0.0L—
0.2 0.00 0.04
0.0 l
0.0 0.5 1.0 1.5 2.0
Gy/ 9o



Ising A,-A,, topological phase transition

© Example at 8 = 0.48m: Central charge
G.S. degeneracy O(ZN/ 2), leading to a huge entanglement entropy S

L Tl
S(1) = —tr(plnp) = gln (E sm( T >) + ¢’

G.S. energy E, (L) obeys [PBC]: 0-515 T T
0.50 |-
Eg(L) = Leg + —6—L+0(L‘2) B

0 0.49 .

0.48 - .

6
C; = —[Leg — Eg(L)]L T R R
T 0.47 — ' ! | | ' |

0 24 48 72 I 9% 120 144 168

1
eg = -0.1591 092 (6 = 0.48m); g = —o -~ —0.1591 549 (6 = 0.50m)
2T



Even-Haldane—Odd-Haldane transition

© Example at 8 = 0: String order parameters

1.0 ( ) = 5 |
la
0.8 04
206 0o
Qnal |
0.4 " 00 Y
02r 99
0.08—e—
08 (b)
0.6
g ¢ (1] A
0.4 0.00 0.02 0.04
1/
0.2r —1—144-
00 ! L ¢ S I_.<>._2.16
0.0 0.5 1.0 1.5 2.0

Even Haldane: (g <1)
O% = lim O%(Q2i,2j+ 1),

|j—i|—oc0

Odd Haldane: (g > 1)

05 = lim_0°(2i - 1,2)),

j—il—=o00

O%p, q) = —4<§§( l_[ ei”§3)53>.
p<r<q

wheng=1, 0O ~[L"1/4

Bortz, et al., J. Phys. A 40, 4253 (07)



bond-alternating spin-1 K-I" chain

Q. Luo, S. Hu, and H.-Y. Kee, PRR 3, 033048 (2021)
Haldane phase vs Kitaev phase



Haldane phase: SOP and edge states

@ String Order Parameter

Oy =— lim (& ™S )&
H
lg—pl—oo \ 7 1
P=r<=dg

Q when 6 = —% (i.e., AFM Heisenberg chain), 0% ~ 0.3743;
O when 8 = 0 (i.e., T chain), 04 =~ 0.4935.



Haldane phase: SOP and edge states

0 G.

0.005 1 I

z
1—>RSL4’IL+1%L>
1
o

z

(S
S

S. degeneracy and Edge states

=

d when 8 < —m/4,
it has “1 + 2 + 1>’ structure.

d when 6 > —n/4,
it has “1 + 1 + 2’ structure.

TaTadadadal

O Spin-1 & Spin-1/2 — | T
z _ |8 &z
Ci‘l T ( l—n L—n—|—1—>L>

Liu, Zhou, Tu et al., PRB 85, 195144 (12)



Kitaev phase: Spectra and Excitations
1'OW- .

© Conserved Z, values

A

© Entanglement spectrum 0_2:

L

U gapped with unique G.S. <

0134

U Lowest E.S. is nondegenerate!

0.0L
Sen, et al., PRB 82, 195435 (2007)



Double-peak specific heat in Kitaev phase

@ Thermodynamics

JdlnkZ
ap

freeenergy F = - 1In =

.. _ internal energy U = —
partition function £ = Tr(e=BH)

1 /ou\  proU _ B /T CoT)
conlar), = Wa  STRU =S
(Specific heat) (thermal entropy)

@ Exact diagonalization @ Transfer-matrix RG




Double-peak specific heat in Kitaev phase

@ Specific heat & t

067

hermal entropy in spin-1 Kitaev chain

double peak in C,
T;, =~ 0.5860
T; = 0.0582

half-plateau Is absent




Double-peak specific heat in Kitaev phase

@ Understanding of low-T peak in specific heat

v E, degeneracy A, Ay/A

0 —3.63027662 1 0.00000000 0

1 —3.45009088 6 0.18018574 1

2 —3.38928222 6 0.24099440 ~4/3
—3.33005874 2 0.30021788 ~5/3

» The low-T peak relates to the large degeneracy of
the low-lying excited states.

2-level ]

E(a) T; T,

-—-4-level ]




Spin-nematicity in Kitaev phase

@ Spin-1 Kitaev chain with single-ion anisotropy

L

H :KZ (82i-152; + 55,55 11) + DZ
i=1 =1

LV M,

(S;”+Sf+8§)2
V3

Kitaev phase

>

D. = —0.6035(2)

- (b)
’ _
i
256 5 )
O
;
o -
l%n&a:—nl—-
0 30

D

Finite-size scaling

| Mp(D)~L " fy (D - D.|L'")

M= \/((52;'2))2 + (<Si,f'2))2 T (<SE;'2}]2'

critical exponents
8 =0127(3) and v = 0.99(2)

Ising universality class



Spin-nematicity in Kitaev phase

@ Spin-nematic correlation Q.Luo,etal, PRB 107, 245131 (2023)
Qs=1(i,7) = (S;7 5557 S 5) = Oye P, r = |j —i| =

./‘\./‘\./‘\./‘\./‘\./‘\. a7z oen

@ L[=1287
—h— L =192 1

—-:—L=25E:‘|f
. L T ——

-0.6 -0.5
D

» The Kitaev phase might be a spin-nematic phase.




Classical 2D Kitaev-I' model: K >0

Setup and Definition ‘m 3 |
N2 13C ma n2
Tj:-b 112b
/ 7
n2b \-?'j:aﬂ 12b
— T]3C ’71 ~T]2 3¢ ’71
ma -Tha ma
S ( . ) \ b Y/ \ nab
= \ma,n , H3C ). ~7]2 na -
0 14,120,113 3 B Z nob n3 7)1 8 e
a =S5, m = sen(S}) e - ;e
y — Yy
= |Sp)s 2 = Sgn(SU) n3C X\'??la 3¢
c = |Sgl, m3 = sgn(S; — 7na 2 TBC na 2
ol> 13 gn(S5) b T /-T}gb 12b T
Restrictions N b y
n B
2 2 2 _ Q2 2 ’
a* +b-+c- =S -Tha ma

e ' ’ / \
n; = =1 are Ising variables 13



Classical Kitaev-I' model: K> 0

v N3 s .
712 T3C for v fixed (a, b, ¢)
n2 -1]3C ma H2 _
!-'f;ub 12b  # sublattice: 3
/ .
- | P — 0#G.S.:23=8
— 7C H -72b me N1 » magnetically
ma -Tha mha
\ Y/ \ ordered state
-112b 7 ml’i 3 -112b
e 19 “TH A e
n3 -;ﬁlﬂc:l ?:F:%C r] /-??:ic for (Cl, b’ C) = S/\/§
13C X\--rha 13C JAFM: 0, =10, =13
— 712 n2 -1]3C ma  H2 B two sublattice
n2b -12b n2b
\ / | B 2-fold degeneracy
71 jj*ﬁ *;;jg 71 3 120 order: otherwise
}-ma ma B six sublattice
\

N3 W 6-fold degeneracy



Chiral spin state (F % 8 7¢ %)

@ Real-space perturbation theory

S; = Sje] + S e; +5; e 1
» H:§E S;-Aij-S;j=He+V
ij

1
e; (ef +ie?)

i 2
Ho=Ea+>_,; Bin, V=Vi + Vs + Vs
2 1 o
E. = % Z A7 V=5 Z} (AFTS7S: + hee),
ij
1 C e
B;=-5Y e -A;=-Bje VQ:EZ(A;; S;SH +he),
. 1]
i ) ] i o
{ni:S - Sf:z‘l%ﬁ =ef - Ay; - ef] Yi= 73 Z (A7 niST + AfPSn; + hec)
i

_ 4
N g
. correlation : Bar = =L+ K/2)5 32|T + 2K|L(5) i S 4 (5)




Chiral spin state (F % 8 7¢ %)

@ Linear spin-wave theory %,

ST ~+V2Sa;, S~ ~+2Sal, §"=8—ala; w/

The energy is minimized
‘when one of the three spin
_components is unitary. i

..................................................................

-0.9955 -0.9950 -0.9945 -1.134 -1.130 -1.126 -1.122

T — QL etal., arXiv:2403.08382. |



Chiral spin state (F g 72 &)
@ Static structure factor: S(K)/S(I'’) = 2/3

S ( NZZ S‘YSV 1q- (R, —R;)

Sx T ;} ~ ?_12 4 Ta nyah + 'ﬂ;mg:hrr + 1).1), Cil _ _1

Sn(K) 52 Nafpab + nenebe + nena ca 54
- 1 — —
N 6 6 6

(Wpa =1
4 ijb — 0
MWpe =0




Chiral spin state (F % 8 7¢ %)

@ Scalar spln chlrallty O Columnar vs Plaquette pattern

K bonds should be stronger
Xik =(naa)® + (mb)* + (nec)® i leading to columnar-like dimer pattern :

— 3nampncabe

Xijk =

0.8

0.6
<

0.4t

0.2 It - :When K< T (¢p/m>0.25),

0,00l M . '-bonds should be stronger, .
w0 01 02 93 0405 leading to plaquette-like dimer pattern .

1 1 e e I




Nematic ferromagnets

(5 3 gk A AK)

@ Quantum phase transition

5.5 F

“
=

5.0}

4.5

——

0.96
¢/

A
0.94

0.98

0.92 1.0

| Sv(Q)

0.96
¢/m

0.92 0.94

W U5

(24-site hexagonal cluster)

7 1.0

 von Neumann entropy

Syn(l) = —tr (prInpy)
1 hex. plaquette operator

Wp _ (ST +S5+S5+55+55+5§)

@)

¢/m = 0.97 ¢/ = 0.99

0.0

0

—  high)

(low

leading peak at I" point!




Nematic ferromagnets (1§ 3| 4k 4K )

Nematic order Is the breaking of rotational symmetry in the presence
of translational invariance.

4 o/m=097"% |  One of the bond energy is

| ! different from the remaining. ;

X 7 s WY Y Y o - oo o
XY YY" o A
_ C3 Rot. Sym. Breaking!
| - 0.06
?:0.45 [ e ]
Q5 ~N=z 0.04<5 0 Nematic order parameter
s 1=Y 0.02
V=2 '

-0.55 g go | Onk = |[min(EY) —max(E7)
092 096 1.00092 096 1.00
gb/?T @/ﬂ' ......................................................... :



Nematic ferromagnets (1§ 3| 4k 4K )

© Quantum phase transition (24 -site rhombic cluster)

4.0
3.8
z3.6
“34F

0.92 0.96
O/

1.00 0.92 1.00

| .0
0.8
0.6 =
0.4 I—
(.2

- { ]
0.0 KA

1.00 | v ]

\T/ N T/ \T,.,. ~
0.08 | EKE A {' =

0.06

=
0.049
0.02

0.00



Nematic ferromagnets (1§ 3| 4k 4K )

@ Magnetic order parameter

(a) 0.7

0.92 0.94 0.96 0.98 1.00
¢/

r ™

ﬂlrE{Tf(}—f—(?l/m_{_(jz/i\f_{_...

— =0T 5= 0.007]
Dﬂ I i- P |
0.0 02 0400 02 04

1/VN VR VN nearzero




Nematic ferromagnets (1§ 3| 4k 4K )
@ Nematicity on long 2 X 18 x 3 cylinder

EY = (—0.4440,—0.4312, —0.4440) s Onp = 0.0128

@ Robustness of the nematic order parameter

Phase Parameter N =24 2x4x3 2x 18 x 3
NF-I ¢/m = 0.97 0.0592 0.0615 0.0649
NF-I1 ¢/m = 0.99 0.0158 0.0139 0.0128




The quantum phase diagram

| 1 ] | |

g chiral spin state Al |l

| | | 1 I I I
00 002 02 04 06 08092 096 1.0

spin-1 model QSLjI

| R
(low —  high)

¢/m = 0.00

¢/m = 0.20

é/m = 0.50

| Remark The AT phase Is a likely disordered phase, but more
| computatlonal efforts are required. ;
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