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Abstract The concept of scattering coefficients has played a pivotal role in a broad range of
inverse scattering and imaging problems in acoustic, and electromagnetic media. In view of
their promising applications in inverse problems related to mathematical imaging and elastic
cloaking, the notion of elastic scattering coefficients of an inclusion is presented from the
perspective of boundary layer potentials and a few properties are discussed. A reconstruction
algorithm is developed and analyzed for extracting the elastic scattering coefficients from
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multi-static response measurements of the scattered field in order to cater to inverse scat-
tering problems. The decay rate, stability and error analyses, and the estimate of maximal
resolving order in terms of the signal-to-noise ratio are discussed. Moreover, scattering-
coefficients-vanishing structures are designed and their utility for enhancement of nearly
elastic cloaking is elucidated.

Keywords Elastic scattering - Scattering coefficients - Elastic cloaking - Inverse scattering
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1 Introduction

The matrix theory for scattering of waves by obstacles of various geometric nature (e.g.,
crack, inclusions, cavities, etc.) has been the subject of numerous investigations since
1960’s. The transformation matrix (or so-called T-matrix) approach has been of particu-
lar interest. It was introduced by Waterman [47] in 1965 in order to study the scattering
of electromagnetic waves and later on to discuss the scattering of acoustic [48] and elastic
waves [49]. The method is based on the fact that incident and scattered fields both admit
multipolar expansions in terms of wave functions thanks to the Jacobi-Anger decomposition
and wave addition theorems. The coefficients of the expansion of the field scattered by a
given obstacle are connected to those of the incident field by an infinite matrix, coined as
T-matrix. Such a matrix is independent of the choice of incident field, and dependents only
on the morphology of the obstacles and the frequency of incidence. Therefore, the same ma-
trix can be used to connect any incident field to the corresponding scattered field for a given
obstacle and frequency of incidence. Since its inception, this concept has received great at-
tention by researchers for various applications of wave scattering. It is especially the case
when numerical computations become necessary because it is computationally efficient to
use T-matrices for numerical simulations of scattering phenomena [20, 30]. In addition, this
approach has been of great advantage in dealing with multiple scattering since the T-matrices
corresponding to different obstacles can be combined easily using translation-addition the-
orems. The interested readers are referred to the monographs [16, 31, 44] and to the survey
articles [33, 34, 43] for detailed accounts of related work.

In T-matrix approach, the series expansions of the incident and the scattered fields are
obtained in relevant complete orthogonal bases. Then, the series coefficients of the scattered
field are linked to those of the incident field by T-matrix using Lippmann-Schwinger rep-
resentation of the scattered field based on the conditions imposed on the boundary of the
obstacle [47, 48]. Most often, especially in elasticity, the incident field is expanded using
a real basis of cylindrical or spherical wave functions (composed of real surface harmonics
and Bessel functions). This renders a symmetric T-matrix and a unitary scattering matrix (or
simply S-matrix, defined in terms of T-matrix) thanks to the principles of reciprocity and the
conservation of energy in loss-less media [46, 49].

In this article, we deal with the elastic scattering by an inclusion using a complex basis
of eigenvectors of the Lamé equation (defined in terms of complex vector harmonics) for
incident field and a rigorous integral representation of the scattered field in terms of layer
potentials, unlike the standard T-matrix approach presented in [46, 49]. The elements of the
resulting matrix connecting the coefficients of the scattered and incident fields are coined as
elastic scattering coefficients (ESC). The impetus behind this study is the enhancement of
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nearly elastic cloaking and promising applications of the ESC in mathematical imaging and
inverse scattering.

The ESC can be perceived as a natural extension of the concept of elastic moment ten-
sor [1] with respect to frequency dependence. Thanks to the integral representation of the
scattered field in terms of layer potentials, the ESC can be explicitly defined using bound-
ary densities solving a system of boundary integral equations. In addition, these frequency-
dependent geometric objects contain rich information about the contrast of material parame-
ters, high-order shape oscillations, frequency profile, and the maximal resolving power of an
imaging setup. The concept of scattering coefficients in acoustic and electromagnetic media
has been effectively used for inverse medium scattering and mathematical understanding of
super-resolution phenomena in imaging [3, 8].

The scattering coefficients were proved to be felicitous to design enhanced near invis-
ibility cloaks in acoustic and electromagnetic media [6, 7]. The invisibility cloaking is an
exciting area of interest nowadays. The idea of invisibility cloaking has been proved to be
scientifically realizable in many investigations (see, for instance, [22-25, 28, 32, 41]). Sig-
nificant progress has been made recently on the control of conductivity equations [5, 24, 25],
acoustic [6, 9, 13], electromagnetic [7, 10] and elastic waves [17-19, 26] using curvilinear
transformations of coordinates. In fact, an invisibility cloak is perceived as a meta-material
that maps a concealment region into a surrounding shell by virtue of a transformation and
thereby making the material parameters strongly heterogeneous and anisotropic, however
fulfilling impedance matching with the surrounding vacuum.

The aim of this article is three-fold: (a) to present the ESC and discuss some of their
properties indispensable for this investigation, (b) to propose and analyze a reconstruction
framework for the recovery of the ESC to cater to direct and inverse scattering problems,
(c) to design scattering coefficients vanishing elastic structures for the enhancement of the
nearly elastic cloaking devices. We restrict ourselves to a two-dimensional case, however,
the three-dimensional case is amenable to the same treatment with slight changes. First, we
consider elastic wave scattering from an inclusion embedded in an otherwise homogeneous
medium and define the associated ESC using the cylindrical eigenfunctions of the Lamé
equation and the integral representation of the scattered field in terms of layer potentials.
Then, a least-squares optimization algorithm is designed for the reconstruction of the sig-
nificant ESC from the full aperture Multi-Static Response (MSR) data collected using a
circular acquisition system. Multistatic imaging involves two steps. The first step consists
in recording the waves generated by point sources on an array of receivers. The second
step consists in processing the recorded matrix data in order to estimate some features of
the medium [2, 4]. The stability, truncation error and maximal resolving order of the re-
construction procedure are analytically quantified. The results contained in this article can
cater to many inverse scattering problems, especially for shape identification and classifica-
tion in elastic media. The interested readers are referred to [29] and articles cited therein for
comprehensive details on shape identification in elastic media. Finally, we design mathemat-
ical structures with vanishing scattering coefficients (S-vanishing structures) and elaborate
a framework for the enhancement of nearly elastic cloaking.

The contents of this article are organized in the following manner. Some notation and a
few preliminary results on layer potential theory of elastic scattering are collected in Sect. 2.
In Sect. 3, the ESC are defined and their important features are discussed. Section 4 is ded-
icated to the reconstruction framework for the ESC. The enhancement procedure for elastic
cloaking is elaborated in Sect. 5. Finally, in Sect. 6, we sum up the important contributions of
this investigation and discuss interesting applications of the ESC in mathematical imaging.
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2 Elements of Layer Potential Theory

Since this article is concerned with elastic scattering and the integral formulation of the
scattered field is the key component to define the ESC, we feel it best to pause and introduce
some background material from layer potential theory for linear time-harmonic elasticity.
For details beyond those we provide in this section, please refer to the monographs [1, 27].

2.1 Preliminaries and Notation

To simplify matters, we confine ourselves to the two-dimensional case throughout this arti-
cle. However, the three-dimensional case is amenable to the same treatment with appropriate
changes.

For any sufficiently smooth, open and bounded domain £2 C R? with C2-boundary 352,
we define L2(£2) in the usual way with norm

1/2
lull2o) = ([ |”|2dX> ,
kol

and the Hilbert space H'(£2) by
H'(2):={ueL*(2)|Vu e L*(2)},

with norm

. 2 2 172
”u”H](Q) = (”u”LZ(Q) + ”vu”LZ(Q))

We define H?(£2) as the space of functions u € H'(£2) such that 9;;u € L*(£2) for all
i, j=1,2,and H*?(£2) as the interpolation space [H(£2), Hz(.Q)]l/z. Let t be the tangent
vector to d§2 at point x and let d/dt denote the tangential derivative. Then, we say that
ue H'(02) if u € L>(9£2) and du/dt € L>(32). Refer to [12] for further details.

Consider a homogeneous isotropic elastic material, occupying a bounded domain
D C R? with connected C2-boundary 3D, compressional and shear moduli A; € R, and
w1 € Ry respectively, and density p; € R, . Let the exterior domain R? \ D be loaded with
different elastic material having parameters po, Lo, (1o € R, such that

(o= A1)*+ (o — 1) #0 and (o — A1) (1o — 1) = 0. @.1)
To facilitate latter analysis, we introduce piecewise defined parameters
A(X) 1= Lo x@2\p) (X) + A1 X(D) (X),

W(X) := po X @2\p)(X) + 11 X(p) (X),

P (X) 1= poX2\p)(X) + 01 X(D)(X),
where xo represents the characteristic function of a domain §2. We also define the linear
elasticity operator £y, ,, and the surface traction operator (or conormal derivative) 9/0v,
associated with parameters (A¢, [Lo) by

‘C)»(),M() [w] = [MOAW + ()\‘0 + MO)VV : w]v
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and
oW

m =xo(V-w)n+ ZMO(V“W)n,

for all sufficiently smooth vector fields w : R> — R?, where n € R? represents the outward
unit normal to 3D, V¥w = (Vw + (Vw)T)/2 is the linear elastic strain and the superscript
T reflects a transpose operation.

Let w > 0 be the angular frequency of the mechanical oscillations. We denote the out-
going fundamental solution of the time-harmonic elasticity equation in R? with parameters
(Ao, o, po) by T, i.e., for all x € R?,

(Lago + PO T)T®) = =8, VxR,

subject to the Kupradze’s outgoing radiation conditions. Here 8y is the Dirac mass at 'y, 7
is the identity operator, and I, € R?>*? is the identity matrix. Let «, := w/c, for a = P, S,

where the constants cg = 4/ o/ po and cp = /Ao + 2140/ po refer to background shear and
pressure wave speeds respectively. It is well known that (see, for instance, [35])

re(x) = i[(lz + izva)g(x, Ks) — izvag(x, KP)}, x € R2\ {0}. (2.2)
Mo K K

The function g(-, k) is the fundamental solution to the Helmholtz operator —(A + KD%I) in
R? with wave-number k, € R, (kg = Kp O kg), i.€.,

(A +K2T)g(x, k) = —8y(x), x€R?

subject to the Sommerfeld’s outgoing radiation condition

lim |x|'/?
Ix|—+o00

[ag(x, Ka)

— ik g(X, Ka)j| =0, xecR?
on

where d/0n represents the normal derivative. In two dimensions,
i
(% ko) = 7Hy (kulX)), VX R\ {0}, (2.3)

where Ho(l) is the Hankel function of first kind of order zero (see, for instance, [36]).
Throughout this article, we use the convention I'“(x,y) =T“(x —y), i.e.,

(Liguo + P00 I)T(x,y) = —8,(x)L, Vx,y e R%.

We also reserve the notation « and B to represent pressure (P) and shear (S) wave-modes,
ie.,a, Be{P,S}

2.2 Scattered Field and Integral Representation

Let us begin this subsection by introducing the elastic single layer potential

5810100 = / r“(x.yeydoy). xeR\aD,

aD
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for all densities @ € L?(d D)>. Here and throughout this article do denotes the infinitesimal
boundary differential element. We also need the boundary integral operator

* B
(IC%) [@](x) = p.v./ 3 Ir’x,y)e(y)do(y), ae.xeaD,
ap JVx

for all @ € L?(3 D). Here p.v. stands for Cauchy principle value of the integral and the

surface traction of matrix I' is defined column-wise, i.e., for all constant vectors p € R?
ar°]  a[r“p]
aw |PT o

We recall that the traces Sp[¢]|+ and 9(Sp[e@])/dv|+ are well-defined and satisfy the jump
conditions (see, for instance, [14])

Splell(x) = Splell-(x),

3(Splel) (x)=(il1+(K‘f,)*>¢(X)y ae.xeaD.
av + 2

24

Here and throughout this investigation subscripts + and — indicate the limiting values across
the boundary d D from outside and from inside domain D respectively, i.e., for any func-
tion

Yle(x) = lim+ Y(xten), xe€dD.
e—0

Consider a time harmonic incident elastic field u™™ satisfying

(Logo + P00’ T)U™(x) =0, VxR 2.5)

Then, the total displacement field u'® = u* + u™ in the presence of inclusion D satisfies
the transmission problem

(EML + prZ)u“"(x) =0, VxeR?

(u“’t — ui"C) (x) =:u*(x) satisfies Kupradze’s radiation condition as |x| — 400,
(2.6)
where u* denotes the scattered field. It is recalled that the total field u'®* admits the integral
representation (see [1, Theorem 1.8])

inc , S@ , , RZ 5,
w%x@:{i(xw+ BIYIx @), xeR?\ 27
Splelx, w), xe D,

in terms of single layer potentials S7, and gf), where the densities @, ¥ € L2(3D)? satisfy
the system of integral equations

gg -8y aine
) 4
8 ~ a e 3umc
Sa _2el Ny

v “l- v l+ v

(2.8)

aD

Here a superposed ~ is used to distinguish the single layer potential and the surface traction
defined using interior Lamé parameters (A1, i1, p1). To simply matters, the dependence of
u'™, u*, u'”, ¢ and ¥ on frequency w is suppressed unless it is necessary.
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The following result from [1, Theorem 1.7] guarantees the unique solvability of the sys-
tem (2.8) and consequently that of problems (2.6) and (2.7).

Theorem 2.1 Let D be a Lipschitz bounded domain in R* with parameters 0 < Ay, iy,
p1 < oo satisfying condition (2.1) and let w*p, be different from Dirichlet eigenvalues of
the operator —L,,, ., on D. For any function u'™ € H'(dD)? there exists a unique solution
(@, ¥) € L>(3D)? x L*(3D)? to the integral system (2.8). Moreover, there exists a constant
C > 0 such that

auinc
av

lellzopy2 + 1Y ll2pp)2 < C<||llm||Hl(aD)2 + ‘ ) (2.9)
L2(3D)?

3 Elastic Scattering Coefficients

This section is dedicated to defining ESC in two dimensions. To facilitate the definition of
ESC, we first recall some background material on cylindrical eigenfunctions of the Lamé
equation, and present the multipolar expansions of the exterior scattered elastic field and the
Kupradze fundamental solution I'” in the next subsection.

3.1 Cylindrical Elastic Waves and Multipolar Expansions
In the sequel, X := x/|x| for all x € R?\ {0} and S := {x € R? | x-x = 1}. Any position vector
X := (x1, x;) € R? is equivalently expressed as x = (|x| cos ¢y, |X| sin ¢y), where ¢y € [0, 27)
denotes the polar angle of x. Denote by {€,, €} the orthonormal basis vectors for the polar
coordinate system in two dimensions, i.e.,

&, = (cosgy, singy) T and & = (—singy, cosgy) .
We will also require the following curl operators in R?

Vix fi=@f—af) and V| x w:i=dws— dwy,

for any smooth scalar function f and vector w := (wy, w,) .
Consider the complex surface vector harmonics in two-dimensions defined by

P,(X):=e"%¢, and S, (X):=e""&, VmelZ.

It is known, see [35] for instance, that these cylindrical surface vector potentials enjoy the
orthogonality properties

[P0 PG o =215, G

S

/ S, - S, R do R) = 278, (3.2)
S

/Pm(f() S, X)do(X)=0, Vn,meZ, (3.3)
S

where §,,, is the Kronecker’s delta function and the superposed bar indicates complex con-
jugation.
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Let H(" and J,, be the cylindrical Hankel and Bessel functions of first kind of order
m € Z, respectively. For each k > 0, « € {kp, x5}, the wave functions v, (-, ¥) and w,, (-, k)
are constructed by

U (X, k) i= HV (ke [x)e™ > and  w,, (X, k) 1= J,, (kK|x])e™x.
It is easy to verify that v,, is an outgoing radiating solution to the Helmholtz equation
Av+x*v=0, inR?\{0},
and that w,, is an entire solution to
Av+kv=0, inR>%
Using surface vector harmonics P, S,, and functions v,,, w,,, we define

im

HY (X, kp) i= Vo, (X, kp) = icp (HD Gep X)) P (R) + o H e [XDS (R, (3.4)

x|

H (X, k5) i= V1 X (un (X, Ks)) = iﬂH(l)(Klel)Pm(ﬁ) — ks (H" (es|xD) Su(X),  (3.5)

|X| m

and
p ’ R im R
Jr (X, kp) = Vw, (X, kp) = kp(Jn(kp X)) Pu(X) + me (kp XS (%), (3.6)
i

I3 (%, k5) 1= Vi X (W (X, k5)) = %mesman(ﬁ) — ks (I (ksIXD) S ®), (3.7

for all k, > 0 and m € Z. Here

/ d , d
(HP) (1) ::E[H,;“(r)] and  (J,)' (1) ::E[Jm(t)].

For simplicity, the dependence of J¢, and HY, on wave-numbers «, is suppressed henceforth.

The functions J? and J 51 are the longitudinal and transverse interior eigenvectors of the
Lamé system in R2. Similarly, H? and H,Sn are the exterior eigenvectors of the Lamé system
in R? \ {0}. Following result on the completeness and linear independence of the interior
eigenvectors (J©,J5) and exterior eigenvectors (H?, HS ) with respect to L?(d D)?-norm
holds. The interested readers are referred to [42, Lemmas 1-3] for further details.

Lemma 3.1 If D C R? is a bounded simply connected domain containing origin and 9 D is
a closed Lyapunov curve then the set {HE , H5 : m € Z} is complete and linearly indepen-
dent in L*(3 D). Moreover, if p\” is not a Dirichlet eigenvalue of the Lamé equation on D
then the set {J£,J5 : 'm € Z} is also complete and linearly independent in L*(d D)*.

As a direct consequence of Lemma 3.1, corresponding to every incident field u™ satis-
fying (2.5), there exist constants a’ a;fl € C, for all m € Z, such that

m?

U x) =Y (apdy () +anJh(x), xeR%. (3.8)

meZ
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In particular, a general plane incident wave of the form

. 1 . 1 .
um(:(x) — -~ ezksxd dl + B eIKPX-dd
PoCy PoCp
i = . .
=- V) x e*s*] 4 Veikrxd ) (3.9)
(POC%KS [ ] /)OC%)KP [ ]
can be written in the form (3.8) with
al = alf (u™) = —— "2 ge(p,s), (3.10)

,000%/(/3

where d = (cosfy, sinfg) € S is the direction of incidence and d* is a vector perpendicular
to d. In fact, this decomposition is a simple consequence of Jacobi-Anger decomposition of
the scalar plane wave, i.e.,

eikxd — Zeim(ﬂﬂf@d)]m (K|X|)eim(p".

meZ

Moreover, for all x, y € R? such that |x| > |y| and for any vector p € R? independent of x,
i _ _
M yp = D (B0 p] + H[J) - p))- G.11)
0 nez

The interested readers are referred to Appendix A for the derivation of this expansion. Here
I'?(x,y)p is a general elastic field generated by a point source at y in the direction p and
observed at point x away from y.

3.2 Scattering Coefficients of Elastic Inclusions
The multipolar expansion (3.11) enables us to derive such an expansion for the single layer

potential S;[¢] for all x € R?\ D sufficiently far from the boundary 3 D. Consequently, by
virtue of the integral representation (2.7), the scattered field can be expanded as

i
sc - HP / P . d
W) = v ;;( » (%) aD[J,, ¥) - ¥(y)]do(y)

+ Hf(X)/ [J5 ) - ¥ (y]do (Y)>~ (3.12)
aD
Let us define the elastic scattering coefficients as follows.

Definition 3.2 Let (92, ¥ ), for m € Z, be the solution of (2.8) corresponding to u™™ = J# .
Then, the elastic scattering coefficients, W%, of D € R? are defined by

m,n?

Wl = WelID, ko, A1, 1o, 1, Po, p1, @] :=f [Jey) - ¥2y]do(y), Ym.neZ,
oD
(3.13)

where « and $ indicate wave-modes P or S.
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Following result on the decay rate of the ESC holds.

Lemma 3.3 There exist constants Co g > 0 for each wave-mode o, B = P, S such that

[n|+|m|-2
|Wn(f:f[D7)LO»)\1,MO,MI»PO’PI»(D”SMW, (3.14)

forallm,n € Z and |m|, |n| — +o0.

Proof The proof of the estimate (3.14) is very similar to Lemma 2.1 in [6] for the acoustic
scattering coefficients. For the sake of completeness, we fix the ideas of the proof in the
sequel. Recall the asymptotic behavior

1 et \™
Jn () >~ — |
22 m| \ 2|m|

of Bessel functions of first kind with respect to the order |m| — +o0o when the argument # is
fixed [38, Formula 10.19.1]. Then, by using the recurrence formulae (see, for instance, [38,
Formula 10.6.2])

m m
J’;([):— m+l(t)+7-]m(t) and J,;(t):Jmfl(t)_TJm(t)’

one obtains

, 1 et Iml+1 |m| 1 er \"™
[, (0] < +— — .
2 (lm|+ D\ 2(Jm|+ 1) t \ 2w |m| \ 2|m|

Consequently, by the definitions (3.6)—(3.7) of Ji (x) and Theorem 2.1, we have

Cot [n|—1
it e = (55)

|”
C'S |m|—1
L2(D 2) = < 1 )
(D)

for some constants C{ and C f . Finally, the result follows by substituting the estimates for
the norms of ¥# and J* in the definition of the scattering coefficients and choosing C, 4
appropriately in terms of C{ and Cf . O

and

A [4
||'/ff, “LZ(aD)2 = C(H,]ﬁl ”LZ(aD)Z + H 9y

3.3 Connections with Scattered Field and Far Field Amplitudes

Consider a general incident field u™ of the form (3.8). By the superposition principle, the
solution (¢, ¥) of (2.8) is given by

Y =) [ary) +asys] and ox)=) [anel +ajes].

meZ mez
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This, together with Definition 3.2 of the scattering coefficients and the expansion (3.12),
furnishes the asymptotic expansion

ux) =Y [y HY (%) + v, H (%)), (3.15)

nez

of the scattered field for all x € R? \ D sufficiently far from 8 D. Here

vE=Y (dywhr +dswis), Be(P.s), (3.16)

m,n
meZ

with dfl = iaffl /4pow?. Notice that for the plane incident wave given by (3.9) the coefficients
aP are given by (3.10). In that case

df .= d af = !
4pow? O (2powceg)’kp

m

M), (3.17)

In order to substantiate the connection between ESC and far field scattering amplitudes,
we recall that the cylindrical Hankel function H(" admits the far field behavior

eilc|x\ 2 » B
H,fl)("|x|) ~ m /Ee in(n/24+1/4) 4 0(|x| 3/2)’ (3.18)
, ik |x| 2
(Hn(l)(lel)) ~ e—lﬂ’(il/2+l/4) + 0(|X|_3/2) (319)

I

as |x| — +o0 (see, for instance, [38, Formulae 10.17.5 and 10.17.11]). Here, the notation ~
indicates that only leading order terms are retained. Consequently, the far field behavior of
the functions H? and H is predicted as

eixrlxl iKkg|x]
A®PP, (%) and H3(x) ~

VIXT ! VIXI

ey |1 ‘ 1
AP =i+ Dipe™™™? [— and AP = —(i 4 Dge™"/? [ —.
TTKp TTKs

Thus, for all x € R? \ D such that |x| = +oo, the scattered field u*® in (3.15) admits the
asymptotic expansion

H! (x) ~ A%SS,(R), as |x| — +oo,

where

eirpIxl eiksIxl

ue(x) = Z PAPP,(®)] + N

Z ySARSS, (). (3.20)

On the other hand, the Kupradze radiation condition guarantees the existence of two analytic
functions u : S — C? and u$® : S — C? such that

ikp|X| eiksIx|

VR ]

SC 0 S 1
u(x) = ug’(X) + 0<|x|—3/2>’ as x| - +oo0. 3.21)
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The functions u®’ and u§® are respectively known as the longitudinal and transverse far-
field patterns or the scattering amplitudes. Comparing (3.20) and (3.21) the following result
is readily proved, which substantiates that the far-field scattering amplitudes admit natural
expansions in terms of scattering coefficients.

Theorem 3.4 If u™ is the incident field given by (3.8) then the corresponding longitudinal
and transverse scattering amplitudes are given by

D, Ao, A, o, i, pos o1, @1R) = Yy, AR, (R),

nez

u[D, Ao, A, s 11, po, o1 0]R) =Dy ASS, (R),

nez

where the coefficients y,l and )/ns are defined in (3.16).

3.4 Reciprocity and Conservation of Energy

In this section, we discuss some properties of the elastic scattering coefficients resulting
from the principles of reciprocity and conservation of energy in elastic media. These prop-
erties can be very useful as accuracy checks or as constraints for the numerical recovery
procedures for the reconstruction of the elastic scattering coefficients from measured fields
discussed in Sect. 4.

3.4.1 Reciprocity

Reciprocity refers to the link between the far-field amplitudes of the scattered field in two
reciprocal configurations: (a) when the scattered field is radiated by a source with a specific
incidence direction and is received along another direction, (b) when the positions of source
and receiver are swapped and the orientation of all momenta is reversed. More precisely,
if w3 (x; &, B) is the far field amplitude of the a-scattered field along X when a B-wave
is incident along d then the reciprocity in elastic media refers to the properties (see, for
instance, [46, Eqs. 51-53], [15, 45])

uP&: d, o) =uP(—d; —X, @), a=P,S,

1 A 1
—uPXd, P)-&=—

Vs Ve

In particular, these properties dictate that the infinite matrix containing the ESC of an inclu-
sion, defined by

uP(—d; —%, 5) - &,.

WP‘P WS’P

W= % So]  with (WeF) =Wel Vm,nelZ,
W;S Wgos o] s

should be Hermitian [46, 49]. In fact, we have the following result.

Lemma 3.5 The global matrix of scattering coefficients W, is Hermitian, i.e., for all
n,meZanda,B €{P,S}

Wylzig[D’A'OvA‘l’I"l’O’ M1, Lo, plva)] = Wﬁ’rz[D5)"0’)"17H’07 M1, Lo, Pl,w]~
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Proof Refer to Appendix B. a

In addition to the above reciprocity induced symmetry of W, the following result also
holds.

Lemma 3.6 Forallm,ne€Zand o, 8 € {P, S},

Wg}f,—n[D, Ao, A1, o, (1, 0, P1, ] = (—1)’"*”WZ:’3[D, Aos A1, Hos 15 Pos P1, @]

Proof Let 1/}’3 ., be the unique solution of the integral system (2.8) with u™(x) := i m(X).
Then, by definition

WeE (D]:= [0 [5G0 - ¥, ®)]do ).
oD

On the other hand, recall that the cylindrical Bessel functions possess the connection prop-
erty (see, for instance, [38, Formula 10.4.1])

J—m(X) = (_l)m-]m (X)

Therefore, for all m € Z and x € R?,

I, x) = (—=1)"Jh ().

Consequently, by uniqueness of the solution of (2.8), one obtains the relation 1/r‘fm =
(=1)"¢P and thus

Wf;f,—n[D] =(=D"*" / [J(y. k) - ¥ (9 ]do (y) = (= 1)+ Wih D],
aD
which is the required result. O

3.4.2 Conservation of Energy

The conservation of energy within any bounded elastic domain, say 2, without energy dissi-
pation and compactly containing the inclusion D states that the rate of the energy flux across
the boundary of 2 must be zero. This renders the so-called optical theorem of scattering or
forward scattering amplitude theorem that links the scattering cross section or the rate at
which the energy is scattered by D to the far field amplitude of its scattering signature. Con-
sider for instance that the domain §2 is a disk with a very large radius R — +00. Then, by
virtue of the far-field expansion of the scattered elastic field, the optical theorem states that
(see, for instance, [15, 45])

2
/ (i|u‘,’f’(f{; a,a)|2+i|u§°(fi; d, 01)|2>d9
0 Kp Ks

-2/ Z3m{ViuF(d; d, P).é), a=P,
= R (3.22)
2 i—gsm{\ﬁu?(d; d, $).e), oa=S.
This leads to the following statement of the optical theorem in terms of W .
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Theorem 3.7
1 S i -
1o woWoo = —SmWy = = (Woo — Wo). (3.23)
Pow 2
Proof Refer to Appendix C. ]

It is worthwhile mentioning that the identity (3.23) is slightly different from the one
proved by [46, Eq. 100] for T-matrices. This is simply due to the choice of bases functions
J* and H* and the corresponding multipolar expansion of the fundamental solution. The
matrix W, is not unitary, however, the corresponding scattering matrix can be proved to
be unitary by invoking relation (3.23). The interested readers are referred to [49] for related
discussion. The relation (3.23) provides a natural constraint on W, which can be efficiently
used to reduce the ill-posedness of the reconstruction procedure for ESC of an inclusion
from scattering data (see, for instance, [39]).

4 Reconstruction of Scattering Coefficients

The matrix approach has been proved to be very efficient and powerful for direct and inverse
scattering simulations and to study the effect of material contrast, shape and orientation of an
obstacle with respect to the incident field. For acoustic and electromagnetic wave scattering
different techniques have been devised to recover truncated T-matrices from the scattered
wave in the far field regime (see, for instance, [11, 20, 21, 30, 31, 33, 34] and references
therein). On the other hand, up to the best of knowledge of the authors, no attempt has been
made to recover T-matrices for elastic wave scattering. Unlike T-matrix computation for
forward scattering, ESC admit explicit expressions in terms of boundary densities ¥,, which
satisfy the integral system (2.8). In order to solve (2.8), there are several efficient multipole
methods available at hand. Therefore, the ESC corresponding to a given inclusion can be
directly computed. Our interest in the ESC lies in their applications in inverse scattering
problems wherein one only has a limited information of the scattered field in the exterior
domain whereas the location and the morphology of the inclusion are usually unknown.
Towards this end, we design a mathematical procedure based on least-squares minimization
using MSR data and provide theoretical details of the stability, truncation error, and maximal
resolving order in this section. To simplify the matters, we consider the full aperture case
with a circular acquisition system.

4.1 MSR Data Acquisition

Let {Xs}s=1,..n, and {X,;},=1 ., be the sets of locations of the point sources and point
corresponding unit directions of incidence and reception respectively for some N,, Ny € N.
Let the points {x,;} and {x,} be uniformly distributed over the circle d Bg(0) with radius R
centered at origin such that x| = R = |X;| and 6, =6y, = 2nr/N, and 0; = 0, =2ms/Nj.
We consider a regime in which R is large enough so that the terms of order O(R™3/2) are
negligible. For simplicity, it is assumed that D contains the origin which is reasonable since
we are in sufficiently far field regime and the inclusion D can be envisioned as sufficiently
centered in Bg(0). This assumption can be easily removed by invoking transformation rules
for the scattering coefficients corresponding to coordinate translation.
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Let Fy and G, for all s =1,..., Ny, be the pressure and shear type incident waves
emitted from point x,; with direction of incidence d;, i.e.,

1 . 1
5 d,e™P*%  and  Gy(x):= dl iksxds
OCP pPoc S

F,(x) :=
0

Let ug' (x) and ug! (x) (resp. uy (x) and ug, (x)) be the corresponding total (resp. scattered)
fields. For all 1n01dent fields F» and Gy the scattered fields are recorded at all points X,
along the directions d, and d- so that four MSR matrices A“¢ = (A%Y),_1._n,.,1...x,, for
£,¢ €], L}, are obtained with elements

Al n_([ (Xr)] d) i
Alt = ([ug x)]- dL) ,
ALV = ([ug, x)]-d)) ..

Aﬁ;L = ([ua (Xr)] : dr )sr’

at a given frequency w. Note that, by virtue of expansions (3.8), (3.15) and (3.16), the ele-
ments of the MSR matrices admit the expansions

ALl =>"al ) (Wrl[HY () - 4.+ Wl [H (%) -d,]), 4.1
n,mez

Al =Y "al (Wl [HY ) - d ]+ Wil [H (x,) - d}]), (4.2)
n,mez

A=Y " ds ) (WS [HY (%) - d,] + W s [H (x,) - d, ]), 4.3)
n,mez

Ayt =Y dyW [H x) - a7 ]+ Wt [HY (x) - d)]), (4.4)
n,mez

where df (s) = df (F,) and d3 (s) = d5 (G,) are the coefficients given by (3.17) correspond-
ing to incident fields F; and G, respectively. Here the parameter s in the argument of d?
reflects its connection with s-th incident field.

Let us now introduce a cut-off parameter K such that the terms with |n| > K or
Im| > K are truncated in the expansions (4.1)~(4.4) and let E¢¢ = (E4Y) € CMs*Nr, for
£,¢ € {|l, L}, be the corresponding matrices of truncation errors thus induced. Let us
also introduce the matrices W # ¢ CCK+DxQK+D Yo o CNsxQK+D Yi e CNr>xCK+D and
Y(J)z_ c (CN,X(ZK+1) by

Wa,ﬂ)mn W’(z f’
XP) =db(s),

and the block matrices

Al AlL 5
_ (AJ-,H Al,l) € C2Nsx2N;r
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WP’P WS.P
W= ( c (C(4K+2)X(4K+2),

WPS WSS
b= (5 B)ecman,
Y = (zi iﬁ) c (C2Nr ><(4K+2)’
1 1

where Ok 41 € R¥*ZK+D jg the zero matrix. It can be seen after fairly easy manipulations
that the global MSR matrix can be expressed as

A=XWY*"+E,

.. .. -T
where * reflects the Hermitian transpose of a matrix, i.e., A* = A .

The following result is readily proved thanks to Lemma 3.5.
Lemma 4.1 The global block matrix W is Hermitian, i.e., W = W*.

4.2 Least-Squares Minimization Algorithm
Let us define the linear transformation L : C@K+2x@K+2) _, C2Nsx2Nr by
L(M) := XMY*,

and let Npgise € C*Ms*2Vr denote the measurement noise. For simplicity, we assume that
each entry (Njise)sr 1S an independent and identically distributed complex random noise

with mean zero and variance o2, such that

Nhoise = OnoiseNo ~ With (NO)sr ~ N(()’ 1).
In this subsection, we consider the noisy measurements
A= )(VVY>|< + E + Nnoise = L(W) + E + Nnoisev (45)

and design a procedure to retrieve the solution W. Let us reconstruct a least-squares mini-
mization solution for the linear system (4.5) in ker L* by

~

W :=argmin |[L(M) — A||r, 4.6)
Meker Lt
where || - || denotes the Frobenius norm of matrices and ker L denotes the kernel of the

linear operator L. Note that if the cut-off parameter K is such that (2K + 1) < N,, Ny and
both matrices X and Y are full rank then L is rank preserving and kerL is trivial. Conse-
quently, the admissible set for the least-squares minimization turns out to be R@#X+2x(4K+2
and W can be explicitly calculated in the absence of measurement noise. In this case, X* is
a Fourier matrix by virtue of (3.4), (3.5) and (3.10) and

Ny .
(X*)"'X* = WIMH with b, = (2ppwcg) ks, 4.7
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where Ix 1 € RCK+D>xCK+D ig the identity matrix. Consequently,

X )*X? 0
xx=(") s | = NoZx, (438)
Ospr (X)X

with

Zn Ibp| Lok 41 Oz 41
X = _ .
Oz 41 bs| Lok 11
Note also that
a\*vB _ o, a \*vB _ o,
(Y1) Yy =NC** and (Y$)'Y]=N,D*7,

where C*#, D%# ¢ RCK+DxCK+D) are diagonal matrices

Cfiﬁ = dlag (g‘iKgéK, e g‘l"{glﬁ() s

D’ = diag (h‘thﬁK, o R

with
g =kp(H) (kpR)) and g :=%H;,'>(KSR), (4.9)
im /
ht :=FH,§,')(/<PR) and h) = —ks(H (ksR)) . (4.10)
Therefore,

Y= ((Y(’)*Yf + DYDY+ (Yi)*Yi)

Y)Y 4+ (YY) Y! Y)Y + (Y)Y

CPP 4 DPP  CPS 4 DPS
r CS’P+DS'P CS,S +DS’S :

It can be easily proved that Y*Y becomes diagonal when the radius R of the imaging
domain d Bg(0) is sufficiently large. Precisely, the following result holds.
Lemma 4.2 For the radius R of the ball Bg(0) approaching to infinity the matrix Y*Y

admits a decomposition

. CPP Oykpy
Y'Y=NZy+Q withZy:= ss |
Ok +1 D>

where Q = (qee)e.0=1... ak+2 IS such that |qep | < C R for some constant C € R, indepen-
dent of R.
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Proof Let C denote a generic constant that may vary at each step. Note that the matrix Y*Y
can be decomposed as

Y*Y CP,P 02K+1 DP,P CP’S+DP’S il
=N, 02K+1 DSS + Ny CS,P+DS,P css . .11

Recall that C*# and D*# are diagonal matrices and in particular
5.8 ) pry M)
(€)= T PGB and (077),,, =" 1D o)

By virtue of the decay property (3.18) of H, as R — 400, we have

m

c

= E and ’(DP,P)mn| = F

|(qus)mn| — R3

Similarly, the decay properties (3.18)—(3.19) furnish

C C
(€9, =S and [(€5),, <<,

C C
D7), =S ana [(D5), <<

as R — +oo. This shows the decay of the elements of second matrix on right hand side
(RHS) of (4.11), which leads to the required form of Y*Y for R — +oo0. O

An important consequence of Lemma 4.2 and the orthogonality relation (4.8) is the fol-
lowing result substantiating that the linear operator L possesses a left pseudo-inverse when
R — +o0.

Theorem 4.3 [f2K + 1 < N,, Ny and matrices X and Y are full-rank then the linear oper-
ator L : CAKFDXEK+D) _ C2Nsx2Nr pogsesses a left pseudo-inverse

L'(A) :=

1 — 1y —1
Iy XAYZ,

R

when R — +o0.

Proof Since (2K + 1) < N, N,, X and Y are full-rank, and R — 400, it is easy to see that
both X and Y possess left pseudo-inverses, denoted by X' and Y7 respectively, thanks to the
orthogonality property (4.8) and Lemma 4.2. Precisely,

1 1

X' = (X*X) X" = NLZ?(IX* and  Y':=(Y'Y) Y= SZyY

as R — +o00. Consequently, we have

AYZy' = - (XX) X (XWY*)YZy!

NN,

2|— 2|_

~W(Y'Y)Zy' = W.

This completes the proof. a
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4.3 Stability Analysis

In this section, we perform a stability analysis for the linear operator L. We substantiate
that the operator L is ill-conditioned for K — +o0. It simply means that only a certain
number of lower order scattering coefficients can be recovered stably which in turn con-
tain only lower order information of the shape oscillations of boundary dD. The limit on
the information about the shape and morphology of the inclusion D that can be obtained
stably is determined by the maximal resolving order and the stability estimate for the oper-
ator L thereby defining the resolution limit of the imaging paradigm. Towards this end, the
following result characterizes the singular values and the singular vectors of the operator L.

Theorem 4.4 If Ny, N. > 2K + 1 and R — +o00 then the right singular vectors of L are
coincident with the canonical basis of R4X+D*GK+2) qnd the (p, q)-th singular value of the
operator L is given by

%NZ—S(?;PKH( Dx@pR)YL 1<p.g<2K+1,

Opg i= 4.12)
N (HY, S (ksR)Y|. 2K +2<p,q <4K +2.

dpywecyks

Proof Let us define the inner product of two complex matrices N and M by

(N, M) =D (N¥),,, (Mo

o
Let V,, € R4K+DxEK+D) ‘foreach p, g =1,2,...,4K + 2, be such that
(Vog)ew =8pe8qer, V€U =1,2,... 4K +2.
It is easy to verify that for R — 400, thanks to diagonality result (4.8) and Lemma 4.2,
(L(V)), L(V ) = (XV,, Y*, XV, Y¥)
= NNV g, ZxV g Ly)
= ‘Spp"sqq’NsNV|fq|2’

where
(7Y
Bl 1=P.g=2K+1,
L pl
[fql = s ‘
qufj" , 2K4+2<p,q<4K +2.

On substituting the values of g;_l_K, h3—2—31{ and b, from (4.9), (4.10) and (4.7), we arrive
at
|<H“)l «kpR)|, 1<p.g<2K+1,

4p @2 pKP
|fq| =
This shows that the canonical basis {V 4}, ¢4=1,...4x+2 forms the set of right singular vectors
of L and the (p, g)-th singular value of the operator L is thus rendered by ||L(V ,,)|lr and
is given by (4.12). Moreover, the left singular vectors of L are furnished by the relation
Vg :=L(V0)/0,4- O
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It should be observed that the quantities |g5x | and |h3x_ | diverge when K — +o0.
Consequently, the operator L is unbounded. Indeed, we have the following estimate for the
condition number of L thanks to Theorem 4.4.

Corollary 4.5 Under the assumptions of Theorem 4.4,
cond(L) < (CAK) "™V, as K — +oo,
where C :=2/ex, R.

Proof Let 0y, and o, be the largest and the smallest singular values of the operator L.
Recall the asymptotic behavior of the Bessel functions of first and second kind

0 1 et \"™ 4 Y0 2 et \ ™
m x~ Y an m =\ T )
2 |m| \ 2|m| 7 |m| \ 2|m|

with respect to the order |m| — +oc at a fixed argument ¢ (see, for instance, [38, Formulae
10.19.1 and 10.19.2]). Consequently, an easy computation shows that

—Im|

|HD (e, B)| S (Clm))™ + (Cglm)) ™™, as |m| — +o0.
Moreover, invoking the recurrence relation (see, for instance, [38, Formula 10.6.2])

(H;Ll)(t))/ —g"

m—1

") — ?H,ﬁ,”a),

it is easy to get that

—(m—1)

(B R) | S (Catm = D)™™+ (Com = 1) ™" + S Cim((Cm)” + (Cim)™")

5 (C%m)m-%—l .
when |m| — +o00. Consequently,

)K-H )K-H.

P S
oekinekin S (CRK and  ouki2ukia) S (CrK

Finally, note that the relation omax 2 02k +1)2k+1) holds when K is large enough, which
follows from the fact that C ,1; >C ,§ (this is due to the inequality cp > cg, since o, Ag > 0).
Moreover, the smallest singular value oy, is bounded. Therefore,

cond(L) = 2 < (¢ K)*T, -

Omin

It view of the aforementioned result, the least squares minimization problem (4.6) turns
out to be highly ill-conditioned. However, this ill-posedness can be reduced by considering
the constrained optimization problem subject to the energy conservation constraint (3.23).

4.4 Error Analysis

Let us now analyze the error committed by truncating the infinite series in the MSR data.
But before further discussion, we recall the following result from [8, Appendix A].
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Lemma 4.6 For c > 0and N € N such that N > c/e

The following is the main result of this section.

Theorem 4.7 Let Cf and Cy g > 1 be the constants defined in Corollary 4.5 and Lemma 3.3
respectively. Let the radius R of the measurement domain Bg(0) be such that h :=
maxg, ﬁ{2C§, sCr} < 1. Then there exists a sufficiently large truncation order K satisfying
K > IE%X{CO,,ﬂ/(C%e)} such that

B4 = 0(1)

Proof The result for the truncation error E”* is proved only. The rest of the estimates can
be obtained following the same procedure. First, split the summations into three different
contributions as

ED? ( DY+ )dP(s) WD (x,) - d,] + WSP[HE (x) - d,])
|m|<K |m|>K |m|>K
|n|>K |n|<K |n|>K
=L+ DL+
Then, thanks to Lemma 3.3 and invoking the definitions (3.17) and (3.4)—(3.5) of d,f: and
H? respectively, we have

|m|—1 \n\ 1
cyy C

1
L| < ————— :
| 1| = 4/036026%,([’ <|,HZ<K |m||m\—l
2

|m|<K

licp (H" (kpR))'|

\n|>K| |‘”| :

|m|—1 |n|—1
Cs.p Cs.p Inl

s (D
m|ml=1 Z n|lnl=1 R H (SR)|>'

Recall the estimates

[H e R)| S (CiInl) " + (Cinl) ™,

|n|+1 |n|—1 e 1—|n|
(HO e B)) | S 5 (C“I )™+ (Clinl = D)™ + 2 (CRInl)
a 1—|n
+(Canl — )",
as |n| — 400 and note that, up to some factors independent of K,
Cor' — ke cyh
s < K—1
Z | [lm1=1 NCPP and Z | |Iml=1 SCsp-
|lm|<K |m|<K
Therefore,
P p\lnl—1 1 = [n|—1
1) < [ (CEn)*(CrrCE)" ™ + (1— —) CppCEY"
4 szc% ln‘zﬂ( s R) |l’l| ( )
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e CP,P/C;I:>I"_1 <CP,P/C1€ )”_l:|
+2< IE BTN

cKk-1 ~ S Inl—-1
Frcr 2 (CHm e+ (SEE) L e

2
8p0a) CPKP o

Thanks to Lemma 4.6, the third, fourth and sixth terms on RHS of (4.13) are negligible for
all K > max, g{Cq p/Cgke}. Moreover, it can be easily verified that

I’l2 1 1 n—1
on+2 =1 and n—1 <1 - ;) <1, VneN, n>1, (414)
and
1
(C4)* < C% < CopCl < C2,C4 < max(CZ,Ci} < 5. (4.15)
Therefore, we have
eCK 1 .
Sy (CRinl)(Crpcp)
|n|>K
2
<eck! 2||n‘|+2 (2Cr pCH)"™" S eCk (2Cp pCE) T < enk !, (4.16)
|n|>K
Cgpl 1" nl—1
1-— Cp.pCk
4 < w) (Cr.rCr)
|n|>K
K—1 1 1" pylnl—1 K—1 K-1
~ P; 2\nl—1< m) (ZCPPCR) <C (ZCPPC ) <h"" ’
|n|>K
(4.17)
WCEL S (il (Csrcd) "
SKP |n|>K N
CPCSP |n|? s\ _ cpCép Cp
V;( Inl+2 (2Cs.pCR) ST(ZCS rC ) < gh . (4.18)

Substituting the estimates (4.16)—(4.18) in (4.13) one arrives at

1
< ( +14 = )h’“.
Powch Cs

The estimate for |I;| follows by changing the role of m and n. Moreover, by proceeding in
a similar fashion, it can be easily established that

h K-1
|13|§(E> .

Combining the estimates for |/,[, |I2| and |I3|, one obtains |EF:¥| < hX~!. This completes
the proof. a

|1
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4.5 Maximal Resolving Order

In this subsection, we determine the maximal resolving order K for the reconstruction
framework. In order to do so, we first estimate the strength of the recorded signals in terms
of the geometry of inclusion D and the radius of the recording circle. Then we define the
signal-to-noise ratio (SNR) in terms of signal strength and noise standard deviation op;se-
Towards this end, it is easy to see from the integral representation (2.7) that

ALl =Sp1Ye 1(x,) - d, = Spl¥g I(RA,) - d,,

where ¥ is the solution of (2.8) corresponding to u"™ = F,. By virtue of the far field
behavior,

eikp x| i+1 -
r“(x,y) ~ f(®ie‘”‘”x'y)
.y Vx| (4poc§>«/m<p

eiksIxl i+1
+
Vx| (4:000%«/7”(8

of the fundamental solution for a bounded y € R? and x € R? such that |x|] — 400, one has

L-%® ’A‘)e_i”&y>,

Al ~ G+ 1)eixrR

VR 4pochJmkp Jop
1 (i41)e*sR

VR 4poci/mks Jap

1 (i Dtk

~ VR 4p0ch 7k Jop
+L(i+l)eiKSR

VR 4pockymis Jap

On the other hand, by (2.9)

[ @), ()] - d, e *PMT 0 do (y)
[a} ® d1) g, ()] - d, e sHE=0) g ()
[Vg, (y) - d,]e ™ M=) g (y)

[V, (v) - d ] e MO0 g (y). (4.19)

oF,
1¥g 12002 < IFsllg1opye + H rm

=CylaD|,

L2(3D)?

for some constant independent of R and |d D|. Thus, by taking the modulus on both sides of
(4.19), substituting the above estimate for ||, ||, and using the Cauchy-Schwartz inequality,
one obtains the estimate

|A“‘”| <C |8D|.

The constant C above depends only on the material parameters of the background domain,
inclusion D, and the frequency w of the incident field, but is independent of R and 9 D.
Similarly, the terms of other MSR matrices can be also bounded by |0 D|/ V/R. This endorses
that the measured signals are of order |0 D|/ V/R. Therefore, we define SNR by

_1aDI/VR

Onoise

SNR:
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Now we are ready to estimate the maximal resolving order K. In the sequel, E denotes
the expectation with respect to the statistics of the noise Nyise. Moreover, we work in the
regime when R — +oo (or O(R™3/?) terms are negligible) and the truncation error is much
smaller than the noise standard deviation, which in turn is much smaller than the order of
the signal (or simply SNR is much larger than 1), that is,

R & nise < 19D]/V/R. (4.20)

From the injectivity of operator L. for R — +o00 and the relation (4.5), we have

Y2 ZB((LT (B + Nuoiso)mn )/

=< |LJr (E)mn| + |LT (Nnoise)mnl
S0 (IE[ 7 + [ Nnoise I )

S o (W + Onoise VNG N, ), “.21)

E(|(W = W), [")

where Cauchy-Schwartz inequality has been invoked to arrive at the last identity. By as-
sumption (4.20), the first term on RHS of (4.21) is negligible. Thus,

E(!(W - W)mn |2)1/2

< 0yt Onoisey/ Ny Ny (4.22)
This indicates that the discrepancy between the estimated and the measured scattering co-
efficients approaches zero very rapidly for all m,n > K when K — +o00 thanks to the
estimation of the magnitude of o,,,. It simply means that the scattering coefficients of an
inclusion D can be approximated arbitrarily closely and up to any order by the elements
of W in the sense of mean-squared error when the noise regime is characterized by (4.20).
However, in view of the decay rate (3.14) of W,‘,’I",f‘ , it is reasonable to determine an adoptive
resolving order K by restricting the reconstruction error to be smaller than the signal level.
In particular, for any threshold reconstruction error & > 0, one can see from (4.22) and (3.14)
that

W Cmax K2
E(|(W_W)m”|2)l/2 sodm;lo'noise\/ Ny N, 58(?) '

where Cray 1= max, g{C, g}. After simple manipulations analogous to those in the proof of
Corollary 4.5 and using the behavior of (H" (k4 R))’ for large n, one can show that 0! =

mn

o ;gK )!=X) for all m,n > K. Therefore, under noise regime characterized by (4.20),

T C2K72
(C}ZK) KZK—Z g £ —max ,
Onoise
or equivalently
2 S\K—1 hK—l
KKt Ss(cmaXCR) <e < &SNR,
Onoise Onoise

and the maximal resolving order is defined by

K =max{N e N|N""" <&SNR}.
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5 Nearly Elastic Cloaking

In this section, we consider the elastic cloaking problem as an application of the elastic scat-
tering coefficients. The aim here is to construct an effective nearly elastic cloaking structure
at a fixed frequency for making the objects inside the unit disk invisible. We extend the
approach of Ammari et al. [5-7] for conductivity, Helmholtz and Maxwell equations to the
Lamé system. Towards this end, we first design S-vanishing structures in the next subsection
by canceling the first ESCs.

5.1 S-Vanishing Structures

For positive numbers r; (j =1,2,..., L+ 1) with2=r; >r, > --- > r;4; = 1, construct
a multi-layered structure by defining

Ao:={xeR?| [x|>2},
Aj={xeR’| rp<kxl<r}, j=1,....L,
Appr={xeR?*| |x|<1}.

Let (A;, tj, pj) be the Lamé parameters and density of A;, for j =0,..., L + 1. In par-
ticular, Ao, o and pg are the parameters of the background medium. In the sequel, the
piece-wise constant parameters A, i and p are redefined as

L+1 L+1 L+1
M) =D A xap®, =Y pwixapy®, and px) =Y p; xay)X),
j=0 j=0 j=0

5.1

in accordance with the aforementioned multi-layered structure. The scattering coefficients
Wg:’,f = W’Z:E()\., I, p, @) are defined analogously as in (3.13) and u* = (4", u¥") T solves

the equation
L0 + po’d® =0, inR% (5.2)

Since the aforementioned multi-layered structure is circularly symmetric, it is easy to
check that the scattered field corresponding to u™ = J# in |x| > 2 is a linear combination
of the modes H? and H3 . By uniqueness of the direct scattering problems, it implies that

WP =0, foralla,Be{P,S}andn#m.
Therefore, we have the following definition of the S-vanishing structures.

Definition 5.1 (S-Vanishing structure). The medium (A, u, p) defined by (5.1) is called an
S-vanishing structure of order N at frequency w if W,f‘f =O0forall [n| <N and o, 8 €
{P,S}.

In the rest of this subsection, we aim to construct an S-vanishing structure for general
elastic waves. To facilitate the later analysis, the notation T, , is adopted for the surface
traction operator d/dv associated with elastic moduli A and w. In order to design en-
visioned structure, it suffices to construct (A, i, p) such that W,‘j"ﬂ = W,;ff = 0 for all
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0<n <N and «, B € {P, S} thanks to Lemma 3.6. We assume that the cloaked region
{Ix| < 1} is a cavity, so that the total field u*" satisfies the traction-free boundary condition
Tpyoupy, 0 := 00 /v =0 on |x| = 1. Note that the two-dimensional surface traction
admits the expression

T ,w=2um- le,n'sz)T +Aindivw 4+ utvV, xw, w=(w, wz)T,

in terms of the surface normal and tangent vectors n = (n;,7,) and t = (—n;, n,) " respec-
tively. The solutions u* to (5.2) of the form

W) =a;" I ) + @ ) +dTH () + ) P H (x), x€A;, j=0,....L,

are sought with unknown coefficients ?i;”“, a;”“ € C, to be determined later. Intuitively, one
should look for solutions ulOl whose coefficients fulfill the relations

ay’ay’ 40 and ap’=af’=0 foralln=0,...,N.

By comparison with the multipolar expansion (3.12) of the scattered field, the scattering
coefficients in this case turn out to be

WeP =i4pow’ay® =0 whenﬁg’P =1 andﬁg’s =0,
a=P,S. (5.3)

A 2 ma —~n,P __ -~n,S __
We> =idpow-ay,” =0 whenay” =0anday” =1,

The solution u™ satisfies the transmission conditions

tot |

un

:lllnm|_ and T)L/ o n |+ = TAJ Wj ;ol|_’ on |X| :I’j7 ]: 1, ,L (54)

Fairly easily calculations indicate that on |x| =r,

~ o~ a o~ 8 n (X, 1,\ 8 (X,
€ - [T)»,IJ«HrI:(X)] = ZM € - 8_ |:er - (a KP) + —€ - E() KP):| + )\,AU,,(X, KP)
r r r Ox
37 (X,
— 2M$ + AA (X, Kp)

= ZMKP(H(])) (ricp)e"?x — )»/(%.H,f”(r/cp)e""‘”"
= rl ( 2,LLer(H ')) (rkp) + (2un — (A +2w)r )H,fl)(r/q:»))e"”‘/’x

1 ;
=: —235(”’@, A, p)e" s,
r

~ 0 o, (X, Kk o, (X, K
& [T, H x]=2u¢ - o |:er &, kp) + e ( P)]

ar r IO
1 dv, (X, k 3%v, (X, kK
o LBk |10 kp)
r2 IO r ordgyg
(2i un) / in
=—3 (—H,fl)(r/cp)—{—r/cp(H,El)) (er))e x

1 _
= r—zC,f’(er, A, p)enex,
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where
BP(t,x, ) := —2ut (HD) () + (2un® — (h +2m)*) HO (1),
Cr, w = Qipn)(—HD (t) + t(HM) (1)).

In the sequel, the shorthand notation

BP

n,j

(r)= B[ (rkp, j, ;) and Cf,j(”) =C, (rkp, 1uy),

is used for simplicity. It holds that
1 N N
Tx,,ujH,f(X) = r_2(anjj(rj)Pn(X) + C,fj(rj)S,,(x)), on |x|=r;.
J

By arguing as for H”, we obtain on |x| = r; that

~ 0 Lov(x k) | L 9v(x, k) 1 ;
S _ _ S ingx
e, Hn(X) _2;Le, . 8—r|:—egT + ;erT] = —Jz Bn,j(rj)e ¢ s
~ 0 [ L u(X k) | L Qv (X, ky
& HI(0) = 2008 - | g, LK) LG BRI k)
ar ar r 0¢x

1 .
_ S 1\ @i0x
= Cn_j(rj)e s
J

where
B, (1) := Qipn)(=H{" () +1(H") 1)),
ot ) =250 (H") (1) + (=20 0+ °) HD (o).

Note that B,ij (t) = C,;(t). Therefore,

T, B0 =%, [6 - HS 0]+ [€ - HS 0] = — (B, () Pa®) + C5 () S, ®).

'\.,\N| —

with
B, i(r):= By (rks,pj) and  CJ (r):= C(ris, ij).
Analogously, we obtain

1~

T, J00) = < (BY;rp) PR + C2,(r) S (®), a=P,S,

2
T

where ﬁ,‘i ;) and a‘f ; () are defined in the same way as By ;(r) and Cy (1) with H®O
replaced by J,,. Hence, the transmission conditions in (5.4) can be written as (cf. (3.4)—(3.7))

P .S P ST P =S nP S\ T
Mn,j—l(rj)(/a\;'l_lva;_l,a;'l_laa’;_l) =Mn,j(rj)(a’; ,ZZ\;-l aa;l 7a; ) s (5.5
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forj=1,...,L.HereM, ;, j=0,...,L,n=0,..., N, is the 4 x 4 matrix defined by

tpdy(tp) ind,(ts)  tp(HOY (tp)  inHM(15)
indy(tp) —tsJ(ts) inHV(tp)  —ts(HD) (ts)
BP(tp)  BS,(ts)  BL(p) BS ,(15)
Cr.ap) CS,ts)  CLip) C3 (1)

M, () :=

where t, := r«,. The traction-free boundary condition on |x| = r;; = 1 amounts to

M, @735 a) " a)®) = 0,0,0,007, n=0,...,N, (5.6)
with
0 0 0 0
0 0 0 0
M, 1=

P Bs P N
B, (revikp) B, (riviks) B, (roqikp) By (royiks)

CP S P s
Corripikp) C;p(royiks) Cpp(ripikp)  Cpp(royiks)

Combining (5.5) and (5.6), one obtains
Q(n)(An P a\g S! (}')l P,an.S)T _ (0 0 0 O)T

0 0 5.7
Q(n) _Q(n)()L n, pw ) M, 141 l_an ,(r )Mn/ l(rj) ( ) (,,)) , 57)

=1 21 22

where Qgi) , (") are 2 x 2 matrix functions of A, u and pw?.

Exactly as in the acoustic case [6], one can show that the determinant of Q;’;) is non-

vanishing. In fact, if det(Qg;)) = 0 then one can derive a contradiction to the uniqueness of
our forward scattering problems. Therefore, it suffices to look for the parameters A;, u;, p;
(j=1,2,..., L) from the nonlinear algebraic equations

(QW), ,(ho o p0?) =0, ik=1,2, neN.

We are interested in a nearly S-vanishing structure of order N at low frequencies, i.e., a
structure (A, u, p) such that

WeP (1, p, 0) =o0(w?*?), foralla, Be{P,S}, n| <N, asw— 0.

Towards this end, one needs to study the asymptotic behavior of er"f’ (A, u, p, w) as w tends
to zero. In view of (5.3) and (5.7), it is found that

(v ) =i a5 ai)” = i (@) Q5 @) )

-~n,S

where @, P and a,” are selected depending on (5.3).
Let W,, denote the 2 x 2 matrix

o (W e
n— WnP,S WV;S,S :

Then, the following result based on relation (5.8) elucidates the low frequency asymptotic
behavior of W,.
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Theorem 5.2 For all n € N, we have

N—n (L+1)
W, (A, 1, p, ©) = 0™ *? (Vn,o(k, wop)+ Y D @ (w) Va0 p P)> +Y

=0 j=0

(5.9)

as w — 0. Here matrices V, o and V,; ; are defined by

P.P s,P PP s5.P
A% _ Vn,() Vn,O and 'V o Vn,l.j Vn,l,j
m0T\ yps AN mlj = yFs S
n,0 n,0 nl,j n,l,j
in terms of some Vn o and 'V, z ; dependent on A, u, p but independent of . The residual
matrix X, = (Y}})ik=12 is such that |T}| < Cw®N*2, for all i,k = 1,2, where constant
C e R, is independent of w.

The analytic expressions of the quantities Vnof’o and Vnof’l’_s ;interms of A;, u; and p; are
very complicated, but can be extracted, for example, by using the symbolic toolbox of MAT-
LAB. Theorem 5.2 follows from (5.8) and the low-frequency asymptotics of Q(") (A, i, p?)
and Q;’;) (A, i, pw?) as @ — 0. The latter can be derived based on the definition given in
(5.7) in combination with the expansion formula of Bessel and Neumann functions, and
their derivatives for small arguments. For the sake of completeness, we sketch the proof of
Theorem 5.2 in the Appendix D.

In order to construct a nearly S-vanishing structure of order N at low frequencies, thanks
to Theorem 5.2, one needs to determine the parameters A, i; and p; from the equations

e 1y p) = n,,(k W, p) =

foral0<n <N,1<I<(N-n),1<j<(L+ 1l and o, B € {P, S}. It should be
emphasized that one does not know if a solution does exist for any order N. Numerically,
this can be achieved by applying, e.g., the gradient descent method to the minimization
problem

N—n (L+1)I
- Z |Vzbﬁ}2+2 Z |Vnalt3] _ (5.10)
RiRT getp ) =0 =0

5.2 Enhancement of Near-Cloaking in Elasticity

The aim of this section is to show that the nearly S-vanishing structures constructed in
Sect. 5.1 can be used to enhance cloaking effect in elasticity. The enhancement of near-
cloaking is based on the idea of transformation optics (also called the scheme of changing
variables) used in [24, 25, 40, 41]. Let (A, i, p) be a nearly S-vanishing structure of order
N of the form of (5.1) at low frequencies. It implies that for some fixed w > 0 there exists
€p > 0 such that

(Wb (a1, p,€wl| = 0(V*2),  In] <N, € <e.

On the other hand, using the asymptotic behavior of J#(x, k) as @ — 0 for @, 8 = P, S,
one can derive from the proof of Lemma 3.3 that

WP Dh, , p,ewl| <Ce, Vil = N, € <&,
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Hence, by Theorem 3.4, the far-field elastic scattering amplitudes can be estimated by

u’[A, i, p, ea)](i, f;/) = o(ezN_l), a=P,S, ase - 0,

uniformly in all observation directions X and incident directions X', noting that
i~ 0(€V?), AY*~O0(e), ase—>0,a=P,S.
Introduce the transformation ¥, : R? — R? by
V. (X) .= éx, x € R%.
Then, by arguing as in the acoustic and electromagnetic case [6, 7], we have
ulAo¥, po¥,po¥,wl=ullA, u, p,ew] = 0(62N71), for all € < ¢.

Note that the medium (A o ¥, o ¥, p o ¥,) is a homogeneous multi-coated structure of
radius 2e.

We now apply the transformation invariance of the Lamé system to the medium (A o
U, oW, poW,). Recall that the elastic wave propagation in such a homogeneous isotropic
medium can be restated as

V- (€:Vu") + 0’ (po¥u =0, inR? (5.11)

where € = (Cjjx)i,j k,i=1,..,~ 18 the rank-four stiffness tensor defined by

Cijru(X) = (Ao W) 8 ;6 + (o W) (8ixbj1+8ii84), (5.12)
and the action of € on a matrix A = (a;;); j=1,2 is defined as
C:A=(C:A) 1= ( Z Cijui akt) .
k=12 i,j=1.2

In the case of a generic anisotropic elastic material, the stiffness tensor satisfies the symme-
tries

Ciju = Cyij (major symmetry) and Cjjy = Cji = Ciji (minor symmetry),

foralli, j,k,1=1,2.LetX= (3, %) = F.(x) :R> > R?be a bi-Lipschitz and orientation-
preserving transformation such that F,({|x| < €}) = {|X| < 1} and that the region |x| > 2
remains invariant under the transformation. This implies that we have blown up a small
traction-free disk of radius € < 1 to the unit disk centered at the origin. The push-forwards
of € and p are defined respectively by

< (A 1 90X, 0X
F),C:=C€=(Cigr,(X)). = — E Ciiy—L =4 L ’
(Fe) ( qk['(x))l,q,k.p:ll <det(M){ Jjkl dx; 0x; }'x:Fé I(X)>i,q,k.p—l,2

1.j=12

0=t M= (50)
p=p= , M= :
¢ det(M) /|, p-15) 0% /i j=1.2

We need the following lemma (see, for instance, [26, 32]).
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Lemma 5.3 The function u* is a solution to
V- (€:Vu") + 0’pu® =0, inR?
if and only if W = u' o (F,)~! satisfies
v. (E : %ﬁ‘m) +?pu" =0, inR?
where V denotes the gradient operator with respect to transformed variable X.
Applying the above lemma to the Lamé system (5.11), one obtains the following result.

Theorem 5.4 If (A, u, p) is a nearly S-vanishing structure of order N at low frequencies
then there exists €y > 0 such that

uX[(F).€, (F)u(po W), 0](x,X)=0(e¥"), a=P,S,

for all € < €, uniformly in all x and xX'. Here the stiffness tensor € is defined by (5.12).
Moreover, the elastic medium ((F.),C, (F¢)«(p o ¥,)) in 1 < |X| <2 is a nearly cloaking
device for the hidden region |x| < 1.

Theorem 5.4 implies that for any frequency @ and any integer number N there exists
€9 = €g(w, N) > 0 and the elastic medium ((F,).&, (F¢).(p o ¥,)) with € < €y such that the
nearly cloaking enhancement can be achieved at the order o(e2V™").

We finish this section with the following remarks.

Remark 5.5 Unlike the acoustic and electromagnetic case, the transformed elastic tensor
(F¢).€ is not anisotropic since it possesses the major symmetry only. Note that the trans-
formed mass density (F;).(poW,) is still isotropic. In fact, it has been pointed out by Milton,
Briane, and Willis [32] that the invariance of the Lamé system can be achieved only if one
relaxes the assumption of the minor symmetry of the transformed elastic tensor. This has led
Norris and Shuvalov [37] and Parnell [40] to explore the elastic cloaking by using Cosserat
material or by employing non-linear pre-stress in a neo-Hookean elastomeric material.

In this section, we have designed an enhanced nearly cloaking device for general in-
coming elastic plane waves. A device for cloaking only compression or shear waves can be
analogously constructed by using the corresponding elastic scattering coefficients. Note that
the medium (X, i, p) defined by (5.1) is called an S-vanishing structure of order N for com-
pression (resp. shear) waves if W,ff'f =0 (resp. W,ff’,f =0)forall |n|<Nanda € {P, S}.In
this case, one needs to seek parameters A, u; and p; for solving the minimization problem
(5.10) with B = P (resp. B = §). The estimate in Theorem 5.4 can be analogously achieved
for nearly cloaking compression or shear waves.

6 Discussion
In this article, the elastic scattering coefficients (ESC) of characteristically small inclusions

are discussed using surface vector harmonics based cylindrical solutions to Lamé equations
and the multipolar expansions of elastic fields based on them. An integral equations based
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approach is used. It is established that the scattered field and the far field scattering ampli-
tudes admit natural expansions in terms of ESC. This connection substantiates their utility
in direct and inverse elastic scattering. The scattering coefficients of a three-dimensional
elastic inclusion can be analogously defined using three-dimensional vector spherical har-
monics and specially constructed vector wave functions. An added complication in three
dimensions is that there are three wave-modes (P, SV and SH modes) which cannot be com-
pletely decoupled. It can be easily proved that the ESC possess similar properties in three
dimensions.

The decay rates and the symmetry properties of the ESC are also discussed. The symme-
try of the ESC can be traced back to reciprocity property of scattered waves in elastic media.
These properties also indicate that only first few coefficients are significant and sufficient to
cater to a variety of scattering problems. The high-order ESC contain fine details of shape
oscillations and geometric features of the inclusion. Thus, the largest order of stably recov-
erable ESC determines the maximal resolving power of the imaging setup and determines
the resolution limit in feature extraction frameworks.

For reconstructing significant ESC from multi-static response data, we have formulated a
truncated linear system of equations where the truncation parameter can be tuned depending
on the requirements of the actual physical problem, stability constraints, truncation error,
and the measurement noise. This truncated system is converted to a matrix system wherein
all the ESC up to truncation order are arranged into a matrix that happens to be Hermitian.
The system is shown to be ill-conditioned, however, the additional constraints dictated by the
reciprocity principle and conservation of energy can be effectively used to gain stability. The
Hermitian property is pertinent to designing subspace migration type shape identification
frameworks in elastic media. Moreover, shape descriptors and invariant features of elastic
objects can also be discussed using ESC. This will be further discussed in a forthcoming
article.

As an application of ESC, we constructed the scattering coefficients vanishing structures
and elucidated that such structures can be used to enhance the performance of nearly elastic
cloaking devices. The designed nearly cloaking scheme can be used for cloaking only com-
pression or shear waves by using the corresponding ESC. This suggests that ESC proposed
in this article play more important role than the acoustic scattering coefficients. The results
presented in the article are not restricted to only two dimensions and can be easily extended
to three dimensions.

In future studies, the role of ESC in mathematical imaging, especially from the per-
spectives of designing shape invariant and descriptors in elastic media, will be investigated.
Moreover, in order to handle inverse elastic medium scattering problems and to understand-
ing the super-resolution phenomena in elastic media, the concept of heterogeneous ESC will
be discussed.

Appendix A: Multipolar Expansion of Elastodynamic Fundamental
Solution

Note that, by Helmholtz decomposition, I'”(x, y)p can be decomposed for any constant
vector p € R? and x #y as (see, for instance, [1, 27])

T(x, y)p = VsGp(X,y) + Vi x X G5(X,y), (A1)
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with

1 1
Gp(x,y):= _K_zvx' (T°(x,y)p) and Gs(x,y) = FVJ_,X x (F“(x,y)p).
P 5

By (2.2), one can easily show that

1 1
Gr(x,y) =——=Vxg(X—y,kp) - p=—5Vyg(X—y,kp) P, (A2)
Pow Pow
1 - 1 -
Gs(x,y) =——=VixxgX—y,ks) p=—7Viyxg(X—Yy,ks) P, (A.3)
Pow Pow
where the reciprocity relations
X~y ka) =80y —X,ky) and Vyg(X—y,ky) =—Vyg(X—Yy,ka),

have been used. Recall that, by Graf’s addition formula (see, for example, [38, Formula
10.23.7]), we have

Hy" Gelx =y =Y HP (c|x))e"™ J, (iclyle™.

ne

Consequently, it follows from (A.2), (A.3), and (2.3) that

i . -
G y) = HD inbx \7 J, iny] . p,
PV = s §ne D ep|xDe™™ V[T, eplyhe™™] - p
Gs(x.y) = 4p;w2 3" HO (s xDe™ V% [J,(icslyDe™ ] - p.

ne

The identity (3.11) follows by substituting the values of G, in the decomposition (A.1) and
using the definition of J* and H”.

Appendix B: Proof of Lemma 3.5

Proof Since our formulation here is based on an integral representation in terms of the
densities ¢ and ¥ satisfying (2.8), we take a different route than those already discussed in
[46, 49] without directly invoking the argument of reciprocity.

Let us first fix some notation. For any v,w € H*?(D)? and a,b € R, define the
quadratic form

b
(v, w)‘;)"b :=/ |:a(V V)(V-w) + E(VV + VVT) S(Vw+ VWT)i|dx,
D
where double dot  : * denotes the matrix contraction operator defined for two matrices
A =(a;;) and B= (b;;) by A: B := Za,-_,-bij. It is easy to get from the definition of (-, ~)‘Bb
ij

that

/ V- a—Wda(x) =/ V- Lo p[Wldx + (v, w)4". B.1)
ap OV D
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Note that if w is a solution of the Lamé equation £, ,[W] + cw’w = 0 then

0
/ v- —Wdo(x) = —ch/ v - wdx + (v, w)‘gb,
ap OV D

and consequently from (B.1)

ow av 2
v-—do((x) = — -wdo (X) — cw v-wdx— | L,,[v]- wdx.
9D v ap OV D D

Moreover, if v solves £, ,[v] + cw?v =0 then

a a
/ v-—wda(x):/ —V~wda(x).
aD dv oD av

We will also require the constants

Mo
nep = )
M1 — Ko
~ _ M
p = )
M1 — Ko
) Ao + 1o
ns == s
(A1 — 20) + (1 — Ho)
~ At
Ns:

- (A —Ao) + (1 — o)

B.2)

(B.3)

Let (9%, ¥;,) and (gaff, lﬁﬁ) be the solutions of (2.8) with u'™ = J* and u™™ = J# respec-

tively, i.e.
53«)5 —Sp¥, = Jz}an’
0 ~ 0 aJ*
_~Sw o - —8? o —_ _n ,
v D(p"_ v Dw”+ w |yp
and
Spoh —Spvh =0,
9 ~ 9 aJh
—Seb| — —=Spylh| =2 .
av D(pm7 811 D"/,m+ 31) .

Then, by making use of the jump conditions (2.4), W*# can be expressed as

m,n

o Jo Jo 0 ) 9 w
wit= [ Fevhdow= [ 5| Lyl - sosslvillJaow.

B4

B.5)

(B.6)

B.7)

Further, by invoking (B.7) and subsequently using (B.2) and (B.3), one gets the expression

Wa,ﬁ:_/ J—a.%d(,(xH/ J_a.|:i§w[(pﬁ]‘ S ]da(x)
m,n oD n v oD n 8']‘; DL¥m]|— v D mll—
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m 8E Sw 8E )
T /D[a;-sD[wz]—WsD[w:i]]mx)

- oo [ 5 Sploilax— [ 2,015 SplofJax

This, together with (B.6), leads to

Y aJ*
wet=— [ B aocor [ 2 slerhioe - [ P Sletliocm
’ aD av ap OV

T .
+/ 8_ng -dU(X)_leZ/ Jﬁ.SI“)’[(pfl]d ‘/,/U‘)‘1 M[J ] Sw[(ﬂm]d
ap OV D

It is easy to see that the first and the fourth terms cancel out each other thanks to (B.3)
Therefore,

aJe  aJe 4 —
o, __ no_ n|. Qw B _ 2 o . QW B
Wm,n _AD[ 3']7 8\) ] SD[‘pm]dU(X) pP1w /DJn SD[wm]dX
/ = "1[‘] ] Sw[(pm]d

Remark that V - J5 =0 =V x JP. Therefore, it is easy to verify by definition of the
surface traction operator that

(B.8)

aJe 8y 1 0J¢ 1 3J¢
A P (B.9)
v v Na av no( 81)

Thus, using right most quantity of (B.9) in (B.8) and subsequently invoking identity (B.2)
one gets

e, - — .
"“W:l/;:/ e '31”3[‘an]d0(X)—nap1w2/ Jo - So[of |dx
ap OV D
/ch 0 [J2] - Sl Jax
=/ E'ﬁgg[(”ﬁ“_da(x)—l-(l—’ﬁa)plwzfﬁ.gg[(oz]dx
D

+(1—77a)/£x| o [I2] - S0 ]ax.

This, together with (B.4) and (B.7), provides
- == 0 ~ — 0
Wil = f Sples] 5= Shlen]|_do) - / splvn] 5-Splvnll do®
8D v 8D v
_/3 Sp ['/,n] : aJm do(x) + (1 — r/az)plw / J Sw (pm]d
D

=7 / Loy [37] - 85 0f Jax.
D

(B.10)
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Similarly, substituting the first relation of (B.9) back in (B.8) and invoking (B.6), one obtains
o, BE w
Na Wm:n = [(Pm]da (X) — na:olw Jct S wm]d
aD av
/ ‘Ckl 75 [J ] Sw [(ﬂm]d
D
aJe aJe
=/ Wwwwmj "ﬂwm
aD 3V

— apr? /D 3 - 8508 Jdx — na fD Lo [TE]- 85[0l )dx. (B

Finally, subtracting (B.11) from (B.10) and noting that 77, — 1, = 1, one finds out that

~ 5 0
Wit = [ Tl 555lebl| dowo— [ S5TIT- Sosp[h]] do

_/ Sl '"d U‘/ 2 - Sp[¥h]dox) — f 2 Jido (x).
aD
(B.12)

Similarly, we have

=t 37 0 ~ 0
wii = | Skl 555l dowo - / SE¥E] 5 Sslve] do )
ap av oD

—f Sp[vn]- ”d()—f —o - Splwyldox) — f— Jedo (x)
aD

— [ ES L -Ssleilaceo— [ LS. -Spl¥ilo)

3Je aJf,

—/ Splwnl- 5 rdo <>—/ - Sp[¥e]do (x) — /J ”da(x)
oD aD
(B.13)

The proof is completed by taking complex conjugate of expression (B.13) and comparing
the result with equation (B.12). O

Appendix C: Proof of Theorem 3.7

In order to prove identity (3.23), we follow the approach taken by [46]. Since W, is inde-
pendent of the choice of incident field, we consider the case when the plane waves

mC(X) _ VeleXd and ulnC(X) - %L x eiKsX'd’

are incident simultaneously and use the superposition principle for the optical theorem
thanks to the linearity of the RHS of identity (3.22). Note that the coefficients a2 (uL“C)
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and y,* in this case are given by

() =T and = s S el Wi W]

m,n m,n
meZ

To facilitate ensuing discussion, let us define

A= (AP) and y:= (yp) . with (Ag), :=a (u"™) and (y ) =y, Ym € Z.
Ag Vs

It can be easily seen, by the definitions of A and y, and the fact that W, is Hermitian, that

i I T —

Y= 4 ppw?

On the other hand, using the orthogonality relations (3.1)—(3.2) of the cylindrical surface
vector potentials and fairly easy manipulations, we have

SATW WA (C)

2
1) on a2 1 N A2 _
— [y & d)| + —|uF (x; d) )d9:4y- =—
/o (w' P+ s G d) ' Gpow?)

Similarly, by virtue of superposition principle, the RHS of the identity (3.22) can be written

as
2 - AA . 2 - I N
2|: K—‘Tsm{«/?uj’f(d;d,P)%,}— K—;Nsm{x/l_ugo(d;d,Syee}:I
V P V s

4 _
= o Sm{ATW A} (C.2)

Substituting (C.1) and (C.2) in (3.22), one gets

1
4 pgw?

ATW WA =3m{ATW A (C3)

Finally, note that

Im{ATW A} =Re{AT}Im{Wo}he{A} — Re{AT }Re{Wo }Im{A)
+ 3m{AT}Re{Woo}he{A} + Im{AT }Im{Wo }3m{A}.
Recall that each term on the RHS of the above equation is a scalar and the matrix Wy, is
Hermitian. Thus, the second term cancels out the third one on transposition. Finally, the first
and the fourth terms can be combined to yield
Im{ATWo A} =ATIm{WJA. (C4)

The relation (3.23) follows by substituting (C.4) back in (C.3). This completes the proof.
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Appendix D: Proof of Theorem 5.2

Recall that, for t — 0,

WO = i + 06,
J’;(I)ZW:ILD+O(In)’
O |
() 0 =i" 02D 4 o).

Hence, by the definition of BY (¢, A, u), C (¢, A, i), E‘f(r, A, i) and 62‘([, A, ), we have

i (n+ 1) N

B (t,n, ) = — o).
n( /’L) ppe ( )
i 2n+11- 1
Cf(l,u):w_l_o(tfnﬂ)’
Tt
2n+11- 1 1

L0 = =03 = ~HE RO D o),
o~ /JLtn

BP tA, ——_— " 4o .

n (G h ) = =g+ (")

o~ Mtrl
CSt,n, )= ——— +0O("!

w0 ) =SS + ("),

C M(n—l)t"
CP@,a, —B £, K= O0 L o),

n (LA, ) = @ rw=iZ- 11,()+ (")

as t — 0. Inserting the previous asymptotic behavior into the expression of M, ;, we get

Ay A12>
Mn i = 5
/ <A21 Ay
where
it"
A JsS +0 41
11 = 2”F(I’l + 1) (lt, p _I;L’S> ( )
r D fit;p  ti
Ap=2R0ED (T B ) o),
tp  —it;s
—tip —i(n— D"
A21 = 1 Js =+ O(Cl)n+1),
o I'(n) \i(n — 1)1 t;l.s
o+l 1 it;p —(n+ Dt %
Azz:——u (m+D B L A [ O(af"“).
bid (n+ Dt —it;g
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It implies that

_ (0@ 0@
M”’-"(O(w O(af”))’ j=L..L ®-D

0 0
M, .= <0(a)”) 0(w‘”)> . as w— 0. (D.2)

Moreover, the inverse of M, ; can be expressed as

M- — A FAARBTIANA —AALBT!
n,j _B—lAzlAl—ll Bil

where B is the Schur’s complement of Ay, that is,
B:=Ay; —AuAjlAp.
Since
A'=0(0™"), AjAR=0(0), AyA}'=0(0"'), and B™'=0(w"),
it follows that

—n—1 —-n
MZ,} = (00(22)%1)) OO(Z)”))> , asw—0. (D.3)

Inserting (D.1), (D.2) and (D.3) into the expression (5.7) of Q™ and then making use of the
series expansions of J,, Y,, J, and Y, we find out that

N—n L+1
(% s p0?) = 0" [ GuoOhs 1, p) + YD G0, 1, ple? (Inw) + o(w?¥ )
I=1 j=0
N—n L+1 ) )
2 (o, po?) = ™" (Hn_o(x, wop)+ D B G p)o (nw) + o(w2<N">)),
I=1 j=0

for some functions G, o, GY) H, o, HY). This together with (5.8) yields (5.9). Here, the

n,l> n,l*
remaining terms o(w?¥ ™) are understood element-wise for the matrices.
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