Tensor networks and
Its applications to quantum frustrated systems

Z.Y. Xie (i &izx)
2024.06.13
gingtaoxie@ruc.edu.cn

@CSRCHL H iHFL AR 5T H )

"f’é’]/\ﬁ,f'\f‘ﬁ % 32 % 4

Department of Physics, Renmin University of China




Outline

Some basics of Tensor Network States

o Matrix Product State (MPS)

o Projected Entangled Pair State (PEPS)
Determination of the Ground State Representation

o Imaginary-time evolution

o Simple update, canonicalization

o Projected Entangled Simplex State (PESS)
Expectation value calculation

o Corner Transfer Matrix Renormalization (CTMRG)

o Nested technique

Application in quantum frustrated spin systems
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Some basics of Tensor Network States
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The Goal of numerical renormalizaion: To challenge strongly correlated systems

» Non-perturbative: no obvious small parameters

» Exponential wall: degree of freedom grows exponentially with system size

* Dirac: Chemistry is over due to the powerful Schrodinger equation!
* Kohn: In general the many-electron wf for a system of N electrons is not a

legitimate scientific concept, when N ~ 1000

Weak Coupling Approach: Suitable for weak-coupling systems
« Convert a many-body problem into single-body
« mean field theory, density functional theory

'

_ P.A. M. Dirac  Walter Kohh
Strong Coupling Approach: 1933 )7L 1998 L%

« keeps only a finite set of many-body basis

« Configuration interactions(Cl), Coupled Cluster Expansion
«  QMC, Numerical RG.
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Why do we need tensor renormalization?

v'Density Matrix Renormalization Group v Quantum Monte Carlo
» Best method for 1D quantum model
* Violet area law  No dimension consideration
+  Possible artificial long-range interaction * Generally suffer from the “minus-sign” problem

_ for fermion and frustrated spin system
« Hope: extrapolation, even gapped case

—o—0 .—??—
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A possible direction: Tensor Renormalization (TNS, TNM)
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Why renormalization is possible?

An illusion about Hilbert space

PRL 106, 170501 (2011)

B Boundary area law
Rev. Mod. Phys. 82, 277 (2010)

B Tensor Network State (TNS)

Nat. Rev. Phys. 1, 538 (2019)

Full Hilbert space:
Too large to study even to enumerate!

» Can satisfy the area law: 2D thermodynamic limit

Boundary area law corner
S ~ Ld_l ~ lOg Dmin

B

>~ Variational ansatz: grdst/low-excited wf. of a quantum lattice model

> No obvious sign problem: frustration, fermionic

 Success: str-el-sys, frustrated spin, statistical, QFT, TO, ML, quan-circuit, ...

Rev. Mod. Phys. 94, 025005 (2022)
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About the corner: Area law of Entanglement Entropy

« (Boundary) Area Law in quantum information: for a gapped system with local H

d—1
® # L o—o S~ L ~ lOg Dmin
® @ _ : : :
+ D..in - N, OF basis needed to describe the grdst (entanglement entropy) faithfully.
—@- Sys O 19—
d=1: D, ~ const
L C + ./ ® i—o min

Dm|n~eL
¢ T T ® env
|

» 1D: local gapped Hamiltonian with only constant degeneracy of ground state

* Quasi-free (i.e., quadratic terms only) boson and fermion gapped local-Hamiltonian: in any D

» Known violation: 1D critical fermion has log correction, 2D critical fermion suggests log correction
1D critical XY chain (i.e., h<=2 in isotropic case, h=2 in anisotropic case)

» General expectation: ground state of local gapped Hamiltonian obeys.

Ref: J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys. 82, 277 (2010).
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Partial history about tensor network state

v AKLT authors: prototype of matrix product state and honeycomb tensor-network
v' M. Fannes(1991): MPS in name of Finitely Correlated State (FCS), and Tree Tensor Network state (TTN)

v Niggemann: special TNS for honeycomb Heisenberg model, equivalence between exp. cal. and classical PF
v" Ostlund and Rommer (1995): DMRG’s wavefunction is a MPS, area law

v Sierra and Martin-Delgado: general wavefunction ansatz to study a quantum lattice model
v" Nishino: in name of Tensor Product State (TPS), general variational ansatz to study 3D classical model

« \erstraete: in name of Projected Entangled Pair State (PEPS), general variational ansatz, variational method

» Vidal: Multi-scale Entanglement Renormalization Ansatz (MERA)

» Garnet: Correlator Product State (CPS)
* Our Group: Projected Entangled Simplex State (PESS)

« Continuous TNS, fermionic TNS, tangent space / single-mode approximation ......

v" Note: One can choose any suitable wavefunction ansatz according to the problem at hand.
v" It doesn't matter whether the cat is black or white, as long as it catches mice!



Quantum lattice system: Tensor Network State (TNS) 7114

® Tensor network state provides a faithful representationt! of the ground state wavefunction of a qguantum
lattice model that satisfies the area law of the entanglement entropy.

Ref: arXiv:0407066; F Verstraete, et al, PRA81, 052338(2010)

— S

T?“l_[Tm Yy [m;]|my)

® Parameters: dV — ND*d

= 4t
® 1D case: Matrix Product State (MPS), or Tensor Train, DMRG wavefunction
m, m; ... .. m;_;, mj;
l l l l l l a l g DMRG and (isometric/canonical) MPS

Ay dm]

|1P>: 2 Ir (A[”’"'l]---A[”"?z])|”'71---”"7L> Ref: M. Fannes, et al, Comm. Math. Phys. 144, 443 (1992).

mye ey



Tensor Network State (TNS) as wavefunction ansatz

» Projected entangled pair states(PEPS) on kagome lattice:

Circle: Projector
Lines: entangled pair

)
)
)
@)
)

SO

N

"0

— 7 [[ 7 i ;n@um»

Virtual auxiliary state
Bond dimension (D)

Real physical state

v" Area law: is believed to be a faithful representation of grdst of local gapped H.

v Formally has no sign problem, can encode fermion sign
v Can show power-law correlation function, at finite D

v" Probably the most popular TNS used in practice.

arXiv:0407066; F Verstraete, et al, PRA81, 052338(2010)
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Multi-scale Entangled Renormalization Ansatz (MERA): 1D binary example

k=12, _.xr
w v" disentangler is to disentangle the local

u
[ / entanglement between constituents.

v' isometry is to renormalize the DOF.

v' Layers of scale: ~ log(N)

v The upmost index k is the rank of MERA

should be summed over when exp. Cal.

v" Transfer matrix, or (D+1)-dim wave function.

TR R R TR s e e e e v In 1D, can have log correction of area law
disentangler isometry v" In 2D, branching MERA can go beyond area-law

el i e G. Vidal, PRL 99, 220405 (2007)
ot Lt G. Evenbly and G. Vidal, PRL 112, 240502 (2014)
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Tree Tensor network (TTN): or Hierarchical Tensor Train in App-Math

. Defining feature: No loop or closed circuit

. Actually MPS is such kind of wavefunction in 1D.

1
2
3. Violate area law in higher dimension, and the problem is similar as that in DMRG.
4. Bethe lattice is an example, see left.

5

. Can be evaluated exactly, canonical form

NRG and (isometric) Tree TN
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Correlator Product State (CPS):

Given a configuration, its coefficient can be written as the dot product of some group coefficient

E.g., CUis a group coefficient with 2 members, i.e., two neighbours

4 e s q;_
W) = E H Cl\gy, ...,qp) O—O0—0 ,
{a} (i) b, L ks L J
\o_c»o—rv ()
or written explicitly as: Q means given a configuration ;El é’ L [
9
W (Q) = CN192CN093C944 , CL-19L, \, e
.

\/; /-/ — Cq.r(f; T | qu(f;(jﬂqf

H. J. Changlani, et al, PRB 80, 245116 (2009
Note: J ( )

Physical DOF correlated with each other explicitly, instead of through virtual DOF as in PEPS.
In general, C can be long distance covered, or has more members, or has more overlap
The coefficient can only be obtained by variation

Can violate/satisfy/exceed area law: depends on the group structure.
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Some exact representation in terms of MPS

AKLT state construction: Spin-1

) = B2, X EBE) = | 1), [2) = | 1.
:’.;‘} 9, :';;':\' ¢1+1‘.—;"i 0") = >3 Baglaf), o,8=1,2,

P P P 0 L

°e—e o B = . V2

S a b — s 0

oc=1,0

1 0 0 0 0 -+
p= waal Y se AZslo) (@Bl a4+ = A = A=l
0 0 0 1 7 0

W) = [IPTe = A1 Y AzalontabDIT X Byaylfiaz)

i ;804 J ij“‘l-ﬁj
= i 1 1 L
I_IZA“‘“’z 5. Bicuia |03) e = t50 ot T°= —EGZ . (normalization: X /4/3)
2
= Tr ][ Taioiloillon) AKLT, PRL 59, 799 (1987)
1

AKLT, Commun. Math. Phys. 115, 477 (1988)
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Some exact representation in terms of MPS

AKLT model (Spin-1): parent Hamiltonian (gapped)

N AR Introduce Ty = (S+S8) 5. deml spin AMo
00— —0e——loe
\s._.l \\_/ ‘.._ rd
P P P' 6>, >, 1zy - eigensiots of -HuLSf,‘/L(WH-ho\K Z mvn)nnu%)
i-1 1 1+1
e—e o Sekisfyig :  Tho>=o0, Thr=2p>, T =6k
S ab

(27 ,
@) Pi = |2><2] , Semi-;bsuﬁue. petiey

Construct H:;j; Py = HlAkTY =o

(z) | . .
‘ExfOML Py n demms of Ty 05: (n + 1) — dimension

P(Z) = Co +CT 4+ Q,TZ ((})Mlnﬁ'e %J C@]@-Ham%h) _]?J = 5‘2+SJZ+ 2353 = lILT 25| SJ
(2) N _ = o> T o+ =0
PP =0 = Glo |l o o77a1 0 ,co=o @ L4 1
P(z] 1> =0 S G +20W + 44> =0 | Z 4 G| = O-‘-}{(C.:_;f;- " iz Z4 J
|6 36)lg 1 C=f - _é-_ &. 2+359 + (5553')2]

PRI = > GlD + &iD +36G)D =)D

Injective (PBC), non-injective (OBC)



R. Orus, Annals of Physics 349, 117 (2014)

Ground state of Toric code

H=—], ZAS —Jb ZBp
s p

where s/p denotes star/plaquette: spins are only defined on bonds!

As = l_[ o*x[ﬂ,

res

B, = 1_[ o*z[ﬂ.

rep

[ Al, Bj ] = 0 for any site and plaquette.
Al and Bj have 2 relative pos: (X,Z) and (X,Z) overlap; no overlap

Both A and B are projectors in the sense that A2 = B2=1: since S =1

The below state are simultaneous eigenstate of all A and B with (+1)

I+ A I+ B o I+ A oo
|‘PTC)=1_[(_; )]_[(z—p)\m@” =]_[(+T)|0>®N |

s p s

note [0=TTT...> is the cigenstate of B, by definition, therefore omitted.

Similarly, write 1 + A as the following PEPO:  Definition on dashed squares:

One: identity operator, the other: A

(@) U N E.IO->:
|

N

the virtual link can only chosen as (1,1,1,1) and (2,2,2,2)

B

|
» Each site is evolved in 2 PEPOs: D = 2 (double-sublattice) : : - Y\

LS
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Determination of the ground state representation 1/eo

Mapped to a 3D classical model, and study the 3D tensor network as for classical statistical model
« Choose a wavefunction ansatz/form of the targeted state.
« Determine the unknown parameters in the wavefunction form.

» 1. global variational extremum problem

find a PEPS |¥) which minimize the energy: (WIHTY)
(W)
min  ((Y|H|¥) — AP |¥))
|¥) efamily
H°X = ANX

He: (D*d, D*d), the effective environment of X-pair in the acted network with H
N: (D4d, D*d), the effective environment of X-pair in the norm network, positive definite in principle

» Probably much more unstable than time evolution.



Determination of the ground state representation 2126

» 2.1maginary time evolution 00000
= =

a
e—ﬁH‘@} _ Z 6_[3E?" Q5?:> [B—1inf e_(j’Eo ‘@O) U((ST){

® Starting from arbitrary (non-orthogonal) state, then do evolution.

® But we do not know how to represent the full exponent. c
U(ér){

» Trotter-Suzuki idea: fortunately we do know how to represent the local term!

G—TH — e—THve—THA —|—O(7‘2) b

B—TH — e—EHve—THAe—EHV +O(7_3)

® \\e express the full exponent in terms of very small imaginary-time slices U(ST)
—PH — [emTHIM M =8

® And then expand each slice in terms of local terms by the Trotter formula

e = le

e~ TH — =7 2oihi ~ He—*rh@ + O(T2)
j R. Orus, AOP 349, 117 (2014)
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Actually it maps n-dim quantum to (n+1)-dim classic: 1D example

y— T’T‘Q_BH _ T’T‘(E_TH)AI ~ T’T‘(E_THGE_THE)AI

- Z<31’(e_THoe—THe)Af’81> Wy

H = H,+ H, st L o

L S (R )
X

i€odd s .
He _ Z Hi,i—l—l o <82]‘J—1 ’€—THO SQJ‘J) <82]\J ’€—TH€, 81> w ; Ti) (i+l ri)
1€Eeven ‘ ; > .

_ , 7
= I H A (a) (b)

> Note: In time evolution, each equivalent terms in a single h(i), can be done either simultaneously or sequentially

» In principle, the simultaneous action is more accurate but more costly: still highly suggested! b

» We can also combine several h(i) into a single MPO: Gate decomposition!

U(dt) ~




Determination of the ground state representation 4126
» After Trotter-Suzuki expansion,

® In practice the central problem is how to update/renormalize the wavefunction after a small evolution step

—TH
(W) —e 77 |0y
o G. Vidal, PRL 91, 147902 (2003)
There are 3 ways to deal with this: G. Vidal, Phys. Rev. Lett. 98, 070201 (2007).

(1). Simple update (entanglement mean field approximation) H. C. Jiang, PRL 101, 090603 (2008)
v" Use the local entanglement spectra (bond vector/field) as the environment

v Then update can be reduced to a local tree approximation which can be solved by SVD/HOSVD

€ Asmall trick: to get SVD of A*B, we can firstly do SVD/QR of A and B separately,
AB = (Us AV (UpAs V)
= U, (A VU AV
and then do SVD of the middle product,
= Ua(UcAVHVY
= (UaUC)AC(VbVC)T This is nothing but the SVD of A*B!
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(2). Full update (Global variation)
find a PEPS which minimize the difference globally: ||¥ ) — e~ 7H|®,)

FU:
FUUEY) =) = [U3) 2 = (Wp| W) + (U 0;) —2(W [ W5) 3 Jordan, etal, PRL 101, 250602 (2008)
M. Lubasch, et al., PRB 90, 064425 (2014)

. e
NX =M Fast FU: (sequential picture)

H. N. Phien, et al, PRB 92, 035142 (2015)

Me: (D4d, 1), the effective environment of X in the Mixed overlap network
N: (D*d, D*d), the effective environment of X-pair in the Norm network, in principal, positive definite

Non-truncated

» The equation can be written equivalently in practice:

— ) 1
Nllrluldlﬂll,lg?‘g’dgdgfrng — Nllrluldl,lngugdg (}-O (57711,7712 uz 1 u2

. p) 2 2 2

the actual equation becomes: NX =M
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(3). Cluster update Ling Wang and FV, arXiv. 1110.4362

Single-Layer update: I. Pizorn,
Phys. Rev. A 83, 052321 (2011)

v" Use the local entanglement spectra (bond vector/field) as the environment of the cluster

v" Choose a small cluster containing the targeted system

v" Then update can be reduced to a local optimization

e

M

@u oo (0 (©) m . / \
IR NI A = A A A A M B A M B
‘ﬂ_‘a '29 '/4 ./B_ﬁ oo ¢ _./1 ‘E '/I ./E_

) ) s Pg ‘ ‘ - 4
VA& : Vi & & & & ¢ ¢ & _( .

R ERER SF——w

) 1y
s F(erV'E = FVAWE = (Fv f\'/z)'(/\/ u'e] = Pa
d i

(@) ¢ (b) L (c) pi

| d @,)kD & &b

‘@b) X X M —_—

>\ Y o= VeV
E F

E F

Essence: for convenience, use projector to realize SVD
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Time-evolving block decimation (TEBD)

He = Z hi, i,

~THe =THe ™
x> (e

‘_I

Ho = .:‘ZJ}IE, i

Siy

I

—
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PRL 91, 147902 (2003)

PRL 93, 040502 (2004)
PRL 98, 070201 (2007)
) PRB 78, 155117 (2008)

-..<S SL-H \ -"_Ch UHIS7SE:1))

{n)
Se

19> &5 on MPS: (with enimglement specha Mok, At 5 OBC)

I\ \M]lm[ Aop | Xa| Aoy | Aba

Fran Cain -

B A B

Mo | M | o | | Kow | M

R

- , |y
B A B
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Time-evolving block decimation (TEBD)

ey Truncate
S L] D e
o |, e | W] Y | b | Mo | Ko | Yin X [ K
—— ' % rw———— ) ) . o S F i
Bl Al o0 B; A! Br A AI Bl A' a AI B'
Simpla. Updot
L
. R L
Yon D] a R S[ T S
A B T T e
M 1. e"™~1 when t is small
ik :
-_SE__ '::_A_:_"j_ e i A g 2. Generally: canonicalization
U v :—C
u’ A
Jenswize R L
= ] A I . Yewver ;‘ -}
. ) — ’ A [ Mba Abg ‘ | L _ R ‘ ‘
o U v/ ~

<
A B
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Simple update of PEPS: honeycomb lattice 9/26

H. C. Jiang, et al., PRL 101, 090603 (2008)
Hﬂ_: Z Hi,i+cr (a‘=x,y,z_).
iEblack J te FoFe \ o — S N
* BREAFHNEAFE, TERY

e—TH —~ e—THZQ—THJ.e—THx + 0(7.2)‘

(c) (d)

NN Ay, [mi]Bﬂijjzj [m;]|mim;)
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tensor network state has achieved great success

S.R.White, et al, Annu. Rev. CMP 3, 111(2012)

» spin-1/2 AF Heisenberg model on square lattice: PEPS

107 e 3 DMRG:!
e - ,_/'_"'_/_,,.,x_f:';__ﬂ;_________f jumps fast as width(Ly) grows
Z10%F 7 | ] PEPS:
5 f s improves as D grows
Energy 2 105k .
¢ —- iPEPS, D=4  :
accuracyé,' - —— iPEPS. D=5 i 6 > 4000
;ﬂ ]0—6:_ — 1PEPS, D=6 .
o F == DMRG, m =800 1
I § == DMRG, m = 1400 ]
| 0-? L/ y == DMRG, m= 3000_:
4 "—= DMRG, m=4000 Augmented DMRG with disentanglers
| . | . | . | . |
6 8 S0 12 14 CPL (EL) 40, 057102 (2023) by M.P.Qin’s Group
Cylindérswidth
Note:

IPEPS reference: VMC extrapolation in Sandvik PRB 56, 11678(1997)
DMRG reference: DMRG extrapolation in truncation error at given size.
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Frustrated situation

» Conventional Ansatz: Only emphasized local pair entanglement, but can not effectively describe the many-
body entanglement, e.g., among spins in a small triangle/simplex

» For the Kagome Heisenberg model: when local update is employed, hidden frustration occurs:

v" Each local bond spectra A has nearly full two-fold degeneracy.

N\ >< / \ )/ il

Contraction _"

v" information cancelation:

A, B, C has dominant element 1 ——— | M has dominant element << 1
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Information cancelation

The fact is:
10° — . . ! ! !
N A4
10" - i
=
O
=
s S 10t i
= +—
5 S
= R=
3 g
2 12
\ G/ 2107 ]
|( |
\ M i
\ . > -16 | i { z | . | ' | ! |
i 10
aun ) 4 6 8 10 12

Bond dimension (D)

v' pair entanglement is not so important in this system
the basis relevant for different pairs almost orthogonal/cancel with each other: hidden frustration

v" Indication: not an effective representation for frustrated system.
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Solution: generalization pair entanglement to simplex entanglement

Projected entangled simplex states(PESS) ansatz
ZYXie, etal., PRX 4, 011025(2014).

Simplex ~ possible building block, such as triangle for Kagome

» Introduce a simplex tensor S: the
triangle/simplex entanglement, instead of pair

> defined on unfrustrated lattice:

honeycomb, no hidden frustration here!

» Only tree approximation is needed when

local update is performed: low cost!

W) = Z Z Aiami] By ma|Cre[ms) St abeS2.ijrkr ...|mimams...)

{TTZ-} LJ;’J
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Exact examples: to show explicitly the difference

® Spin-2 AKLT state: 2: 4*1/2, 1/2+1/2: pair singlet D. P. Arovas, PRB 77, 104404 (2008)
® Spin-2 Simplex Solid (SS): 2: 2*1, 1+1+1: simplex singlet They two are the same in this case

PEPS for AKLT PESS for SSS

A Projection tensor, C-G matrix, map virtual to physical
S: Simplex tensor, a fully anti-symmetric tensor, singlet entanglement
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PEPS representation: spin-2 AKLT state on Kagome lattice

(1). Represent a spin-2 in terms of 4 vspin-1/2 (D=2).
(2). Vspins satisfy Bond singlet configuration.

|O;0,i'31 |Gl '30 Z ‘G €af 3> €p1 — —€10 — 1

(3). Project virtual product space to the physical spin-2 space:

1 1 1 1
e N N — ‘ 2
2®2®‘ @2 OB 132 —
}EZZ‘SZ 55 ZE:'J
o=—2
2
= Z Z | |afyo)(aB~d
o=—2af3vd

= Z 4&}375 ajj"b‘

o=—2



PESS: spin-2 simplex solid state on Kagome lattice

(1). Represent a spin-2 in terms of 2 vspin-1 (D=3).

(2). Vspins satisfy simplex singlet configuration.

So) =

a3y

(3). Project virtual space to the physical spin-2 space:
11 =0p1PH2—2

>
Py = [S9)(S2| = Z o) {0l

€a B~y

o=—2

=§Yw

(olas

o==2 af

a)|B)|7)

(af]

= N Auslollo)(as

o=-—2

16/26



Bond spin cannot be 2+2=4 17/26

4 4 4
Py=Y c,T" Pyliy = enT"i) = Y enlili + 1)]" i)
n=0 n=0 n=0
P4|0> =0, P4|1> — 05P4|2> — 03P4|3> =0, <4|P4|4> =1
(o o 0 D Co 0
N fa) fo
2 4 8 b /
D Py(ij) = 1T+3T2 1T3+ 1 T
l —_—
6 36 6 | | AT T80T TI207 T 2016 YT 40320
S S S T A 2 2, 2
| (2 12 (27 |z TijE(Si—FSj) :S?; +Sj +28i8j:12—|-28138j
F o\ /

z 3
\’2.020 29 20

M |f three-body interaction are allowed, then physics is much more richer:

 arbitrary non-negative linear combination of {P4, P5, P6}, since simplex spin cannot be larger than 1+1+1=3

6
H = Z(‘]4Prz.4 =+ JSPrI.S =+ Jﬁpa.ﬁ) Pijk = z Tnk with Tl]k = (S + S + Sk)

n=0



N-PESS: N-body entanglement is described by a sinlge simplex tensor S

36-PESS

(c) 9-PESS

18/26
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PESS on Other lattice




-0.420

-0.425

-0.430

-0.435

-0.440

With D up to 13
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Our group, PRX 4, 011025(2014).

B D=3 RVB, Poilblanc et al. (2013)
— — MERA, Evenbly et al. (2010)

— DMRG, Yan et al. (2011)

e + » » Lanczos+VMC, Y.Igbal er al. (2013) -
Coupled Cluster, O.Gotze et al. (2011)

DMRG, Depenbrock ef al. (2012)
—&8— 3-PESS
—l— 5-PESS
—&— 9-PESS

Series expansion, Singh ef al. (2008)

— VBS (MERA and SE)

—> Gapless SL (VMC)
Gapped SL (HOCC)

5 6 7 8 9 10 11 12
Bond dimension (D)



Simple update in PESS as an example _. 21/26

Replace the lambda into simplex tensor (as effective lambda)

p—BH _ (e—’TH)Aff ~ (e—rﬂve—frHA _|_O(T2))J\J: (M = /71)

e THY | W) = Tr(...T™ S )00, )

aoc; ba .cop " ade

av — (7 - _THV(I
Taa,v.baj.cak T E <O- O-jo-kle

oo a "D ¢
i%°

O- 0 O-k> ngvbfcan’a [O-:']Ab"b [03‘]‘40’0[0;(]
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To construct the local environment, i.e., simplex tensor

‘aleY L oY 6] 16 6]
TlQoi,34oj,56ak - E :Taai,boj,caksa12SbS4Sc56

abe

Rank is too high to deal with ....



23/26

Fortunately, the HOSVD of the high-rank tensor, can be obtained by two steps equivalently!

* Do SVD of environment simplex ,12 = Zl N 12 ”

« Construct another low-rank tensor, and HOSVD, finally determine everything from this.

o v 6; 6’ o
TICJ';, Yo, 20 2 :Taag,bcrjgcmc )\l?)\'y)\z[]d,m[ J Z ¢ a’'b’c ’leg a’,(]qg bIUVZG"‘ ¢’

fb!pl

Z(UV'S )\)a.,;z.‘.Aaa,’ [O’-I;} — U:PG:E’QIf

a

abe

Important: unitary transformation does not change the core tensor, i.e., entanglement structure remains
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Sketch of simple update

—_—

—
oo
—
recover
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A small trick: for two-component trotter-Suzuki decomposition
e—TH _ B—THVB—THA —1—0(7'2)

e—TH — B_EHVQ_THA€_§HV _1_0(7_3)

Can we reduce the trotter error while avoiding the complexity of high order?

6—%Hv€—TH&€—%Hv]n
— 6—%HV . [e—THﬁe—%Hve—%Hv]n . Q%Hv
_ €—§HV _ [G—TH‘/_\Q—THV}??, -

Indifferent, can be regard as
different starting wf.

O Just do 15t Trotter decomposition as usual, but in the end add a half step evolution with half trotter!
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Correlation

-0.1820 . I : , .
- 00 6x6 D=10
-0.1825} xx 3x3 D=10 o
I 6X6 D=6
-0.1830 ¥ 3x3 D=6
I # S
-0.1835 ' ' . '
0.30 — 1
025 = *_*—*___*_ -
M L
0.20 -
- &—8 ® ®
: 1 1 1 1
0. l5() 50 100 150 200
X
0.30 | W .
0.25 - D/D\D\D\n-”u—ﬂ—n\u——ﬂ 7
[ bond entanglement '
0.20 ]
L —o0—[®
0.15F —o—I¥ -
e IS)
0.10 | i
- triangle entanglement |
0.05 ¢ o o o —0—0 |
0
- .7 4.//
0.00 L— P S——
4 6 8 10 12

D

P = > 1) (Wl
7

S=-Trplnp

B. Zeng, et al, QI meets QM (2019): mutual information
R. Orus, et al, PRL 113, 257202 (2014): geometric entanglement

Independent of parameters: D (), unitcell-size

15t evidence: PESS can grasp many-body entanglement
Three-body entanglement are indeed become stronger

Iab — qa + Sb - Sab
I(B} — qa + Sb + qc - Sabc
If(f} — I(?’) — Iab - Ibc - Ica

PRB 105, 184418 (2022)
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Expectation value calculation
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Expectation value calculation 1/20

® Calculate the expectation value via the formula: )
(V]O|w)

0= )

) = Tr:—[Aaﬁfy(s [mil[mi)

<lIJ‘\II> — TrdIAa 3")/() ’3’ ro! Tn TrHBabrd

d

Babcd = Z Aaﬁwé [Tn‘} AG’JS"’Y’CS' [WZ}

T

2D network scalar: identical to classical partition function!



2/20
About the numerator:

(¥]|0;|¥) = Tr Z A9 I 4(“',)# a0 [ [(m;|0;|m’;) HBQM

af3vyo
m;, m i#£]
1]
Ca b’ e’ d’ H Bubcd
7]

Cabed = ), Aapys[m]Aargrys [m' N (m|Olm’)

m,m’

2D network scalar too!



Comparison at critical point of 2D Ising model

Our group, unpublished

—TRG
—HOTRG
—--SRG
-+-HOSRG
—iTEBD

o CTMRG
—TNR
—Loop-TNR
—Variation

—_—

« Variation is intentionally avoided: nonlinear optimization
« Variation is very important in entanglement-related algorithms.
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VUMPS: V. Z. Stauber, et al,
PRB 97, 045145 (2017)

Fixed-point CTMRG:
M. T. Fishman, et al.,
PRB 98, 235148 (2018)

Variational CTMRG
X.F Liu, Y. F Fu, etal.,
CPL (Express Letter)
39, 067502 (2022)

Honeycomb CTMRG
L. V. Lukin, and G. Sotnikov,
PRB 107, 054424 (2023)
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Apart from coarse-graining RG method ...

v Time Evolving Block Decimation(TEBD) / Boundary MPS: (equivalent to DMRG)
Target: effective MPS representation of the dominant eigenvector

PRL 91, 147902 (2003)
Z ="TrT" ~ \} PRB 78, 155117 (2008)

dom

Power method to get the fixed point: 7" W) — |W 0mm)
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v" Corner Transfer Matrix Renormalization Group(CTMRG)

Target: effective representation of the surrounding environment
JPSJ 65, 891 (1996)
Z = Tr(TT®) PRB 80, 094403 (2009)
PRL 113, 046402 (2014)
T°={C1,05,03,C4, By, Eo, B3, Ey}

d :
( ) CJ. lES .C2
o—0—0
vo o ~ £E;¢ A' IO
—0—9 s s &C
C3 E4 4

Enlarge the corner by absorbing A and then basis transformation, to get the fixed point



Practical CTMRG for 3 x 2 as an example

g R N S
LA Al D :
~- D : A( D — « Asingle step of left move
Bl E| Bl E|.
: ) ' 8 E
S PRI S S
Al | A TR 2 A D 0 g 5 E é
_B| E| iB| E|! es| 8| = ’E;'"E' F_[fr
' . ] -
ICl F| ¢ Fl s
; ; : E
' ! : F
.i- el N P Ell S cs E: i (4 C: E: E"F c"
n "
A B P Gab Pec Q.
£ A Lgs
4 o

+%
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¢ - B G

SEGE

P =

G B g &
Pa Qi



S N N
A DJF .' A( bf !
‘Bl E| B E| -
: ' ]
E F: . C F '
S [
__;_A D IA D-‘_.i
Bl E| ;8| E|!
. '. |
Cl Fl el Fl!

o 2 ¢

e L N P

& c

+%

A
CD — Ci

B

Pea

txy
N
Il

EA

Ca,

Qca
A
Pab
Qob
i
E,

next iteration

Practical CTMRG for 3 x 2 as an example

B
¢} Es
fab
Qob
B
BT
Pec
Que
CZ E4.B

next single step of left move: D, E, F

next move: right * 2, up * 3, down * 3

Ef

7120



The main bottleneck of TNS probably: D? dimension

(W]0;| W)

(0,) =

(VW)

ﬁ[cg,’b’c?’d’ Hl#g ngca’,}

(2)
Ir Hz Babcd

Note:

» The bond dimension is squared in both two terms, i.e., D?

D is usually no more than 13

If no arnoldi or partial SVD is used, then cost scales M~D8, C~D??
Full update need this calculation in every evolution step

Even the wf can have very large D (~270), but exp. Cal. D is limited
Other method without square: MERA even higher, D1¢in 2D

8/20
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Spin-1/2 Kagome anti-ferromagnetic Heisenberg (AFHK) model

— X QX Y QY Q<
H=17) (Si5%+ S8} + 5559

(i) x x 2 x

Valence bond crystal Experiment: X X X X X
Singh & Huse, PRB 2008 series expansion Nutron Scattering: tends gapless
Evenbly & Vidal, PRL 2010 MERA T. H. Han, et al, Nature(2012). X X X X
Igbal, Becca & Poilblanc, PRB 2011 VMC NMR: gapped ~ [0.03, 0.07] \VAR VARV
Gapped spin liquid (Topological) M.X.Fu, et al, Science(2016)

Jiang, Weng & Sheng, PRL 2008 DMRG

Yan, Huse & White, Science 2011 DMRG

Depenbrock, McCulloch & Schollwock, PRL 2012 DMRG

Jiang, Wang & Balents, Nature Physics 2012 DMRG

Gong, Zhu & Sheng, Scientific Reports 2014 DMRG

Li, arXiv:1601.02165 VMC

Mei, Chen, He & Wen, arXiv:1606.09639 SU(2)-TNS
Gapless spin liquid (Algebra)

Hastings, PRB 2000

Ran, Hermele, Lee & Wen, PRL 2007 VMC

Igbal, Becca, Sorella & Poilblanc, PRB 2013 VMC+Lanczos

Hu, Gong, Becca & Sheng, PRB 2015 VMC Herbertsmith

Jiang, Kim, Han & Ran, arXiv:1610.02024 SU(2)-TNS Cu3Zn(OH)gFBr ZnCu,(OH) Cl

He, Zaletel, Oshikawa & Pollmann, arXiv:1611.06238 DMRG ’ 2

Kaomge lattice

te




For Monte Carlo: Larger Size is important!
T. Li, arXiv: 1601.02165

Finite size vs Thermodynamic limit
qualitatively different: Kagome AFH

56'05 L B — L B — L L e S B B S LA
o—oJ,/J =0 |
<>—<>J2 /J1 =0.15] 1
O |
8 L
)
S i |
-5 -56-057 ]
&
>
20
g L J
M -0.0001 i
20.00015]- | | | | g
0 0.05 0.1 0.15 0.2 0.25
1/L

FIG. 1. The size scaling of the energy gain per site AE =

| Bz, — By |s shown for Jo = 0 and J2/J; = 0.15, for L = 4,
8, 12 and 16 clusters. The results for .. = 4 and 8 are from
Ref. [4].

Y. Igbal, et al, arXiv: 1606.02255

T. Li, arXiv: 1807.09463
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-0.420

-0.425

-0.430

-0.435

-0.440
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For TNS: Larger D is important!

B D=3 RVRB, Poilblanc ef al. (2013)
= = MERA, Evenbly et al. (2010)

——DMRG, Yan et al. (2011)

Series expansion, Singh et al. (2008) |

=+ + » Lanczos+VMC, Y .Igbal ef al. (2013)
Coupled Cluster, O.Gotze et al. (2011)

DMRG, Depenbrock et al. (2012)
—&— 3-PESS
—— 5-PESS
—&— 9-PESS

6 7 8 9 10 11 12

Bond dimension (D)

13

-0.434 - T - T - T
@ 9-PESS
linear fit (Rsq=0.99205)
parabolic fit (Rsq=10.9991)
D430 .
B | mem e e e e 5 s O ¢ U 5 R LB L AR 5 R 5§ —
2 VMC+Lanczos Gapless
88 e e R S S s e e B s s =
% Coupled Cluster
wn -0.438 il Gapped
I
3 Extrap. DMRG |
O
-0.440 .
! | ' | ! |
0.00 0.04 0.08 0.12

1/D

Which extrapolation is the correct one!
Gapped or gapless?
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Reduced Tensor Network: physical index are summed over firstly

(¥|0]P)
(VW)

Green: (V|

Red: W) <O> -

Bond dimension; D2

T&

’ ! ’
rr,yy-,

™m
Tgml’yyljzzl — Z Baf;yz [m]B;/y/Z/ [m]
™m



Nested Tensor Network: Dimension Reduction Technique 13/20

Green: (W Idea: physical indice are not summed over firstly, but remained and projected to the virtual plane

Red: W) Bond dimension: D

Seems trivial, but the consequence is non-trivial:

Memory: D4y2—D2y2
CPU: D6y3—D3y3
D: 10~13 —25~30

Our group, PRB 96, 045128 (2017)
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Convergence Test: Kagome Heisenberg model
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ﬂ\n T
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—o0— D =10 NTN
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[ _
- —0—D=12NTN 7]
T n/%\:’—ug—n—clﬂ—oﬂ——%:'? |
f o —o—D=12RTN ]
0 200 400 600 800 1000 1200

V4

This is important to ensure the convergence: X~D?
RTN: X~100
NTN: X~1000
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When RTN can not work: D = 24 e.g.

-0.4374

-0.4380

-0.4386

Energy: already exp. converged
Mag: only pow. converged, need to increase X

-0.4392

—o 1§
OO
=
o |}
(V8]
S
S

0.0303

0.0300 | °

0.0297 0'602 |
0.0294 + <©

300 600 900 1200 1500
4



-0.420

-0.435

-0.440

Latest Result: Ground State Energy, SL region

I v I v I ' I
—@— 3-PESS simple update (a)
—O— 3-PESS full udpate
—b— 9-PESS simple update
—*— SU(2)-symmetric 3-PESS, Mei ef al (2016) 1
—:=+=- DMRG upper bound, Yan ef a/ (2011)
—— VMC+Lanczos, Igbal et al (2013)

Coupled Cluster Method, Gotze et al (2011)
—— DMRG, Yan ef al (2011) 7

D\% SA-a *R*_—* i
LB'B*B""W- ~9-0-0-0-0-0-9-9

10 15 20 25
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Our group, PRL 118, 137202 (2017)

Gapless SL
(VMC)
——

1™~

Gapped SL

(HOCC) B. Clark, Physics 10, 33 (2017)
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0 0.020.04 0.06 0.08 0.1
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0.00
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-0.4364F (¢ e e
10.4368 (i/g*,f
Lt] ) o D=15 -
i o D=17
D=20
> D=25
500 1000 1500
D
mps
3 3-PESS Husimi —
: 0\ —o— 3-PESS simple update |
i D\a\ —o— 3-PESS full update
-_ \2§ §\° —b>— 9-PESS simple udpate _
| %M |
Hg::gh"““"“ﬂ-—@“o _
4 g 12 16 20

PRL 118, 137202 (2017)
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Natural nested technigue based on PESS ansatz

3D Ising model

o D=20
Fitting curve

4.502 4.506

! ~0.6682 F
i ~0.6684 F
5
| 5 —0.6686 |
m
_ ~0.6688
4.5096 i} ~0.6690 F
4510 4514 4518
T

L. P. Yang, Y. F. Fu, et al., PRB 107, 165127 (2023)

AF Heisenberg model on square lattice: local update

. "J 03522 . .
—O0— —Db— RIN —0.66914 e ./...’o-—o—c-—o——o—--—o—o. 0.34755
—e— —e— Nesting *
J0.3520
~0.66918 |- -
403518 1  E
| p—t—————a —0.66922 | 1034730 35
elh}
J03516 3
—0.66926 ./.___./.;-oﬁ.—-_.—.—o <
@
/ "“‘,5 —E—8—8 (354 /\./ y
a— _ | e 10 247as
- 0.66930 F O~ 0.34745
20 40 60 80 100 40 80 120 160 200 240 280
X X

Not mentioned: variation assisted by AD: PRX 9, 031041 (2019), PRB 101, 220409 (2020), PRB 101, 195109 (2020).
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O =fAmi8R KR ERE: #i%E IR @ =mmRREKHERERSE: ETBEEEREF

Method Ey My Year  Max. size 0.20

This work —0.18334(10)  0.161(5) 2020 00 o b ﬂ K K K ﬂ
SB+1/N [30] 0.224 2018 432 0.151 oD O
DMRG [29]  —0.1837 (7) 2016 . W

CC [28] —0.1838 0.21535 2016 10* g 010 e

SB [26] 0.2739 2015 00
SWT [26] 0.2386 2015 00 0.051

ﬁ SE [26] 0.198(34) 2015 00 O m + m y y y y y
CC [27] —0.18403(7)  0.198(5) 2015 10* 00 : : : : .

4

\

It %

3 CC [24] —0.1843 0.1865 2014 10° : 0
VMC [25] _0.18163(7)  02715(30) 2014 324
,?':E Hi SWT [26] —0.18228 024974 2009 o0 .
7 Y. Liu, et al, PRB 107, L041106 (2023) Letter
iz Q. Li, et al, PRB 105, 184418 (2022)
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R. Wang, et al, PRB 106, L121117 (2022) Letter N. Xi, et al, PRB 107, 220408 (2023) Letter
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® EHEEHEMEXYZRS:: EM S FIEB R © 1E77amigPEIvRSEIRE 2% QSL vs DQCP
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0%, 4 : e - ®1 : FIG. 6. The relevant order parameter to the columnar VBS phase
10714 adaay | 4X A L 04— . . . . for D = 4 and a series of lattice sizes. The orange dashed line shows
L e T 0 1 - 3 4 a direct extrapolation to the thermodynamic limit.

R. Wang, et al, PRB Accepted (2024) Letter H. Y. Lin, et al, PRB Accepted (2024)
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TG 2R ARG (HIR) 46 &, 2017 F£ET7HH

BB R R .

=g = M St
IRZER= L%Hﬁ-m DOI: 10.7693/wl20170703
(HFEIANR K Z  dbst  100872)

BLAE 5 P (4132) 2850 &, 202145528

SRE PGS M EEYEFPR i
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Excellent References:
R. Orus, Annals of Physics 349, 117 (2014)
R. Orus, Eur. Phys. J. B 87, 280 (2014)

Th an kS ! R. Orus, Nature Reviews Physics 1, 538 (2019)

J. Cirac, D. P. Garcia, N. Schuch, F. Verstraete, RMP 93, 045003 (2021)
T. Xiang, Density Matrix and Tensor Network Renormalization, CUP (2023)



TEBD &35-6]: B2k Sise i@y

function TEBD
% AF spin-1/2 Heisenberg chain
% Energy = 0.25 - log2 ~-0.4431, from Bethe Ansatz

warning off

rmpath( 'C:\Users\401b\Desktop\HOTRG\ToolBox' );
rmpath( 'D:\Software\matlab2017a\toolbox\RUCTool' );
addpath( 'C:\Users\401b\Desktop\Typica\TEBD\ToolBox" );

| Inface | = UserInterface;

[ Wa, Wb, Imp, tau, TrunError | = GetMPS( Inface );
| Energy | = GetExpVal( Wa, Wb, Imp );

fprintf( 'tau-E1-E2-E3-Er: %g, %g, %g, %g, %g \n', tau, Energy(1), Energy(2), Energy(3), TrunError );
save( 'wi.mat', 'Wa', "Wb');

end



Loy

LuLyaTuvir J.an

function [ Wa, Wb, Te, tau, TrunError | = GetMPS( Inface )

tau = Inface.FinalTau;
| Ga, Gb, Te, Wa, Wb ] = ConstructTensor( tau, Inface.Dbond, Inface.MarshallSign );

if( Inface.CanoFlag==1)

[ Wa, Wb, TrunError | = BondSVD( Ga, Gb, Te, Wa, Wb, Inface );
end



function [ A, B, TrunError, BondDiff, CoefDiff | = CanoTEBD( Ga, Gb, Te, A, B, Inface )

[ tcab, tcba, tlba, tlab | = copyvalue( 10, 10, 10, 10 );
[ Dbond, Maxiter, CtrlError | = GetFields( Inface, 'Dbond’, 'Maxiter', 'CtrlError' );

for iterNo = | : Maxiter

% Gate act on Wa-Wb bond

A =TensorContract3( Ga, A, 3,2,3,3,[3,2,4, 1 ,[ L2, 1])
B = TensorContract3( Gb, B, 3,2,3,3,[2. 3.4, 1 ,[2, 1, 1 ]):
[ A, B, Coefab, ~, ~, TRab | = BlackBoxTEBD( A, B, Dbond );

% Gate act on Wb-Wa bond

B = TensorContract3( Ga, B, 3,2,3,3.[3,2,4, 1 ].[ 1,2, 1]);

A =TensorContract3( Gb, A, 3,2.3,3,[2,3.4, 1 ].[2, 1,1 ])

[ B, A, Coetba, Lba, Lab, TRba | = BlackBoxTEBD( B, A, Dbond );

CoefError = max( abs( Coefab - tcab ), abs( Coefba - tcba ) );
LamError = max( Maxdiff( Lab, tlab ), Maxdiff( Lba, tlba ) );
ConError = max( CoefError, LamError );

if( ConError <= CtrlError )&&( iterNo > 100 )
break
else
[ tlba, tlab, tcab, tcba ] = copyvalue( Lba, Lab, Coefab, Coefba );
if( ~mod( iterNo, 100 ))
[ Energy | = GetExpVal( A, B, Te );
fprintf( 'iter-Cab-Cba-ABer-Baer-Energy-Conv: %d, %g, %g, %g. %g, %g, %g \n', ...
iterNo, Coefab, Coefba, TRab, TRba, Energy(3), ConError );
end
end
end
TrunError = max( TRab, TRba );
d = min( numel( Lab ), numel( Lba ) );
BondDift = Maxdiff( Lab( 1:d ). Lba( I:d ) ):
CoefDiff = abs( Coefab - Coefba ):

end

function [ A, B, TrunError, BondDiff, CoefDiff ] = BondSVD( Ga, Gb, Te, A, B, Inface )

Lab = sort( rand( size( A, 1), 1), 'descend' );
[ Lba, tcab, tcba, tlba, tlab | = copyvalue( Lab, 10, 10, 10, 10 );
[ Dbond, Maxiter, CtrlError | = GetFields( Inface, 'Dbond', '"Maxiter', 'CtrlError' );

for iterNo = 1 : Maxiter

% Gate act on A-B bond

A = TensorPosAct2( A, diag(Lab), 2 );

A =TensorContract3( Ga, A, 3,2,3,3,[3.2,4, 1 ,[ 1,2, 1])

B =TensorContract3( Gb, B, 3,2,3,3,[2.3.4, 1 ],[2. 1. 1] )

[ A, B, Coefab, Lab, TRab ] = BlackBoxSVD( A, B, Lba, Dbond );

% Gate act on B-A bond

B = TensorPosAct2( B, diag(Lba), 2 );

B = TensorContract3( Ga, B, 3,2,3,3,[3,2,4, 1 .[ 1,2, 1]);

A =TensorContract3( Gb,A,3.2.3,3,[2,3,4, 1 .[2,1,1]);

[ B, A, Coefba, Lba, TRba ] = BlackBoxSVD( B. A, Lab, Dbond );

CoefError = max( abs( Coefab - tcab ), abs( Coetba - tcba ) );
LamError = max( Maxdiff( Lab, tlab ), Maxdiff( Lba, tlba ) );
ConError = max( CoefError, LamError );

if( ConError <= CtrlError )&&( iterNo > 100 )
break
else
[ tlba, tlab, tcab, tcba ] = copyvalue( Lba, Lab, Coefab, Coefba );
if( ~mod( iterNo, 100 ))
Wa = TensorPosAct2( A, diag(Lab). 2 );
Wb = TensorPosAct2( B, diag(Lba), 2 );
[ Energy | = GetExpVal( Wa, Wb, Te );
fprintf( 'iter-Cab-Cba-ABer-Baer-Energy-Conv: %d, %g, %g, %g, %g, %g, %g\n', ...
iterNo, Coefab, Coefba, TRab, TRba, Energy(3), ConError );
end
end
end

TrunError = max( TRab, TRba );

d = min( numel( Lab ), numel( Lba ) ):
BondDiff = Maxdiff( Lab( 1:d ), Lba( 1:d) ):
CoetDiff = abs( Coefab - Coefba );

A = TensorPosAct2( A, diag(Lab), 2 );
B = TensorPosAct2( B, diag(Lba). 2 );
end



function [ Energy | = GetExpVal( Wa, Wb, Te )

| Energyl | = GetEnergy( Wab. Te ):

[ Energy2 | = GetEnergy( Wha, Te );

Energy = [ Energyl, Energy2, ( Energy2 + Energyl )/ 2 |;
end

function [ Energy | = GetEnergy( Wab, Te )

T1 = MergeTPS( Wab, Wab );
T2 = TensorPosAct2( Wab, Te, 3 );
T2 = MergeTPS( T2, Wab ):

[ Rvec, Coef | = eigs( T1, 1 ):

[ Lvec, Coef | =eigs( T1. 1);

Energy = Lvec' * T2 * Rvec / ( Lvec' * T1 * Rvec ):
end



