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Abstract

Although the concept of a free atom is of use as
a first approximation, a full quantum descrip-
tion of the interaction of atoms with an om-
nipresent electromagnetic radiation field is nec-
essary for a proper account of spontaneous emis-
sion and radiative level shifts such as the Lamb
shift (Chap. 27). This chapter is concerned with
the changes in the atom-field interaction that
take place when the radiation field is modified by
the presence of a cavity. An atom in the vicinity
of a plane perfect mirror serves as an example of
cavity quantum electrodynamics [1, 2, 3, 4, 5].

The interaction between atom and intracav-
ity light field can significantly change the spon-
taneous and stimulated emission of light, and
induce transitions of the atom between different
quantum states. In the case of strong coupling,
it also becomes possible for a single atom to con-
trol the transmission of light through the cav-
ity, and for a single photon to deterministically
change the state of the atom.

Introduction

In the weak coupling regime, the coupling of an
excited atom to a broad continuum of radiation
modes leads to exponential decay (Fig. 79.1a),
as first described by Weisskopf and Wigner [6].
Spontaneous emission may be enhanced or sup-
pressed in structures such as waveguides or bad
cavities. Cavities also introduce van der Waals
forces and the subtle Casimir level shifts [7].

In the strong coupling regime, the excited
atom is strongly coupled to an isolated reso-
nant cavity mode. In the absence of damp-
ing, an oscillatory exchange of energy between
the atom and the field replaces exponential de-
cay (Fig. 79.1b) with a coherent evolution in
time. Experimental investigations of these ef-
fects began [8] with the development of suitable
resonators and techniques for producing atoms
with long lived excited states and strong dipole
transition moments.

79.1 Atoms and Fields

79.1.1 Two-level Atoms

Most of the essential features of cavity QED can
be elucidated by the two-level model atom dis-
cussed in Chapts. 68, 69, 70, and 77 (see also [9]).
A ground state |g〉 and an excited state |e〉 are
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Figure 79.1: Upper row : Excitation probabil-
ity of an excited atom. (a) Exponential decay
in free space or bad cavities in the weak cou-
pling limit. (b) Oscillatory evolution in good
cavities or in the strong coupling case. Lower
row: The spectral signature of exponential de-
cay is a Lorentzian line shape (c) while the so-
called vacuum Rabi splitting (d) is observed in
the strong coupling case

coupled to the radiation field by a dipole interac-
tion. Using the formal equivalence to a spin-1/2
system, the Pauli spin operators are

σx = σ+ + σ− ,

σy = −i (σ+ − σ−) ,

σz = σ+σ− − σ−σ+ =
[
σ+, σ−

]
,

(79.1)

with σ+ = |e〉〈g| and σ− = |g〉〈e|. The quadra-
tures (out of phase components) of the atomic
polarization are given by σx and σy, while σz
is the occupation number difference. The free
atom Hamiltonian is

Hatom =
1

2
~ω0σz , (79.2)

where ~ω0 = Ee − Eg is the transition energy.

79.1.2 Electromagnetic Fields

Classical Fields Classical electromagnetic
fields have longitudinal and transverse compo-
nents:

E(r, t) = El(r, t) + Et(r, t) . (79.3)

In the Coulomb gauge, the longitudinal part is
the instantaneous electric field. The transverse
part is the radiation field which obeys the wave
equation(

∇2 − 1

c2
∂2

∂t2

)
Et(r, t) =

1

ε0c2
∂

∂t
j(r, t) .

(79.4)

In empty space, the driving current density
j(r, t) vanishes, and the field may be expanded
in a set of orthogonal modes as

Et(r, t) =
∑
µ

Eµ(t)e−iωµruµ(r) + c.c. ,

(79.5)

with slowly varying amplitudes Eµ(t). The
spatial distributions uµ(r) obey the vector
Helmholtz equation[

∇2 +
(ωµ
c

)2
]
uµ(r, t) = 0 , (79.6)

depending on geometric boundary conditions
as imposed by conductive or dielectric mirrors,
waveguides, and resonators. In free space, plane
wave solutions uµ(r, t) = uε eik·r have a contin-
uous index µ = (k, ε) with wave vector k and an
index ε for the two independent polarizations.
The orthogonality relation

1

V

∫
V

uµ · u∗νd3r = δµν (79.7)

applies. For a closed cavity, V is the resonator
volume. In waveguides and free space, an artifi-
cial boundary is introduced and then increased
to infinity at the end of a calculation, such that
the final results do not depend on V .
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Quantum Fields The quantum analog of the
classical transverse field in (79.4) is obtained
through a quantization of its harmonic modes
leading to a number state expansion. Field
operators obey standard commutation relations
[aµ, a

†
ν ] = δµ,ν , and for a single mode with index

µ, the amplitude Eµ in (79.5) is replaced by the
corresponding operator

Eµ(t) = Eµaµ e−iωt , E†µ(t) = Eµ∗a†µ eiωt .

(79.8)

The normalization factor Eµ is chosen such that
the energy difference between number states
|n〉µ and |n+ 1〉µ in the volume V is ~ωµ, giving

EµEµ† =
~ωµ
2ε0V

. (79.9)

The Hamiltonian of the free field is

HField =
∑
µ

~ωµ
(
a†µaµ +

1

2

)
. (79.10)

In the Coulomb gauge, the vector potential A(r)
is related to the electric field E = −∂A/∂t by

Aµ(r, t) = −Eµ
ωµ

(
aµ e−iωt + a†µ eiωt

)
uµ(r) .

(79.11)

The ground state |0〉µ is called the vacuum state.
While the expectation value 〈n|E|n〉 = 0 for
a number state, the variance is not zero, since
〈n|EE∗|n〉 > 0, giving rise to nonvanishing fluc-
tuations of the free electromagnetic field.

79.1.3 Dipole Coupling of Fields
and Atoms

The combined system of atoms and fields can be
described by the product quantum states |a, n〉
of atom states |a〉 and field states |n〉. The in-
teraction Hamiltonian HI of the atom and the
radiation field is given by (The A2-term plays
an important role in energy shifts and can only

be neglected when radiative processes involving
energy exchange are considered.)

HI = − q

m
p ·A(r) +

q2

2m
A2(r) . (79.12)

This interaction causes the atom to exchange
energy with the radiation field. In the dipole
approximation, the interaction can be reduced
to the commonly used form of p · E [10], with
the coupling strength proportional to the com-
ponent of the atomic dipole moment deg =
q〈e|reg|g〉 along the electric field. The coupling
constant

gµ(r) = |deg · uµ(r)Eµ|/~ . (79.13)

In the rotating wave approximation (RWA)
(Chapts. 68, 69, and 70),

HRWA =
∑
µ

~
(
gµσ+aµ + g∗µa

†
µσ−

)
, (79.14)

where we have used the atomic operators of
(79.1).

For the simplest scenario of a two-level atom
interacting with a mono-mode cavity, the Hamil-
tonian under RWA reduces to the Jaynes-
Cummings (JC) model

HJC =
1

2
~ω0σz + ~ωCa†a+ ~

(
gσ+a+ g∗a†σ−

)
,

(79.15)

where ωC denotes the cavity mode frequency,
and the zero-point energy of the field is ne-
glected. Note that the JC model is valid only if
the RWA can be employed to describe the coher-
ent dipole interaction between the atom and the
field mode. This usually requires the coupling
constant g is relatively much smaller than the
energy scales of ω0 and ωC . Research beyond the
RWA has been conducted in the regime where
the coupling constant g is comparable with the
atomic and field frequencies.

In a continuous electromagnetic spectrum, the
atom interacts with a large number of modes
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having quantum numbers µ, yielding exponen-
tial decay of an excited atomic level at the
rate [6]

Γeg =
2π

~2

∑
µ̃

∑
k

|gµ|2 δ (ωµ − ω0) . (79.16)

Here we have separated the discrete (µ̃) and the
continuous part (wave vector k) of the mode in-
dex µ. If gµ (79.13) does not vary much across
a narrow resonance, then

Γeg ' 2π |gµ(ω0)|2
∑
µ̃

ρµ̃(ω0) . (79.17)

The density of states corresponding to the con-
tinuous mode index k of dimension ν can be
evaluated on a ν-dimensional fictitious volume
V (ν) as

ρµ̃ =
∑
k

δ(ωµ̃,k − ω)→ V (ν)

(2π)ν

∫ ∞
0

dνkδ(ωµ̃,k − ω) ,

(79.18)

provided ω(k) is known, and by converting the
sum (This is formally accomplished by taking
the limit of ∆k = 2π/l for large l, where l is
a linear dimension of an artificial resonator, and
the resonator volume is V = l3. If the rela-
tion between mode spacing ∆k and geometric
dimension is nonlinear in a more complex ge-
ometry, this analysis can be very complicated.)
over plane wave vectors k into an integral.

The Rate of Spontaneous Emission In
free space [ω(k)2 = (ck)2], the sum in (79.17)
contributes a factor of two, due to polariza-
tion, to the total density of states in free space,
ρfree(ω) = V ω2/π2c3. When the vector coupling
of atom and field (79.13) is replaced by its aver-
age in isotropic free space, that is, by 1/3, the
result

Γeg = Aeg =
e2r2

egω
3

3πε0~c3
(79.19)

is obtained for the decay rate Aeg as measured
by the natural linewidth Γeg.

79.2 Weak Coupling in Cav-
ity QED

The regime of weak cavity QED generally ap-
plies when an atom is coupled to a continuum
of radiation modes. This is always the case with
mirrors, waveguides, or bad cavities. The signa-
tures of weak cavity QED are modifications of
the rate of spontaneous emission, as well as the
existence of van der Waals and Casimir forces.
Formally, this regime is well described by per-
turbation theory.

79.2.1 Radiating Atoms in Waveg-
uides

Within the continuous spectrum of a waveguide,
radiative decay of an excited atomic level re-
mains exponential, and Γeg may be determined
as in the preceding section. We now consider
the modifications of spontaneous decay in a par-
allel plate waveguide. According to (79.17), the
theoretical problem is reduced to a geometric
evaluation of mode densities. Between a pair
of mirrors it is convenient to distinguish TEnk
and TMnk modes, where n is the number of half
waves across the gap of width d. The dispersion
relation ω(k) reflects the discrete standing wave
part (nπ/d) and a running wave part as in free
space,

ω2
n,k = c2

(
|k|2 + nπ/d

)2 n = 0, 1, 2, . . . TM
n = 1, 2, . . . TE .

(79.20)

The average mode density [du = 1, (79.13)] is
evaluated [(79.18), ν = 2] with an appropriate
quantization volume containing the area of the
plates, V = Ad, giving

ρTE(ω) =
ωc[ω]

2ω2
c

ρfree(ωc) ,

ρTM(ω) =
ωc[ω + 1]

2ω2
c

ρfree(ωc) ,

(79.21)

where [x] is the largest integer in x, and ωc =
πc/d gives the waveguide cutoff frequency. Be-
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Figure 79.2: Modification of the average vac-
uum spectral density (ρTE + ρTM) in a paral-
lel plate cavity (thick line) compared with free
space (thin line)

low ωc, the TE-mode density clearly vanishes
and, with the pictorial notion of turning off the
vacuum introduced by Kleppner [11], inhibition
of radiative decay is obvious. Figure 79.2 shows
the calculated mode density for a parallel plate
waveguide. The decay rate can be calculated
from (79.17), with the spatial variation of gµ
included. This configuration was used for the
first experiments which showed the suppression
of spontaneous emission in both the microwave
and the near optical frequency domain [12, 13]
with atomic beams.

79.2.2 Trapped Radiating Atoms
and Their Mirror Images

Boundary conditions imposed by conductive
surfaces may also be simulated by appropriately
positioned image charges. Inspired by classical
electrodynamics, this image charge model can be
successfully used to determine the modifications
of radiative properties in confined spaces. In the
simplest case, an atom is interacting with its im-
age produced by a plane mirror. Trapped atoms
and ions allow one to control their relative posi-
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Figure 79.3: Sinusoidal variation of the λ =
493 nm spontaneous emission rate of a single
trapped Ba ion caused by self-interference from
a retroreflecting mirror. The experimental ar-
rangement is sketched at the bottom [14]

tion with respect to a mirror to distances below
the wavelength of light. Hence they are ideal
objects for studying the spatial dependence of
the mirror induced modifications of their radia-
tive properties. In an experiment with a single
trapped ion (see Fig. 79.3), its radiation field
was superposed onto its mirror image [14, 15],
yielding a sinusoidal variation of both the spon-
taneous decay rate and the mirror induced level
shift with excellent contrast.

79.2.3 Radiating Atoms in Res-
onators

Resonators In a resonator, the electromag-
netic spectrum is no longer continuous and the
discrete mode structure can also be resolved ex-
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Figure 79.4: Two frequently used resonator
types for cavity QED: (a) Open Fabry–Perot op-
tical cavity. (b) Closed pillbox microwave cavity

perimentally. While a resonator is only weakly
coupled to external electromagnetic fields, it still
interacts with a large thermal reservoir through
currents induced in its walls. The total damp-
ing rate is due to resistive losses in the walls
(κwall) and also due to transmission at the radi-
ation ports, 1/τµ = κµ = κwall +κout. An empty
resonator stores energy for times

τµ = Q/ωµ , (79.22)

and the power transmission spectrum is
a Lorentzian with width ∆ωµ = ωµ/Qµ. The
index µ, for instance, represents the TElm and
TMlm modes of a pillbox microwave cavity, or
the TEMklm modes of a Fabry–Perot interfer-
ometer (Fig. 79.4).

When cavity damping remains strong, Γµ �
Γeg, the atomic radiation field is immediately ab-
sorbed and Weisskopf–Wigner perturbation the-
ory remains valid. In this so-called bad cavity
limit, resonator damping can be accounted for
by an effective mode density of Lorentzian width

∆ωµ for a single isolated mode,

ρµ(ω) =
1

π

ωµ/2Qµ
(ω − ωµ)2 + (ωµ/2Qµ)2

. (79.23)

Bad and Good Cavities The modification
of spontaneous decay is again calculated from
(79.17). For an atomic dipole aligned parallel to
the mode polarization, and right at resonance,
ωµ = ω0, the enhancement of spontaneous emis-
sion is found to be proportional to the Q-value
of a selected resonator mode:

Γcav
eg

Γfree
eg

=
ρµ|u(r)|
ρfree

=
3Qλ3

4π2V
|u(r)|2 =

3Qλ3

4π2Veff
,

(79.24)

where the effective mode volume is Veff =
V/|u(r)|2. The lowest possible value Veff ' λ3

is obtained for ground modes of a closed res-
onator. For an atom located at the waist of
an open Fabry–Perot cavity with length L, it is
much larger. Special limiting cases for concen-
tric and confocal cavities are V conc

eff = λ2L(R/D)
and V conf

eff = λL2/2π, respectively, where (R/D)
gives the ratio of mirror radius to cavity diame-
ter.

At resonance, the atomic decay rate Γµ grows
with Qµ, whereas the resonator damping time
constant κµ is reduced. Eventually, the energy
of the atomic radiation field is stored for such
a long time that reabsorption becomes possi-
ble. Perturbative Weisskopf–Wigner theory is
no longer valid in this good cavity limit, which
is separated from the regime of bad cavities by
the more formal condition

Γcav
eg > κµ . (79.25)

The strong coupling case is considered explicitly
in Sect. 79.3.

Antenna Patterns Since the reflected radia-
tion field of an atomic radiator is perfectly coher-
ent with the source field, the combined radiation
pattern modifies the usual dipole distribution of
a radiating atom. The new radiation pattern can
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Figure 79.5: (a) Normalized rate of modified
spontaneous emission in the vicinity of a per-
fectly reflecting wall for σ and π orientation of
the radiating dipole. (b) Corresponding energy
shift of the resonance frequency. Shaded area
indicates contribution of static van der Waals
interaction

be understood in terms of antenna arrays [16].
For a single atomic dipole in front of a reflect-
ing mirror for example, one finds a quadrupole
type pattern due to the superposition of a sec-
ond, coherent image antenna. In some of the
earliest experimental investigations on radiating
molecules in cavities, modifications of the radi-
ation pattern were observed [17].

79.2.4 Radiative Shifts and Forces

When the radiation field of an atom is reflected
back onto its source, an energy or radiative shift
is caused by the corresponding self polarization
energy. An atom in the vicinity of a plane mirror
(Fig. 79.5) again makes a simple model system.
Since the energy shift depends on the atom wall
separation z, it is equivalent to a dipole force
F dip whose details depend on the role of retarda-
tion. Here we distinguish between the two cases
where no radiation energy is exchanged between
the atom and the field (van der Waals, Casimir
forces) and where the atomic radiation causes
forces by self-interference.

The Unretarded Limit: van der Waals
Forces When the radiative round trip time
tr = 2z/c is short compared with the character-
istic atomic revolution period 2π/ωeg, retarda-
tion is not important. In this quasistatic limit,
van der Waals energy shifts for decaying atomic
dipoles vary as z−3 with the atom–wall separa-
tion. Such a shift is also present for a nonra-
diating atom in its ground state. In perturba-
tion theory, the van der Waals energy shift of an
atomic level |a〉 is

∆vdW = −〈a|q
2
[
(d2 · x̂t)

2 + 2(d2 · ẑ)2
]
|a〉

64πε0z3
.

(79.26)

Since the van der Waals force is anisotropic for
electronic components parallel (ẑ) and perpen-
dicular (x̂t) to the mirror normal, the degener-
acy of magnetic sublevels in an atom is lifted
near a surface. The total energy shift is ≈ 1 kHz
for a ground state atom at 1µm separation, and
very difficult to detect. However, the energy
shifts grow as n4 since the transition dipole mo-
ment scales as n2. With Rydberg atoms, van
der Waals energy shifts have been successfully
observed in spectroscopic experiments [18].

The Retarded Limit: Casimir Forces At
large separation, retardation becomes relevant,
since the contributions of individual atomic os-
cilllation frequencies in (79.26) cancel by de-
phasing, thus reducing the ∆vdW. A residual
Casimir–Polder [19] shift may be interpreted as
the polarization energy of a slowly fluctuating
field with squared amplitude

〈
E2
〉

= 3~c/64ε0z
4

originating from the vacuum field noise

∆CP = − 1

4πε0

3~cαst

8πz4
, (79.27)

where αst is the static electric polarizability.
The vacuum field noise ∆CP replaces ∆vdW at
distances larger than characteristic wavelengths,
and is even smaller. Only indirect observations
have been possible to date, relying on a deflec-
tion of polarizable atoms by this force [20, 21].



8 CHAPTER 79. ENTANGLED ATOMS AND FIELDS: CAVITY QED

The Casimir–Polder force can also be regarded
as an ultimate, cavity induced consequence of
the mechanical action of light on atoms [22]. It
is an example of the conservative and disper-
sive dipole force which is even capable of binding
a polarizable atom to a cavity [23].

Radiative Self-Interference Forces Spon-
taneous emission of atoms in the vicinity of a re-
flecting wall also provides an example of cavity
induced modification of the dissipative type of
light forces, or radiation pressure. If the return-
ing field is reabsorbed, the spontaneous emission
rate is reduced and a recoil force directed away
from the mirror is exerted. If the returning ra-
diation field causes enhanced decay, a recoil to-
wards the mirror occurs due to stimulated emis-
sion.

If the photon is detected at some angle with
respect to the normal vector connecting the
atom with the mirror surface, two paths for the
photon are possible: It can reach a detector di-
rectly, or following a reflection off the wall. At
small atom–mirror separation these paths are in-
distinguishable, the atom is thus left in a super-
position of two recoil momentum states.

79.2.5 Experiments on Weak Cou-
pling

Perhaps the most dramatic experiment in weak
coupling cavity QED is the total suppression
of spontaneous emission. For the experiments
which have been carried out with Rydberg atoms
and for a low-lying near infrared atomic transi-
tion [12, 13], it is essential to prepare atoms in
a single decay channel. In addition, the atoms
must be oriented in such a way that they are only
coupled to a single decay mode (see the model
waveguide in Fig. 79.4). This may be interpreted
as an anisotropy of the electromagnetic vacuum,
or as a specific antenna pattern.

An important problem in detecting the modi-
fication of radiative properties – changes in emis-
sion rates as well as radiative shifts – arises

from their inhomogeneity due to the dependence
on atom–wall separation. This difficulty has
been overcome by controlling the atom–wall sep-
aration at microscopic distances through light
forces [18], or by using well localized trapped
ions [14, 15]. Furthermore, spectroscopic tech-
niques that are only sensitive to a thin layer of
surface atoms [24] have been used to clearly de-
tect van der Waals shifts.

An atom emitting a radiation field in the
vicinity of a reflecting wall will experience an
additional dipole optical force caused by its ra-
diation field. This force has been observed as
a modification of the trapping force holding an
ion at a fixed position with respect to the reflec-
tor [25].

Conceptually most attractive and experimen-
tally most difficult to detect is the elusive
Casimir interaction. Only for atomic ground
states is this effect observable, free from other
much larger shifts. The influence of the corre-
sponding Casimir force on atomic motion has
been observed in a variant of a scattering exper-
iment, confirming the existence of this force in
neutral atoms [20, 21].

The success of this experiment shows that
spectroscopic techniques involving the exchange
of photons are not suitable for the Casimir prob-
lem. A notable exception could be Raman spec-
troscopy of the magnetic substructure in the
vicinity of a surface. In general, scattering
or atomic interferometry experiments are more
promising methods. The experiment by Brune
et al. [26] may be interpreted in this way.

79.2.6 Cavity QED and Di-
electrics

There are two variants of dielectric materials
employed to study light-matter interaction in
confined space: Conventional materials such as
glass or sapphire, and artificial materials called
photonic materials or metamaterials.

While dielectric materials are theoretically
more difficult to treat than perfect mirrors,
since the radiation at least partially enters the
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medium, they have a similar influence on radia-
tive decay processes. One new aspect is, how-
ever, the coupling of atomic excitations to exci-
tations of the medium, which was observed for
the case of a surface-polariton in [27].

Cavities with dimensions comparable to the
wavelength promise the most dramatic modifi-
cation of radiative atomic properties, but mi-
crometer sized cavities for optical frequencies
with highly reflecting walls are difficult to man-
ufacture. So-called whispering gallery modes of
spherical microcavities [28] have been intensely
studied, but no simple way of coupling atoms to
these resonator modes has been found yet.

On the other hand, dielectric materials with
a periodic modulation of the index of refraction
may exhibit photonic bandgaps in analogy with
electronic bandgaps in periodic crystals [29, 30].
Electronic phenomena of solid state physics can
then be transferred to photons. For example,
excited states of a crystal dopant or a quantum
dot cannot radiate into a photonic bandgap, the
radiation field cannot propagate, and the exci-
tation energy remains localized. The bandgap
behaves like an empty resonator, and if a res-
onator structure is integrated into the device,
the regime of strong coupling [31, 32] can be
achieved with such photonic structures. An
overview of suitable systems can be found in [33].

79.3 Strong Coupling in
Cavity QED

Strong coupling of atoms and fields is realized
in a good cavity when Γµ < Γeg (79.25). The
Hilbert space of the combined system is then
the product space of a single two-level atom and
the countable set of Fock-states of the field,

H = Hatom ⊗Hfield , (79.28)

which is spanned by the states

|n; a〉 = |n〉|a〉 . (79.29)

le, 1>, lg, 2>

l+, 1>

l–, 1>

le, 0>, lg, 1>
l–, 0>

l+, 0>

Figure 79.6: Level diagram for the combined
states of noninteracting atoms and fields (a)
which are degenerate at resonance. Degeneracy
is lifted by strong coupling of atoms and fields
(b) yielding new dressed eigenstates

The interaction of a single cavity mode with an
isolated atomic resonance is now characterized
by the Rabi nutation frequency, which gives the
exchange frequency of the energy between atom
and field. For an amplitude E corresponding to
n photons,

Ω(n) = gµ
√
n+ 1 . (79.30)

This is the simplest possible situation of
a strongly coupled atom–field system. The new
energy eigenvectors are conveniently expressed
in the dressed atom model [34]:

|+, n〉 = cos θ|g, n+ 1〉+ sin θ|e, n〉 ,
|−, n〉 = − sin θ|g, n+ 1〉+ cos θ|e, n〉 , (79.31)

with tan 2θ = 2gµ
√
n+ 1/(ω0 − ωµ). The sep-

arate energy structures of free atom and empty
resonator are now replaced by the combined sys-
tem of Fig. 79.6. At resonance, the new eigen-
states are separated by 2~ΩR, where ΩR = gµ is
the vacuum Rabi frequency.
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79.3.1 The Jaynes-Cummings
Model

In a microscopic laser, simple atoms are strongly
coupled to a single mode of a resonant or near
resonant radiation field. Collecting atomic and
field operators from (79.2), (79.10), and (79.14),
this situation is described by the Jaynes–
Cummings model Hamiltonian (79.15) [40, 41]

HJC = Hatom +Hfield +HRWA

=
1

2
~ω0σz + ~ωµa†µaµ

+ ~
(
gµσ+aµ + g∗µa

†
µσ−

)
.

(79.32)

The JC model (79.32) represents the most ba-
sic and, at the same time, the most informative
model of strong coupling in quantum optics. It
consists of a single two-level atom interacting
with a single mode of the quantized cavity field.
The time evolution of the system is determined
by

i~
∂ψ

∂t
= Hψ . (79.33)

This model can be solved exactly due to the ex-
istence of the additional constant of motion

N = a†a+ σz + 1 , (79.34)

i. e., conservation of the number of excitations.
Its eigenvalues are the integers N which are
twofold degenerate except for N = 0. The si-
multaneous eigenstates of H and N are the pairs
of dressed states defined in (79.31) which are not
degenerate with respect to the energy H. The
initial state problem corresponding to (79.33) is
solved by elementary methods in terms of the
expansion

|Ψ(t)〉 =

∞∑
n=0

2∑
j=1

Cjn(t)|n, j〉 , (79.35)

where the expansion coefficients are

C1
n(t) =

(
C1
n(0)

{
cos[Ω(n)t]− i

δ

2Ω(n)
sin[Ω(n)t]

}
− i

√
ngµ

Ω(n)
C2
n−1(0) sin[Ω(n)t]

)
× exp

[
−iωµ

(
n− 1

2

)
t

]
(79.36)

and

C2
n(t) =

(
C2
n(0)

{
cos[Ω(n+ 1)t]

+ i
δ

2Ω(n+ 1)
sin[Ω(n+ 1)t]

}

− i
gµ
√
n+ 1

Ω(n+ 1)
C1
n+1(0) sin[Ω(n+ 1)t]

)

× exp

[
−iωµ

(
n+

1

2

)
t

]
,

(79.37)

with δ = ωµ − ω0 the detuning between the
atom and cavity and Ω(n) = 1

2 (δ2 + 4g2
µn)1/2 is

the generalized Rabi frequency. The coefficients
Cjn(0) are determined by the initial preparation
of atom and cavity mode. The result simplifies
considerably for δ = 0 to

|Ψ(t)〉 =

∞∑
m=0

{
C1
m(0)e−iωµ(m−1/2)t

×
[

cos
(
gµ
√
mt
)
|m; 1〉

− i sin
(
gµ
√
mt
)
|m− 1; 2〉

]
+ C2

m(0)e−iωmu(m+1/2)t

×
[

cos
(
gµ
√
m+ 1 t

)
|m; 2〉

− i sin
(
gµ
√
m+ 1t

)
|m+ 1; 1〉

]}
.

(79.38)

The coefficients Cjn(0) represent any initial state
of the system, from uncorrelated product states
to entangled states of atom and field. There ex-
ist numerous generalizations of this model which
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include more atomic levels and several coherent
fields.

79.3.2 Fock States, Coherent
States and Thermal States

We now illustrate the properties of the Jaynes–
Cummings model by specifying the initial state.
Assume that the atom and field are brought into
contact at time t = 0 and that all correlations
that might exist due to previous interactions are
suppressed.

Rabi Oscillations If the atom is initially in
the excited state and the field contains precisely
m quanta, then

Cjn(t = 0) = δn,mδj,2 . (79.39)

The solution of (79.33) assumes the form

|Ψ(t)〉 = e−iωµ(m+1/2)t
[

cos
(
gµ
√
m+ 1 t

)
|m; 2〉

− i sin
(
gµ
√
m+ 1 t

)
|m+ 1; 1〉

]
.

(79.40)

The occupation probabilities of the atomic
states evolve in time according to

n2(t) = 〈Ψ(t)|2〉〈2|Ψ(t)〉 = cos2
(
gµ
√
m+ 1 t

)
,

(79.41)

n1(t) = 〈Ψ(t)|1〉〈1|Ψ(t)〉 = sin2
(
gµ
√
m+ 1 t

)
.

(79.42)

The photon number and its variance are

〈n(t)〉 =
〈
Ψ(t)a†aΨ(t)

〉
= m+ sin2

(
gµ
√
m+ 1 t

)
,

(79.43)

〈∆2n〉 =
〈
Ψ(t)

(
a†a−

〈
a†a
〉)2

Ψ(t)
〉

=
sin2

(
2gµ
√
m+ 1 t

)
4

.
(79.44)

In the limit of largem, gµ
√
m+ 1 is proportional

to the field amplitude and the classical Rabi os-
cillations in a resonant field are recovered. The

nonclassical features of the states are character-
ized by Mandel’s parameter

QM =

〈
∆2n

〉
− 〈n〉

〈n〉 ≥ −1 . (79.45)

For the present example,

QM = −1 +
1

4

sin2
(
2gµ
√
m+ 1 t

)
m+ sin2

(
gµ
√
m+ 1 t

) . (79.46)

QM ≥ 0 indicates the classical regime, whileQ ≤
0 can only be reached by a quantum process.

The Coherent State Consider the case
where the field is initially prepared in a coherent
state

|α〉 = exp
(
αa† − α∗a

)
|0〉 = e−|α|

2/2
∞∑
n=0

αn√
n!
|n〉 ,

(79.47)

while the atom starts from the excited state

Cjn(0) = e−|α|
2/2 |α|n√

n!
δj,2 . (79.48)

In this case, the general solution specializes to

|Ψ(t)〉 =

∞∑
n=0

αn√
n!

e−iω(n+1/2)t e−|α|
2/2

×
[

cos
(
gµ
√
n+ 1 t

)
|n; 2〉

− i sin
(
gµ
√
n+ 1 t

)
|n+ 1; 1〉

]
,

(79.49)

and the occupation probability of the excited
state is

n2(t) =
1

2

[
1 +

∞∑
n=0

|α|2n
n!

e−|α|
2

cos
(
2gµ
√
n+ 1 t

)]
.

(79.50)

From here, detailed quantitative results can only
be obtained by numerical methods [42]. How-
ever, if the coherent state contains a large num-
ber of photons |α|2 � 1, the essential dynamics
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can be determined by elementary methods. Ini-
tially, the population oscillates with the Rabi
frequency Ω1 ≈ gµ|α|, which is proportional to
the average amplitude of the field, as expected
from its classical counterpart. With increasing
time, the coherent oscillations tend to cancel due
to the destructive interference of the different
Rabi frequencies in the sum:

n2(t) =
1

2

[
1 + cos(2gµ |α| t)e−(gt)2/2

]
.

(79.51)

However, strictly aperiodic relaxation of n2(t) is
impossible since the exact expressions, (79.35)
and (79.36), represent a quasiperiodic function
which, given enough time, approaches its initial
value with arbitrary accuracy.

For short times, the oscillating terms in the
sum cancel each other due to the slow evolution
of their frequency with n. However, consecutive
terms interfere constructively for larger times tr,
such that the phases satisfy

φn+1(tr)− φn(tr) = 2π . (79.52)

For |α|2 � 1, the increment of the arguments is

φn+1 − φn = gµtr/|α| , (79.53)

and therefore the first revival of the Rabi oscil-
lations occurs approximately at tr = π|α|/gµ.
A clear distinction of Rabi oscillation, collapses,
and revivals requires a clear separation of the
three time scales

t1 � t2 � t3 , (79.54)

where t1 ≈ (gµ|α|)−1 for Rabi oscillation, t2 ≈
g−1
µ for collapse, and t3 ≈ |α|/gµ for revival.
The discovery of collapse and revival of Rabi

oscillations is one of the key demonstration of
photons [42, 43, 44]. The typical features of
the transient evolution starting from a coherent
state are shown in Fig. 79.7. With time increas-
ing even further, revivals of higher order occur
which spread in time, and finally can no longer
be separated order by order. It is also proposed

1

1.75

0.5

0.25

0
0 20 40 60

gt

Population n2(t), Æ = 4

Figure 79.7: Rabi oscillations, dephasing, and
quantum revival

that by carefully manipulating the initial states
and atom-light coupling during evolution, arbi-
trary Fock states can be created with prechosen
evolution time [45].

The Thermal State Consider a microwave
resonator brought into thermal contact with
a reservoir, inducing loss on a time scale κ−1 and
thermal excitation. The dissipative time evolu-
tion is described by the master equation

ρ̇ = (L0 + L)ρ

≡ i[H, ρ]/~ + κ(nth + 1)
{[
a, ρa†

]
+
[
aρ, a†

]}
+ κnth

{[
a†, ρa

]
+
[
a†ρ, a

]}
,

(79.55)

where nth = [exp(β~ω)− 1]−1, at T = kBβ
−1, is

the equilibrium population of the cavity mode,
L0 symbolizes the unitary evolution according to
the Jaynes–Cummings dynamics and L is a dis-
sipation term.

The solution of this model can be expressed
in terms of an eigenoperator expansion of the
equation

Lρ = −λρ . (79.56)

The eigenvalues λ that determine the relaxation
rates, as well as the eigenoperators, are known
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in closed form for the case of vanishing temper-
ature [46]. Since energy is exchanged between
the nondecaying atom and the decaying cavity
mode, cavity damping is modified in a character-
istic way due to the presence of the atom. The
technical details can be found in [47].

79.3.3 Vacuum Splitting

In the classical case, the eigenvalues of the inter-
action free Hamiltonian are degenerate at res-
onance. The atom–field interaction splits the
eigenvalues and determines the Rabi frequency
of oscillation between the two states. One conse-
quence is the existence of side bands in the res-
onance fluorescence spectrum [48]. In the quan-
tum case, the field itself is treated as a quan-
tized dynamical variable determined from a self-
consistent solution for the complete system of
atom plus field. The vacuum Rabi frequency
Ωvac = gµ remains finite, and accounts for the
spontaneous emission of radiation from an ex-
cited atom placed in a vacuum. In the limit-
ing case of a single atom interacting with the
quantized field, the photon number n can only
change by ±1, and the population oscillates with
the frequency Ω(n) given by (79.30). For an en-
semble of N atoms, n can in principle change
by up to ±N . However, if the field and atoms
are only weakly excited, the collective frequency
of the ensemble is determined by the linearized
Maxwell–Bloch equations. The eigenfrequencies
are given by

λ± =
1

2

[
i(γ⊥ + κ)±

√
4g2
µN − (γ⊥ − κ)2

]
,

(79.57)

where γ−1
⊥ is the phase relaxation time of the

atom and κ−1 the decay time of the resonator.
This is the polariton dispersion relation in the
neighborhood of the polariton gap. The spectral
transmission

T (ω) = T0

∣∣∣∣ κ[γ + i(ω0 − ω)]

(ω − λ+)(ω − λ−)

∣∣∣∣2 (79.58)

of an optical cavity containing a resonant atomic
ensemble ofN atoms reveals the internal dynam-
ics of the coupled system and a splitting of the
resonance line occurs. T0 is the peak transmis-
sion of the empty cavity. The splitting increases
either with the number of photons, approach-
ing
√
n+ 1 in the presence of a single atom, or

with the number of atoms, approaching
√
N in

the resonator when the field is weak. The latter
case is demonstrated in Fig. 79.8 [35] for an opti-
cal resonator with 1 – 10 atoms interacting with
a field that contains, on average, much less than
a single photon.

79.3.4 Strong Coupling in Experi-
ments

In order to achieve strong coupling experimen-
tally, it is necessary to use a high-Q resonator
in combination with a small effective mode vol-
ume. This condition was first realized for ground
modes of a closed microwave cavity [8], and
later also for open cavity optical resonators
(Fig. 79.6) [35]. It is interesting to control the
interaction time of the atoms with the cavity
field. In earlier experiments, this was typically
achieved by selecting the passage time for an
atom transiting the cavity. The advancement
of atom trapping methods has also led to the
observation of a truly one-atom laser at optical
frequencies [36].

More recently, this situation has also been
realized for artificial atoms including supercon-
ducting systems [37, 38] and quantum dots [31,
32].

Rydberg Atoms and Microwave Cavities
At microwave frequencies, very low loss super-
conducting niobium cavities are available with
Q ≈ 1010. Resonator frequencies are typically
several tens of GHz and can be matched by
atomic dipole transitions between two highly ex-
cited Rydberg states. By selective field ioniza-
tion, the excitation level of Rydberg atoms can
be detected, and hence it is possible to measure
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Figure 79.8: Intracavity photon number (mea-
sured from a transmission experiment, [35]) as
a function of probe frequency detuning, and for
two values of N , the average number of atoms
in the mode. Thin lines give theoretical fits to
the data, including atomic number and position
fluctuations. Curve (ii) in the lower graph is for
a single intracavity atom with optimal coupling
gµ

whether a transition between the levels involved
has occurred. The efficiency of this method ap-
proaches unity, so that experiments can be per-
formed at the single atom level. The interac-
tion or transit time T is usually much shorter
than the lifetime τRy of the Rydberg states in-
volved. For this reason, circular Rydberg states
with quantum numbers l = m = n − 1 are par-
ticularly suitable.

Rydberg atoms [39] are prepared in an atomic

beam, selectively excited to an upper level, and
then sent through a microwave cavity where the
upper and lower levels are coupled by the elec-
tromagnetic field. If the atom is detected in the
lower of the coupled levels as it leaves the res-
onator, the excitation energy has been stored in
the resonator field. Thus the evolution of the
resonator field is recorded as a function of the
atomic interaction.

A microwave cavity in interaction with a sin-
gle or a few Rydberg atoms is called a micro-
maser (formerly a one atom maser) [8]. The ex-
perimental conditions may be summarized as

gµ > 1/T > 1/τRy > κµ . (79.59)

Strong Coupling in Open Optical Cavities
At optical wavelengths, a cavity with small Veff

in (79.24) is clearly more difficult to construct
than at centimeter wavelengths. However, di-
electric coatings are now available which allow
very low damping rates ωµ/Qµ for optical cav-
ities. Very high finesse F ' 107 (which is
a more convenient measure for the damping rate
of an optical Fabry–Perot interferometer) has
been achieved. By reducing the volume of such
a high-Q cavity mode, strong coupling of atoms
and fields at optical frequencies has been demon-
strated [35].

In open structures, the atoms can still decay
into the continuum states with a rate γ. There-
fore the condition for strong coupling in such
systems is usually given as

g2
µ

κµγ
> 1 . (79.60)

79.4 Micromasers

Sustained oscillations of a cavity mode in a mi-
crowave resonator can be achieved by a weak
beam of Rydberg atoms excited to the upper
level of a resonant transition. For a cavity with
a Q ≈ 1010, much less than a single atom at
a time, on average, suffices to balance the cavity
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losses. Operation of a single atom maser has
been demonstrated [8]. The atoms enter the
cavity at random times, according to the Pois-
son statistics of a thermal beam, and interact
with the field only for a limited time. In order
to restrict the fluctuations of the atomic tran-
sit time, the velocity spread is reduced. This is
achieved either by Fizeau chopping techniques,
or by making use of Doppler velocity selection in
the initial laser excitation process. Since most
of the time no atom is present, it is natural to
separate the dynamics into two parts [49]:

1. For the short time while an atom is present,
the state evolves according to the Jaynes–
Cummings dynamics, where H is defined in
(79.32),

ρ̇(t) = i[H, ρ]/~ , (79.61)

and damping can safely be neglected. The
formal solution is abbreviated by ρ(t) =
F (t− t0)ρ(t0).

2. During the time interval between succes-
sive atoms, the cavity field relaxes freely to-
ward the thermal equilibrium according to
(79.55) with L0 = 0:

ρ̇(t) = Lρ , (79.62)

with the formal solution ρ(t) = exp[L(t −
t0)]ρ(t0).

The time development of the micromaser there-
fore consists of an alternating sequence of
unitary F (t) and dissipative e(Lt) evolutions.
Atoms enter the cavity one by one at random
times ti. Until the next atom enters at time
ti+1, the evolution ti is given by

ρ(ti+1) = exp(Ltp)F (τ)ρ(ti) , (79.63)

where tp = ti+1−ti−τ , and τ is the transit time.
If τ � ti+1 − ti on average, then tp ≈ ti+1 − ti.
After averaging (79.63) over the Poisson distri-
bution P (t) = R exp(−Rtp) for tp, where R is

the injection rate, the mean propagator from
atom to atom is

〈ρ(ti+1)〉 =
R

R− LF (τ)〈ρ(ti)〉 . (79.64)

After excitation, the reduced density matrix of
the field alone becomes diagonal after several re-
laxation times κ−1:

〈n|Tratom(ρ)|m〉 = Pnδn,m . (79.65)

Due to the continuous injection of atoms, the
field never becomes time independent, but may
relax toward a stroboscopic state defined by

〈ρ(ti+1)〉 = 〈ρ(ti)〉 . (79.66)

The state of the cavity field can be determined
in closed form by iteration:

Pn = N

n∏
k=1

nthκ+Ak
(nth + 1)κ

, (79.67)

where N guarantees normalization of the trace
and Ak = (R/n) sin2(gµτ

√
n), and exact res-

onance between cavity mode and atom is as-
sumed. Since all off-diagonal elements vanish
in steady state, (79.67) provides a complete de-
scription for the photon statistics of the field.

79.4.1 Maser Threshold

The steady state distribution determines the
mean photon number of the resonator as a func-
tion of the operating conditions:

〈n〉 =

∞∑
n=0

nPn . (79.68)

A suitable dimensionless control parameter is

Θ =
1

2
gµτ
√
R/κ . (79.69)

For Θ � 1, the energy input is insufficient to
counterbalance the loss of the cavity, effectively
resulting in a negligible photon number. With
increasing pump rate R, a threshold is reached
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Figure 79.9: Average photon number as a func-
tion of the normalized transit time defined
by (79.69)

at Θ ' 1, where 〈n〉 increases rapidly with R. In
contrast to the behavior of the usual laser, the
single atom maser displays multiple thresholds
with a sequence of minima and maxima of 〈n〉
as a function of Θ [50]. This can be related to
the rotation of the atomic Bloch vector. When
the atom undergoes a rotation of about π during
the transit time τ , a maximum of energy is trans-
ferred to the cavity and 〈n〉 is maximized. The
converse applies if the average rotation is a mul-
tiple of 2π. This behavior is shown in Fig. 79.9.
The minima in 〈n〉 are at Θ ' 2nπ.

79.4.2 Nonclassical Features of
the Field

Fluctuations can be of classical or of quantum
origin. The variance of the photon number

σ2 =
(
〈n2〉 − 〈n〉2

)
(79.70)

is a measure of the randomness of the field in-
tensity. Classical Poisson statistics require that
σ2 ≥ 〈n〉. A value below unity indicates quan-
tum behavior, which has no classical analog. In
Fig. 79.10, the variance is plotted as a function
of Θ. Regions of enhanced fluctuations σ2 > 〈n〉

4
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Variance of photon number distribution

Normalized transittime £
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Figure 79.10: Variance normalized on the aver-
age photon number σ2<n>/〈σ〉. Values below
unity indicate regions of nonclassical behavior

alternate with regions with sub-Poissonian char-
acter σ2 < 〈n〉 [51]. When 〈n〉 approaches a lo-
cal maximum it is accompanied by large fluctua-
tions, while at points of minimum field strength
the fluctuations are reduced below the classical
limit. This feature is repeated with a period of
Θ ' 2π, but finally washes out at large values
of Θ.

The large variance of n is caused by a splitting
of the photon distribution Pn into two peaks,
which gives rise to bistability in the transient
response [52]. The sub-Poissonian behavior of
the field is reflected in an increased regularity of
the atoms leaving the cavity in the ground state.

79.4.3 Trapping States

If cavity losses are neglected, operating condi-
tions exist which lead directly to nonclassical,
i. e., Fock states. If the cavity contains precisely
nq photons, an atom that enters the resonator
in the excited state leaves it again in the same
state provided the condition [53]

gµτ
√
nq + 1 = 2qπ (79.71)

is satisfied, i. e., the Bloch vector of the atom
undergoes q complete rotations. Such a photon
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Fock state |nq〉 is referred as trapping state in
the literature of maser. Note that the same term
is also used in other contexts with very different
definitions. If the maser happens to reach a trap-
ping state |nq〉, the photon number nq can no
longer increase irrespective of the flux of pump
atoms. With the inclusion of cavity damping at
zero temperature, nq still represents an upper
barrier that cannot be overcome, since damp-
ing only causes downward transitions. Even in
the presence of dissipation, generalized trapping
states exist with a photon distribution that van-
ishes for n > nq and has a tail towards smaller
photon numbers n ≤ nq. However, thermal
fluctuations at finite temperatures destabilize
the trapping states since they can momentar-
ily increase the photon number and allow the
distribution to jump over the barrier n = nq.
Nevertheless, even for nth < 10−7, remnants
of the trapping behavior persist, and can be
seen in the transient response of the micromaser
(Sect. 79.4.4).

79.4.4 Atom Counting Statistics

Direct measurements of the field in a single atom
maser resonator are not possible because de-
tector absorption would drastically degrade its
quality. However, the field can be deduced from
the statistical signature of the atoms leaving the
resonator.

The probability P (n) of finding n atoms in
a beam during an observation interval t is given
by the classical Poisson distribution

P (n) = (Rt)n e−Rt/n! . (79.72)

Information on the field inside is then
revealed by the conditional probability
W (n, |g〉,m, |e〉, T ) of finding n atoms in
the ground state and m atoms in the excited
state during a time t. Since there are only
two states, it is sufficient to determine the
probability

W (n, |g〉, t) =

∞∑
m=0

W (n, |g〉,m, |e〉, t) (79.73)

for being in the ground state [54]. For n = 0, the
probability of observing no atom in the ground
state during the period t is

W (0, |g〉, t) = Tr(ρstst) exp{L+R[O|g〉

+ (1− η)O|e〉 − 1]t} ,
(79.74)

where O|j〉 = 〈j|F (τ)|j〉 (79.61) and ρstst is the
steady state of the maser field. This probabil-
ity is closely related to the waiting time statistic
P2(0, |g〉, t) between two successive ground state
atoms, a property which is easily determined in
a start-stop experiment. For an atom detector
with finite quantum efficiency η for state selec-
tive detection, the waiting time probability is

P2(0, |g〉, t)
=
{

Tr(ρstst)O|g〉

× exp[L+R[O|g〉 + (1− η)O|e〉 − 1]T ]O|g〉
}/[

Tr(ρstst)O|g〉
]2
.

(79.75)

How a specific field state is reflected in the atom
counting statistics will be illustrated for two sit-
uations: the region of sub-Poisson statistics and
the region where the trapping condition is sat-
isfied. Increased regularity of the cavity field
QM ≤ 0 manifests itself in increased regular-
ity of ground state atoms in the beam. The
statistical behavior exhibits anti-bunching, i. e.,
P2(0, |g〉, t) has a maximum at finite t, indicating
repulsion between successive atoms in compari-
son with a Poissonian beam. If the transit time
τ is chosen in such a way that gτ ' 2π, the
chance of observing an initially excited atom in
the ground state is negligible. At some point,
however, an unlikely thermal fluctuation occurs,
adding a photon. The rotation angle of the
Bloch vector suddenly increases to 2π

√
2 ' 3π,

and the atoms tend to leave the cavity in the
ground state. After a typical cavity lifetime,
the field decays and the trapping condition is
restored again. Under this operation condition,
the statistics of ground state atoms is governed
by two time constants:
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Figure 79.11: Waiting time probability for
atoms in the ground state while cavity is op-
erated at vacuum trapping-state condition

1. a short interval, in which successive atoms
leave the cavity in the ground state after
a thermal fluctuation;

2. a long time interval, in which the trapping
condition is maintained and all atoms leave
the resonator in their excited state until the
next fluctuation occurs.

The probability P2(0, |g〉, t) is plotted in
Fig. 79.11. The plot clearly shows the two time
regimes that govern the imperfect trapping sit-
uation.

79.5 Cavity Cooling

In previous sections, we present some important
aspects of cavity QED by examining the effect of
coupling between a single cavity photon and the
atomic (pseudo-)spin degree of freedom. How-
ever, an experimental realization and a perfect
control of such coupling requires very cold atoms
trapped at a specific position. Thus, the exter-
nal degree of freedom associated with the kinetic
motion of atoms needs to be taken into account
to achieve a complete description of the sys-
tem. As an example, the cavity modes can exert
light forces on moving atoms, and induce signif-

icant effect in transmission spectroscopy mea-
surement [55, 56, 57].

Another important example, and one of the
most promising applications of the cavity QED
dynamics involving atomic motion is the real-
ization of cavity cooling, i.e., the dissipation of
kinetic energy through the cavity photon loss
channel in a controlled manner. The realization
of cavity cooling has been proved to be an es-
sential step for the experimental achievement of
strongly coupled cavity QED systems with suffi-
ciently long interaction times and precise control
of atomic motion. In the weak coupling regime,
the atom can be cooled by coupling with cav-
ity photons if the pumping is red detuned with
ωp − ωC < 0, in which case the average fre-
quency of emitted photons is higher than that of
the pumping laser due to the increase of mode
density around the cavity frequency. The en-
ergy hence has to be compensated by the loss
in kinetic energy of the atomic center-of-mass
(CoM) motion. In the strong-coupling regime,
however, the atom-light scattering process be-
comes complicated with the non-negligible pho-
ton reabsorption. For a high-finesse FP cavity,
the dynamic cavity cooling effect in this case
can be interpreted in the frequency domain with
a Sisyphus-type mechanism using the dressed-
state picture [58]. For the case of a ring cavity,
the intuitive photon scattering picture can still
be used but with a full velocity dependence of
the radiation pressure [59].

79.5.1 Master Equation

As a simplest example, we consider a system of
a single two-level atom trapped in a single mode
optical cavity, which is driven by a monochro-
matic pumping laser. Under the dipole approx-
imation and the RWA, the Hamiltonian of the
system can be written as

H = HGJC +HCoM +Hpump . (79.76)
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The generalized Jaynes-Cummings (GJC) term
is similar to the JC model in Eq. (79.15)

HGJC =
1

2
~ω0(r)σz + ~ωCa†a

+ ~
[
gf(r)σ+a+ g∗f∗(r)a†σ−

]
,

(79.77)

where the atomic frequency ω0(r) acquires ex-
plicit dependence on the CoM coordinate r of
the atom owing to a differential AC-stark shift
induced by a far-detuned external trapping po-
tential exerted on the atom. Besides, the atom-
photon coupling strength is spatially modulated
with a function f(r) according to the electric
field strength of cavity mode. For a standing-
wave mode in an FP cavity, the coupling mod-
ulates in magnitude with f(r) = cos(kx), while
for a propagating-wave mode in a ring cavity, the
coupling modulates in phase with f(r) = eiπkx.
In the both cases, the intracavity mode is as-
sumed without loss of generality to be along the
x direction. The motion of the atomic CoM de-
gree of freedom is described by the term

HCoM =
p2

2m
+ Vtrap(r) , (79.78)

where m is the mass of the atom and Vtrap(r)
denotes the trapping potential. If pumped by
a driving laser at frequency ωp, the pumping
Hamiltonian takes the form

Hpump = i~η(a† − a)e−iωpt

+ i~Ωp(r)e−iωpt(σ+ − σ−) ,
(79.79)

where the first term describes a pumping laser
applied along the cavity direction to couple the
cavity mode with amplitude η, and the second
corresponds to a driving directly on the atomic
spin degree of freedom at a position-dependent
Rabi frequency Ωp(r).

The dynamics of the system can be described
by the density operator ρ, which satisfies the
master equation

dρ

dt
= − i

~
[H, ρ] + Lcavρ+ Latomρ , (79.80)

where the Liouville operators are introduced to
describe the dissipation of cavity photons and
atoms. If the environment is Markovian, this
photon decay can be approximated by

Lcavρ = −κ
(
a†aρ+ ρa†a− 2aρa†

)
(79.81)

with κ the cavity decay rate. Another decay
channel of the system is the spontaneous decay
of atom from the excited to the ground state,
accompanied by the emission of a photon into
the environment. This process takes the form

Latomρ = −γ[σ+σ−ρ+ ρσ+σ−

− 2

∫
d2r̂⊥h(r̂⊥)σ−e

−ik0r⊥ρeik0r⊥σ+] ,

(79.82)

where γ is the spontaneous decay rate, r̂⊥ is the
directional unit vector in the transversal plane,
r⊥ = r · r̂⊥ is the projection, and k0 = ω0/c is
the recoil wave vector of the atom. The function
h(r̂⊥) is present to describe the directional dis-
tribution of spontaneous decay of specific atomic
transition.

In general, it is not possible to solve the mas-
ter equation (79.80) analytically even for a sin-
gle atom. If the population of the atomic excited
state is negligible, one can significantly simplify
the Hamiltonian Eq. (79.76) by adiabatically
eliminating the atomic excited state. This ap-
proximation is valid provided that the atomic
transition between the two internal spin states
is far detuned from the pumping laser, or has a
large spontaneous decay rate. In either case, the
atomic operator can be approximated as

σ− ≈
gf(r)a+ Ωp(r)

−i(ωp − ω0) + γ
. (79.83)

By substituting the expressions of σ− and σ+ =
σ†− back into the Hamiltonian Eq. (79.76), we
obtain an effective Hamiltonian in which the
CoM motion of the atom is coupled to the cavity
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mode

Heff =
p2

2m
+ Vtrap(r)

− ~
[
(ωp − ωC)− U0|f(r)|2

]
a†a

+ ~ηeff(r)
[
f∗(r)a† + f(r)a

]
,

(79.84)

where the position-dependent effective pumping
strength is given by

ηeff(r) =
(ωp − ω0)gΩp(r)

(ωp − ω0)2 + γ2
. (79.85)

In this effective model, one can see clearly that
the cavity photons provide a trapping potential
~U0|f(r)|2a†a to the atomic CoM motion with

U0 =
g2(ωp − ω0)

(ωp − ω0)2 + γ2
. (79.86)

The gradient of this effective potential acts as a
force exerted on the atom. This force acquires
an explicit dependence on the amplitude of the
cavity mode, which depends not only on the mo-
mentary position of the atom but has a mem-
ory effect owing to the finite decay rate κ. The
force hence becomes velocity-dependent, which,
in a semiclassical theory of atomic motion, leads
to an effective viscous friction that can cool the
atom.

79.5.2 Cavity Cooling Experi-
ments

Cavity cooling of single atoms was first demon-
strated with 85Rb atoms trapped in an FP cav-
ity [60]. In this experiment, the trapping field
was red detuned with respect to the atom, while
the cooling laser was a blue-detuned probing
field with frequency ωp > ω0. From Eqs. (79.84)
and (79.86), the interaction between the prob-
ing laser and the atom induces to a blueshift of
the cavity frequency by an amount of U0|f(r)|2,
which then leads to an increase of the energy
stored in the cavity field with a cost of kinetic en-
ergy of the atoms. The cooling effect was demon-
strated via the observation of extended storage

times and improved localization of 85Rb atoms
from time-resolved measurement of the cavity
transmission signal. As a result, a cooling rate
of β/m = 21 kHz is achieved, which exceeds the
estimated value of 4 kHz for blue-detuned Sisy-
phus cooling of a two-level atom in free space,
or with the Doppler cooling rate of 1.5 kHz at
equivalent atomic saturation.

With the advanced progresses of free-space
laser cooling and trapping, other achievements
have been obtained in the exploration and ap-
plications of single-atom cavity QED systems.
These include the high-precision measurements
demonstrated the basic cavity QED model
in the optical domain [61, 62], the quantum
anharmonic domain of the Jaynes-Cummings
spectrum [63, 64], the generation of squeezed
light [65], the development of a determinis-
tic single-photon source [66, 67], the realiza-
tion of the long-time sought atom-photon quan-
tum interface [68, 69] and single-atom quan-
tum memory [70], and the realization of electro-
magnetically induced transparency with a single
atom [71].

79.6 Cavity QED for Cold
Atomic Gases

Another new research direction in cavity QED
is about the hybrid system of cold and ultra-
cold atomic ensembles and high-finesse optical
resonators. With the common coupling of atoms
to the cavity field, there exits a long-range inter-
atomic interaction mediated by coherent scatter-
ing of cavity photons, an ingredient which is usu-
ally absent in free-space cold atom experiments.
As a result, this strongly interacting many-body
system can present novel quantum phenomena
with strong correlation. Besides, the coupling
between the cavity mode and the atomic mo-
tion can induce a frequency shift of the cavity
frequency and its backaction on mechanical mo-
tion, which may lead to a self organization of
atoms and an implementation of cavity optome-
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chanics.

79.6.1 Atomic Ensembles in a
Cavity

The interatomic interaction in a cavity is medi-
ated by the cavity mode by its direct coupling to
the atomic electric-dipole moments. However,
the nature is inherently different from the in-
duced dipole-dipole interaction, i.e., the van der
Walls interaction in free-space. In a cavity, the
interaction strength does not decay with the in-
teratomic separation and depends only on the
local coupling of the atoms to the cavity field.
More importantly, the interaction is a global
coupling with the ensemble of atoms collectively
coupling to the cavity field and experiencing the
resulting backaction. Thus, even in cases where
the interaction between a single atom and cavity
mode is not strong enough, the collective inter-
action energy can still be enhanced coherently
within an atomic ensemble. Next, we discuss
the character of the cavity-mediated interatomic
interaction in two different pumping geometries,
namely, pumping the cavity either directly or in-
directly via light scattering off the laser-driven
atoms.

In the case of cavity pumping, the detuning
between the driving laser and the dispersively
shifted cavity resonance depends on the position
of all atoms, which in turn experience the opti-
cal dipole force of the intracavity field. Under
the adiabatic approximation with small atomic
velocities and low saturation, the interaction po-
tential among the ensemble of N atoms takes the
form [73]

V (r1, . . . , rN )

=
~(ωp − ω0)|η|2

(ωp − ω0)κ+ (ωp − ωC)γ

× tan−1 γκ− (ωp − ω0)(ωp − ωC + g2
eff)

(ωp − ω0)κ+ (ωp − ωC)γ
.

(79.87)

The collective coupling strength geff depends on
the spatial distribution of the N atoms. This

cavity-mediated long-range interatomic interac-
tion gives rise to an asymmetric deformation of
the normal-mode splitting, which has been ob-
served experimentally [74].

The situation drastically changes if the system
is atom pumped by a driving laser from a direc-
tion perpendicular to the cavity axis. In this
case, photons are Rayleigh scattered by atoms
into the cavity mode. Photons scattered from
different atoms will interfere either destructively
or constructively depending on the relative po-
sitions of the atoms. Consider as a simple ex-
ample of two atoms trapped in a cavity, if the
two atoms are separated by odd integer multi-
ples of the half-wavelength, the photons scat-
tered into the cavity have the same magnitude
but opposite sign, resulting in destructive inter-
ference and a vanishing cavity field intensity. On
the other hand, if the two atoms are separated
by even integer multiples of the half-wavelength,
the photons scattered off the two atoms interfere
constructively to yield a fourfold enhancement of
the field intensity. This collective enhancement
of scattering photons from multiple atoms is re-
ferred as superradiance [75, 76].

Approximately, in the limit of U0 → 0, the
collective potential of the atomic ensemble reads

V (r1, . . . , rN ) =
~(ωp − ωC)|ηeff |2
(ωp − ωC)2 + κ2

×

 N∑
j=1

cos(kxj) cos(kzj)

2

.

(79.88)

Here, we assume the cavity mode and the pump-
ing laser are both standing waves along the x
and z directions, respectively. Notice that if one
moves along the cavity direction over a wave-
length, the potential varies from its maximal
value to zero, leading to a contrast of unity re-
gardless of the atom-cavity coupling constant g.
This is in clear contrast to the case of cavity
pumping, where the atoms cause only a small
modulation of the cavity intensity as g → 0.
This observation suggests that significant many-
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body effects can be encountered even in the
weak-coupling regime in the atom pumping ge-
ometry.

The long-range interaction between atoms is
the origin of various collective dynamical effects.
As an example, a thermal cloud of cold atoms
interacting with a single mode FP cavity shows a
phase transition upon tuning the atomic pump-
ing power P from a direction perpendicular to
the cavity axis [77, 78]. For pumping power less
than a critical value Pcr, the atoms distribute
uniformly to minimize its kinetic energy. The
light scattered from atoms in different positions
then interfere destructively and the average in-
tensity of the cavity field is zero. When the
pumping power P > Pcr, however, the atoms
arrange themselves to form a checkerboard pat-
tern to compensate the long-range interaction
energy, so that the light interfere constructively
to achieve a macroscopic cavity field.

The self-organization of atoms in a transver-
sally driven FP cavity was first demonstrated in
2003 [79]. In that experiment, a total of N ≈ 107

Cs atoms prepared at a temperature of 6 µK are
pumped by a strong enough red-detuned laser to
achieve collective emission of light into the cav-
ity. As a result, the emission rate exceeds the
free-space single-atom Rayleigh scattering rate
by a factor of up to 103, and the spatial configu-
ration of atoms features a spontaneous symme-
try breaking into either the odd or even sites of a
checkerboard pattern, which is revealed by mea-
suring π jumps in the phase of emitted cavity
field relative to the pumping laser. In a ring-
cavity with two propagating-wave modes, the
self-organization of atoms are also observed with
transverse pumping [80]. However, the system
spontaneously breaks a continuous translational
symmetry rather than a discrete Z2 symmetry
as in the FP cavity.

79.6.2 Bose-Einstein Condensate
in a Cavity

As compared to a thermal cloud of cold atoms,
the system of a Bose-Einstein condensate (BEC)

coupling with an optical cavity is of particular
importance as it corresponds to some conceptu-
ally fundamental models of atoms coupling to
a single mode light field. When the atoms are
Bose condensed into a single motional quantum
state, the number of degrees of freedom required
to describe the system can be substantially re-
duced. Therefore, the experimental platform
can be used to mimic some model Hamiltonians
of matter-light interaction, including the Tavis-
Cummings or the Dicke model, as well as the
generic model for cavity opto-mechanics.

Under the mean-field approximation, which is
valid in the presence of a cavity-mediated global
coupling among all atoms, the condensate wave
function and the cavity field are assumed by
their amplitudes of expectation

Ψ(r, t)→
√
Ncφ(r, t) ,

a(t)→ α(t) ,
(79.89)

where Nc is the number of condensed atoms and
φ(r) is the normalized wave function. These
mean fields for atoms and cavity field satisfy the
Gross-Pitaevskii-like equations

i~∂tφ(r, t)

=

{
− ~2∇2

2m
+ Vtrap(r)

+Ncgatom|φ(r, t)|2 + ~U0|α(t)|2 cos2(kz)

+ ~ηeff [α(t) + α∗(t)] cos(kx) cos(kz)

}
φ(r, t) ,

i∂tα(t)

=
[
ωC − ωp +NcU0〈φ| cos2(kz)|φ〉 − iκ

]
α(t)

+ iη +Ncηeff〈φ| cos(kx) cos(kz)|φ〉 ,
(79.90)

where the interatomic contact interaction
gatom = 4π~2as/m with as the s-wave scattering
length. On one hand, the dynamics of the cavity
field involves spatial averages over the conden-
sate density distribution. On the other hand,
the atoms are also affected by the backaction
from the cavity field according to the potential-
like terms which depend on the amplitude α and
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intensity |α|2 of the cavity field in the Gross-
Pitaevskii equation for atoms. The mean-field
equations are usually solved numerically to ob-
tain the time-evolution of the system and the
steady state solutions for both atoms and cavity
field [81].

As in a thermal atomic ensemble, the BEC
trapped inside a cavity can also self-organize to
emit intracavity field collectively. The key dif-
ference in the case of BEC is that the atomic mo-
tion is also quantized, and the transition is now
between a uniform distribution and a periodic
array of atoms in the cavity-induced lattice po-
tential. As a consequence, the transition point is
determined by the competition of kinetic energy
and potential energy associated with the spatial
modulation of atomic density.

Under the mean-field approximation, the
steady state of the system can be determined by
the numerical solutions of the Gross-Pitaevskii-
like equations for both the cavity field α and the
atomic mode φ(r). By assuming for simplicity
that the atomic motion is only along the cav-
ity axis and the cavity pumping η = 0, one can
define an order parameter Θ = 〈φ| cos(kx)|φ〉,
which describes the non-uniform spatial modula-
tion of the atoms. As can be seen from a typical
result of numerical solution shown in Fig. 79.12,
the order parameter takes a nonzero value be-
yond a critical pumping strength ηeff , indicating
self-organization of the density of atoms.

Self-organization of a BEC was experimen-
tally achieved in 2010 [82]. In that experiment,
a BEC of about 105 atoms was trapped inside
a high-finesse FP cavity and was illuminated
from a transversal direction by a far red-detuned
standing-wave laser beam. By gradually increas-
ing the power of the transverse laser beam be-
yond a critical value, a sharp rise of the intra-
cavity field intensity and a macroscopic popula-
tions in the atomic momentum states (px, pz) =
(±~k,±~k) are observed, indicating a transition
to the self-organization phase. Above this criti-
cal pump power, the relative phase ∆φ between
pump field and cavity field is observed to stay
constant, which demonstrates that the system
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Fig. 1. The order parameter ⇥, plotted as a function of the
transverse pump amplitude

p
N⌘, exhibits the self-organiza-

tion of the BEC into a �-periodic optical lattice. Parameters:
Ngc = 10~!R�, NU0 = �100!R, �C = �300!R,  = 200!R.

plays no role in the onset of self-organization. The conse-
quences of this potential term will be discussed later.

The runaway solution is counteracted by the kinetic
energy and the collisions, both trying to maximally spread
the atomic wave function. There is a critical pump power
above which the self-organization can occur.

3.2 Results from the Gross-Pitaeskii equation

The relevant parameters are measured in units of the recoil
frequency !R = ~k2/(2m) and in units of the recoil energy
~!R, respectively. The natural length scale is the optical
wavelength � of the cavity field. We set the strength of
the s-wave interaction Ngc = 10!R�. The atom-cavity
coupling is characterized by NU0 = 100!R, which is on
the order of the cavity decay rate,  = 200!R. We set
the value of the cavity detuning, according to Eq. (8),
�C = �300!R.

The numerical solution for the self-consistent ground
state of the condensate-cavity system confirms the quali-
tative picture presented above. In Fig. 1, the appearance
of the self-organized lattice is manifested by the variation
of the order parameter ⇥ against the pumping strengthp

N⌘.
Above a critical pump amplitude (

p
N⌘c ⇡ 65.6!R),

the homogeneous condensate, our initial guess for the con-
densate wave function, self-organizes into a lattice of pe-
riod �. At the outset of the self-organization, a sponta-
neous symmetry breaking occurs: the condensate occupies
either the kx = 0 site or the x = ⇡ site. Further increasing
the pump strength

p
N⌘, the atoms get more and more

localized around the chosen site, that is indicated by the
growth of the order parameter ⇥. The localization of the
condensate in the self-organized phase is showed in Fig. 2
for two specific transverse pump amplitudes

p
N⌘ = 100

(thick lines) and 300!R (thin lines).
This localization behavior can remind the reader of a

superfluid-Mott (SM) phase transition (see e.g. Ref. [21]
for a review). An SM transition happens in a deep enough
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Fig. 2. Two typical atomic position distibutions | 0(x)|2 (solid
lines) and the corresponding adiabatic optical potentials from
Eq. (3) (dashed lines) for pump strengths

p
N⌘ = 100!R (thick

lines) and
p

N⌘ = 300!R (thin lines). Other parameters are the
same as in Fig. 1.

optical lattice, where the competition between kinetic en-
ergy and on-site interaction results in distinct ground-
state configurations. If the on-site interaction dominates,
the multiple occupation of a single site is energetically
disfavored and the ground state corresponds to localized
atoms evenly distributed over the lattice points (Mott
phase). Contrarily, when the kinetic energy dominates,
the zero quasi momentum state (completely delocalized) is
macroscopically occupied (superfluid phase). This shows
similarity to the self-organization discussed above, with
the di↵erence that the competition now is between the
kinetic energy and the energy of the cavity field. This dif-
ference, however, leads to some other distinctions between
the two transitions. In the case of the self-organization in
an cavity the optical potential builds up for ⌘ > ⌘c and is
shallow in the beginning. Therefore the macroscopic wave
function, although it breaks the continuous translational
invariance, is not strongly localized (at least for ⌘ ⇡ ⌘c).
Even if the optical potential is deep (⌘ � ⌘c) the com-
pressibility of the system, @N/@µ, is nonzero, which is an-
other di↵erence compared to the SM transition. The role
of the interparticle interaction strength is also opposed
in the self-organization transition, since it spreads out the
macroscopic wave function and counteracts localization. It
is also important to note, that even in the deeply localized
limit of the self-organized phase, the number of bosons in
a single site can be large (depending on the parameters of
the actual realization) and the Gross-Pitaevskii approxi-
mation applies. For example, in the experiments made by
the Esslinger group [7], the number of condensed atoms
were approximately N = 4 · 105, while the size of the con-
densate were about 30�. Therefore there can be about 104

atoms per lattice site in a possible experimental realiza-
tion, which is a huge number compared to those found in
a Mott phase.

The critical pump amplitude
p

N⌘c can be determined
analytically by the stability analysis of the trivial solution

Figure 79.12: The steady-state order parame-
ter Θ plotted as a function of the effective cav-
ity pumping strength ηeff , indicating the self-
organization of a Bose-Einstein condensate in an
FP cavity [81]

reached a steady state.

Self-organization of a laser-driven BEC in an
optical cavity can also be considered as an real-
ization of the Dicke quantum phase transition in
an open system, where the quantized atomic mo-
tion acts as a macroscopic spin which strongly
couples to the cavity field. The Dicke model,
or equivalently, the Tavis-Cummings model, is
proposed to study the collective interaction be-
tween a set of two-level atoms and a single light
mode

HDicke =
1

2
~ω0

N∑
j=1

σ(j)
z + ~ωCa†a

+ ~g
N∑
j=1

(
σ

(j)
+ a+ a†σ

(j)
−

)
,

(79.91)

which contains a sum over all atoms with index
j that couple to the field mode. It is instructive
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to introduce the collective spin operators

Sz =
1

2

N∑
j=1

σ(j)
z ,

S± =

N∑
j=1

σ
(j)
± ,

(79.92)

together with the total spin operator S =
(Sx, Sy, Sz), where N is the number of atoms,
S± = Sx ± iSy, and σ(j) are the Pauli spin op-
erators for the j-th atoms. In this notation, the
Dicke Hamiltonian becomes

HDicke = ~ω0Sz + ~ωCa†a+ ~g
(
S+a+ a†S−

)
.

(79.93)

Here we assumed that all atoms have the same
frequency ω0 and that they are coupled with
the same strength g. Note that the eigenstates
of the Dicke Hamiltonian are highly degenerate,
reflecting the fact that there are many possible
ways to accommodate a fixed number of excita-
tions.

The eigenstates of the Dicke Hamiltonian,
usually referred as Dicke states, can be labeled
by the quantum numbers of the spin operators
S2|J,M〉 = J(J + 1)|J,M〉 and Sz|J,M〉 =
M |J,M〉, where J = 0, 1, . . . , N/2 and M =
−J,−J + 1, . . . , J . In the weak excitation limit
of J + M � N , the Dicke states behave like a
harmonic oscillator, as can be seen from

|〈J,M + 1|S+|J,M〉|2 = (J +M + 1)(J −M)

≈ (J +M + 1)N .

(79.94)

Thus, in this regime the Dicke model can be re-
garded as a pair of harmonic oscillators coupled
at a rate of

√
Ng. If there is only one excita-

tion in the system, the eigenstate is equivalent
to that of the JC model, except that the coupling
strength is collectively enhanced by a factor of√
N . However, for the case of more than one

excitation, the energy spectrum acquires signif-
icant difference of anharmonicity.

For the case of large number of excitations,
the Dicke Hamiltonian has been investigated ex-
tensively in the context of superradiance, dur-
ing which process a macroscopic number of the
atomic ensemble decay collectively and emit a
large pulse of radiation. This can be seen from

S+S−|J,M〉 = (J +M)(J −M + 1)|J,M〉 ,
(79.95)

which is proportional to the spontaneous emis-
sion rate of the ensemble. For the case of
M = J , the emission rate is proportional to N as
J = N/2. For the case of M = 0, however, it is
proportional to N2. This increase can be under-
stood as a result of strong correlations between
the atoms in the ensemble during the emission
process.

The self-organization of a BEC-cavity system
can be regarded as the Dicke model by consider-
ing a pair of motional states as two pseudo-spin
states [82, 83]. The two motional states are given
by the uniform condensate mode |px, pz〉 = |0, 0〉
and the coherent superposition of the four mo-
mentum states | ± ~k,±~k〉, where x and z de-
note the cavity and pump directions, respec-
tively. Coherent light scattering between the
transverse pump beam and the cavity mode cou-
ples these two momentum states via two distin-
guishable Raman channels, resulting in a tun-
able interaction between the cavity mode and
the corresponding collective spin degree of free-
dom. Experimentally, the phase boundary was
mapped out as a function of pump-cavity detun-
ing ωp − ωC as shown in Fig. 79.13 [82].

79.6.3 Cavity Opto-mechanics
with Cold Atoms

The hybrid atom-cavity system can also be used
to study an important model of cavity opto-
mechanics, where a harmonically suspended me-
chanical element interacts with an intracavity
single mode field. In certain limiting cases
where the motional degrees of freedom of atoms
can be reduced to a single-mode harmonic os-
cillator [72], the effective Hamiltonian of Eq.
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FIG. 5. Phase diagram. a, The pump power is increased to 1.3 mW over 10 ms for di↵erent values of the pump-cavity detuning
�c. The recorded mean intracavity photon number n̄ is displayed in color along the rescaled horizontal axis, showing pump
power and corresponding pump lattice depth. A sharp phase boundary is observed over a wide range of the pump-cavity
detuning �c, which is in very good agreement with a theoretical mean-field model (dashed curve). The dispersively shifted
cavity resonance for the non-organized atom cloud is marked by the arrow. b-c, Typical traces showing the intracavity photon
number for di↵erent pump-cavity detuning: (b) �c = �2⇡ ⇥ 23.0(2) MHz, binned over 20 µs, (c) �c = �2⇡ ⇥ 4.0(2) MHz,
binned over 10 µs. The atom number was N = 1.0(2) ⇥ 105. In the detuning range �2⇡ ⇥ 7 MHz � �c � �2⇡ ⇥ 21 MHz the
pump power ramp was interrupted at 540 µW. Therefore, no photon data was taken under the insets.

cavity system into resonance with the pump laser, and
the positive feedback which drives self-organization is in-
terrupted (see Eq. 2). Experimentally this is observed in
an oscillatory behavior of the system between the orga-
nized and the non-organized phase (see Fig. 5c).

CONCLUSIONS AND OUTLOOK

We have experimentally realized a second-order dy-
namical quantum phase transition in a driven Bose-
Einstein condensate coupled to the field of an ultrahigh-
finesse optical cavity. At a critical driving strength
the steady state realized by the system spontaneously
breaks an Ising-type symmetry accompanied by self-
organization of the superfluid atoms. We identify regimes
where the emergent light-atom crystal is accompanied by
phase coherence, and can thus be considered as a super-
solid. The process of self-organization is shown to be
equivalent to the Dicke quantum phase transition in an
open system. We gain experimental access to the phase
diagram of the Dicke model by observing the cavity out-
put in situ. In a very cold classical gas the corresponding
phase boundary is predicted to scale with the tempera-
ture instead of the recoil energy38, and the transition is
driven by classical fluctuations in the atomic density in-

stead of quantum fluctuations.
For the presented experiments the collective interac-

tion �cr between the induced atomic dipoles and the cav-
ity field approaches the order of the cavity decay rate
, with a maximum ratio of �cr/ = 0.2. Reaching the
regime where the Hamiltonian dynamics dominates the
cavity losses o↵ers possibilities to study the coherent dy-
namics of the Dicke model at the critical point which
was shown theoretically to be dominated by macroscopic
atom-field and atom-atom entanglement39–41. Detect-
ing the phase of the light leaving the resonator opens
the opportunity to study spontaneous symmetry break-
ing induced by pure quantum fluctuations. Furthermore,
recording the statistics of the scattered light may enable
quantum non-demolition measurements and the prepara-
tion of exotic many-body states42,43.

Figure 79.13: Dicke-model phase diagram. The
mean-intracavity photon number is finite in the
superradiant phase with large pumping power
and small pump-cavity detuning [82]

(79.84) can be significantly simplified, leading to
a generic form of cavity opto-mechanics Hamil-
tonian

HOM = ~ωmc†c− ~
[
(ωp − ωC)− G

2
(c† + c)

]
a†a

+ i~η(a† − a) ,

(79.96)

where c† and c denote creation and annihila-
tion operators of the mechanical oscillator at fre-
quency ωm, G is the dispersive shift of the cavity
frequency induced by the atomic density modu-
lation, and η is the pumping strength along the
cavity axis.

The key ingredient of the experimental real-
ization of the cavity opto-mechanics Hamilto-
nian Eq. (79.96) is that the cavity field must af-
fect and sense predominantly a single collective
motional mode of the atomic ensemble, which
hence can be regarded as the harmonically sus-
pended mechanical element. One possible way
to realize this condition is to trap ultracold
atoms in a far-detuned intracavity lattice poten-
tial such that the atoms form a stack of tightly
confined atom clouds [84]. Each atom cloud
is harmonically suspended with oscillation fre-
quency ωm and extends along the cavity axis by

only a fraction of the optical wavelength. A cav-
ity mode, whose periodicity differs from that of
the trapping lattice potential, couples strongly
to a single collective center-of-mass mode of the
atomic stack. All remaining collective modes
are detuned from the cavity field and hence con-
tribute as a heat bath.

Another route to realize cavity opto-
mechanics Hamiltonian is reported in 2008 [85].
In that experiment, a BEC is prepared in an
external harmonic trapping potential, extending
over several periods of the cavity standing-wave
mode structure. Initially, all condensate atoms
are prepared in the zero-momentum state
|p = 0〉. The dispersive interaction with the
cavity field diffracts atoms into the symmetric
superposition of momentum states | ± 2~k〉
along the cavity axis. If the diffraction into
higher-order momentum modes can be ne-
glected, the dynamics of the coupled system
can be well described by the opto-mechanics
Hamiltonian Eq. (79.96).

79.7 Applications of Cavity
QED

79.7.1 Quantum Non-demolition
(QND) Counting of Pho-
tons

When the object of interest consists of only a few
atoms and a few photons, the puzzling conse-
quences of quantum mechanical measurement
become visible. In the case of the micromaser,
the information on the state of the field is im-
printed in a subtle way on the atomic beam.
While photon counting is normally a destruc-
tive operation, the dispersive part of the photon-
atom interaction may be used to determine the
photon number inside a resonator without alter-
ing it, on average. Dispersive effects shift the
phase of an oscillating atomic dipole without
changing its state.

The phase shift due to the field in the res-
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onator can be measured in a Ramsey-type ex-
periment [86]. Consider an atom with two tran-
sitions |g〉 → |e〉 and |e〉 → |i〉. The first is
far from resonance with the cavity and the sec-
ond is close to resonance, but with a detun-
ing δie = ω − ωie large enough so as not to
change the cavity photon number as the atom
passes through. The dynamic Stark effect of the
|g〉 → |e〉 transition frequency due to state |i〉 is
then

∆ωeg =
[
gie
√
n+ 1

]2
/δie . (79.97)

If the resonator is now placed between the two
Ramsey cavities, which are tuned to ωR ≈ ωeg,
such that the polarization of the |e〉 → |g〉 tran-
sition is rotated by ≈ π/2, then the additional
phase shift ∆ωegτ , where τ is the transit time
through the optical resonator, can be measured,
and hence the photon number n. Since Ryd-
berg states have a large coupling constant gµ,
the phase shift due to a single atom is de-
tectable [86].

This proposal was demonstrated experimen-
tally in 2007 at ENS [87]. With the ability of
developing super high-quality microwave cavity,
the experimental group successfully performs a
QND measurement on single photons via disper-
sive interaction of single atoms in circular Ryd-
berg states. The atoms have a high principle
quantum number n = 50 and the highest pos-
sible angular and magnetic quantum numbers
(l = n − 1, |ml| = n − 1), hence acquire a life
time of the order τ = 30ms. The experiment
can witness the birth, life, and death of a pho-
ton non-destructively.

A complete measurement of n requires a se-
quence of N atoms because a single Ramsey
measurement only determines whether the atom
is in state |e〉 or |g〉, and hence ∆ωegτ to within
±π/2. Since each measurement provides one bi-
nary bit of information, a sequence of N mea-
surements can in principle distinguish 2N pos-
sible Fock states for the photon field. However,
with a monoenergetic beam, integral multiples
of 2π remain undetermined. A distribution of

velocities, and hence transit times, is therefore
desirable. An entropy reduction strategy for se-
lecting an optimal velocity distribution, based
on the outcome of previous measurements, is de-
scribed in [88]. The experimental demonstration
is also reported in 2007 by the same group at
ENS [89], where the experimental setup was re-
fined to distinguish states with photon number
n ≤ 7.

As a consequence of the uncertainty principle,
a measurement of the photon number destroys
all information about the phase of the field. In
the present case, the noise in the conjugate vari-
able (the phase) is prevented from coupling back
on the measured one, and hence the measure-
ment is called a quantum nondemolition exper-
iment. Many other aspects of phase diffusion,
entangled states, and quantum measurements in
the micromaser are discussed in [90].

79.7.2 Detecting and Trapping
Atoms through Strong
Coupling

One of the key ingredients of cavity QED exper-
iments is to deterministically localize atoms at
desired positions in a cavity, where the atom-
photon coupling can be well calculated and
tuned. From Fig. 79.8 it is obvious that an
atom travelling through the cavity will modify
the transmission properties of this cavity. The
ability of tuning strong coupling thus enables the
experimenter to detect the presence of a single
atom dispersively by monitoring cavity trans-
mission or reflection. Laser cooled atoms have
low velocities and spend sufficient time in the
cavity even in free flight to generate the trans-
mission signal shown in Fig. 79.14. The signals
correspond to individual atom transits, and the
shape depends on the detuning of the probe laser
from the resonantly interacting cavity-atom sys-
tem [55, 91]. Thus, the strongly coupled cav-
ity QED system can work as a sensitive single
atom detector, and can help us to extract the
temperature and the statistical properties of the
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Figure 79.14: Transmission of a strongly cou-
pled cavity for individual atom transits. Ce-
sium atoms and cavity are in perfect resonance
at λ = 852 nm while the probe laser is increas-
ingly detuned to the red side of the resonance
from top to bottom [109]

cold atoms, which have great potential in time-
resolved atom-cavity microscopy and in tracking
single atom trajectory.

The same scheme can also be applied to mon-
itor a specific collective motion in an atomic en-
semble [84, 92, 93]. In these experiments, the
cavity mode is shifted in frequency by the strong
interaction with the center-of-mass motion of
the atomic ensemble. This provides the ability
to realize continuous non-destructive measure-

ment of a quantum many-body system.
The strong coupling between atom and cavity

mode can also be used to trap atoms at spec-
ified positions. If an atom absorbs a photon
inside the cavity, a strong dipole force can be
exerted due to the inhomogeneous field distribu-
tion of the cavity mode. Trapping of atoms with
a single photon was achieved [91], and from the
time variation of the cavity transmission a re-
construction of atomic trajectories became pos-
sible. Similar mechanism is also implemented in
a hybrid system of ion trap and optical cavity
to localize single ions [94, 95]. This has allowed
for very long trapping times of more than 90
min, as well as excellent control over the position
of trapped ions within a sub-wavelength preci-
sion [96]. Recently, position control was also
demonstrated individually for two ions trapped
in the same cavity [97].

79.7.3 Single Photon Sources

Coherent laser fields are considered the ultimate
source of classical radiation fields, and they are
characterized by the random arrival time of pho-
tons. Nonclassical light sources with, for in-
stance, a regularized stream of photons offer in-
teresting properties for low-noise measurement
applications.

Cavity-QED systems offer an attractive light-
matter process for the generation of such photon-
bit-streams, or single photon sources [98]. In
such devices, a single photon state can, for in-
stance, be created by Raman processes involving
a classical field, which serves as the control pa-
rameter for the process, and the vacuum field
of the optical resonator. The Raman process
leaves a single photon in the cavity, which only
weakly interacts with the atom. If the resonator
has suitable transmission properties, this photon
will then escape with predetermined frequency,
shape, and propagation direction. Determin-
istic single photon sources have been realized
with quantum dots [99, 100], single molecules
[101], and also with slow [102, 103] or trapped
[104, 105] cold atoms and ions [96, 106] inside
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optical cavities.

The high efficiency of photon sources also
paves the route towards quantum memory and
quantum network, which is essential for provid-
ing cluster states in one-way quantum comput-
ing [92] and for the quantum simulation of com-
plex solid-state systems [93]. Successive opera-
tions of photon generation, photon storage, and
photon retrieval were successfully demonstrated
in a hybrid atom-cavity system [70].

79.7.4 Generation of Entangle-
ment

In the middle of the 1990s, it was realized that
fully controlled quantum systems could be used
to implement a revolutionary type of informa-
tion processing now called quantum comput-
ing [107]. From the beginning, cavity QED has
conceptually played an important role for ex-
perimental realizations, since it offers a route
to manipulate, in principle, all physical param-
eters of a coherently interacting system. With
the well established microwave-cavity–Rydberg-
atom system, it was proven that the generation
of correlated and nonlocal, so-called entangled
quantum states, is possible [108].

The first application of cavity QED was the
transfer of the strong coupling idea to the com-
bined internal and motional quantum states of
trapped ions [110]. Here the harmonic oscilla-
tion of the ion replaces the electric field of the
conventional cavity-QED system. This quan-
tum gate was realized with a system of two
trapped ions coupled to each other by Coulomb
forces [111].

Ideas about how to use the strong coupling
of atoms and photons [112, 113, 114] for the
generation of atom–photon, photon–photon, or
atom–atom (by insertion of more than one atom)
abound, and become possible with the aid of ex-
perimental capabilities in the preparation and
control of atoms in high-finesse cavities.

Atom–photon entanglement A key advan-
tage of the hybrid atom-cavity QED system
is the potential to work as a quantum inter-
face through which quantum state can be faith-
fully transferred from one medium to another.
By driving a vacuum-stimulated Raman adia-
batic passage into a superposition of two atomic
ground states, for example with different orien-
tations of the atomic spin of 87Rb atoms [69], the
internal state of a single atom can be entangled
with the polarization state of a single photon.

Photon–photon entanglement Starting
from the atom-photon entangled state, one can
drive another vacuum simulated Raman adia-
batic passage into a single atomic ground state
with a well-defined spin orientation to map the
quantum state of the atom into a second single
photon. This process disentangle the atom and
the light, and create an entangled photon pair.
The two photons are emitted one after the other
into the same spatial mode, hence have never
overlapped with each other [115].

Atom–atom entanglement By reversing
the role of field and atom, the atom–photon en-
tanglement can also be transferred to a second
atom to create atom–atom entanglement. Multi-
particle entanglement is considered as crucial re-
source of quantum simulation, quantum compu-
tation, and quantum-enhanced metrology. The
largest number of atoms ever to be entangled in
an FP cavity is about 3000 [116], and is more
than 40 in an optical fiber cavity [117]. The
entanglement between two ions and two atomic
ensembles via coupling to cavity mode were also
demonstrated in experiments [118, 119].

Quantum network Using the aforemen-
tioned atom–photon entangled state as building
blocks, an elementary quantum network can be
implemented with two fiber-linked optical cavi-
ties, each containing a single trapped atom as
a stationary quantum node. This scheme of-
fers a clear perspective of both addressability
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and scalability, because the atoms are trapped
in their corresponding cavities, and more con-
stituent cavities can be added to an existing
network without much apparent complications.
Besides, the component cavities can in principle
be arranged in any geometry and that two-party
links can be established at will, both in time and
space.

Elementary quantum network links imple-
menting teleportation protocols between remote
trapped atoms and atom-photon quantum gate
operations have been demonstrated in experi-
ments [115, 120, 121, 122]. Besides, quantum
networking between two cavities has also been
experimentally demonstrated with atomic en-
sembles [123, 124]. These achievements repre-
sent a big step towards the goal to realize an el-
ementary quantum network and a feasible quan-
tum computing system.



30 CHAPTER 79. ENTANGLED ATOMS AND FIELDS: CAVITY QED



Bibliography

[1] Cavity QED is reviewed in detail in S.
Haroche: Fundamental Systems in Quan-
tum Optics, ed. by J. Dalibard et al. (Else-
vier, Amsterdam 1992)

[2] D. Meschede: Phys. Rep. 211(5), 201–250
(1992)

[3] P. Berman (Ed.): Cavity Quantum Electro-
dynamics (Academic, Amsterdam 1994)

[4] An introduction into the more general
framework of low energy Quantum Electro-
dynamics may be found in the recent text-
book P. Milonni (Ed.): The Quantum Vac-
uum (Academic, Boston 1994)

[5] P. Berman (Ed.): Cavity Quantum Electro-
dynmics (Academic, Boston 1994)

[6] V. Weisskopf, E. Wigner: Z. Phys. 63, 54
(1930)

[7] F. Levin, D. Micha (Eds.): Long-Range
Casimir Forces (Plenum, New York 1993)

[8] D. Meschede, H. Walther, G. Müller: Phys.
Rev. Lett. 54, 551 (1985)

[9] L. Allen, J. Eberly: Optical Resonance and
Two-Level-Atoms (Dover, New York 1987),
reprint of the original 1975 edn.

[10] E. A. Power, T/ Thirunamachandran: Am.
J. Phys. 46 370 (1978)

[11] D. Kleppner: Phys. Rev. Lett. 47, 233
(1981)

[12] R. G. Hulet, E. Hilfer, D. Kleppner: Phys.
Rev. Lett. 55, 2137 (1985)

[13] W. Jhe, A. Anderson, E. Hinds,
D. Meschede, L. Moi, S. Haroche: Phys.
Rev. Lett. 58, 666 (1987)

[14] J. Eschner, Ch. Raab, F. Schmidt-Kaler,
R. Blatt: Nature 413, 495 (2001)

[15] M. A. Wilson, P. Bushev, J. Eschner,
F. Schmidt-Kaler, C. Becher, R. Blatt,
U. Dorner: Phys. Rev. Lett. 91, 213602
(2003)

[16] J. Dowling: Quantum Measurements in Op-
tics, ed. by P. Tombesi, D. Walls (Plenum,
New York 1992)

[17] K. H. Drexhage: Progress in Optics, Vol. 12,
ed. by E. Wolf (North-Holland, Amsterdam
1974)

[18] V. Sandoghar, C. Sukenik, E. Hinds,
S. Haroche: Phys. Rev. Lett. 68, 3432
(1992)

[19] H. Casimir, D. Polder: Phys. Rev. 73, 360
(1948)

[20] C. Sukenik, M. Boshier, D. Cho, V. San-
doghar, E. Hinds: Phys. Rev. Lett. 70, 560
(1993)

[21] A. Shih, D. Raskin, P. Kusch: Phys. Rev.
A 9, 652 (1974)

[22] C. Cohen-Tannoudji: Fundamental Sys-
tems in Quantum Optics, ed. by J. Dalibard
et al. (Elsevier, Amsterdam 1992)

[23] S. Haroche, M. Brune, J. M. Raimond: Eu-
rophys. Lett. 14, 19 (1991)

31



32 BIBLIOGRAPHY

[24] M. Chevrollier, M. Fichet, M. Oria, G. Rah-
mat, D. Bloch, M. Ducloy: J. Phys. (Paris)
2, 631 (1992)

[25] P. Bushev, A. Wilson, J. Eschner, C. Raab,
F. Schmidt-Kaler, C. Becher, R. Blatt:
Phys. Rev. Lett. 92, 223602 (2004)

[26] M. Brune, P. Nussenzveig, F. Schmidt-
Kaler, R. Bernadot, A. Maali, J. M. Rai-
mond, S. Haroche: Phys. Rev. Lett. 72,
3339 (1994)

[27] H. Failache, S. Saltiel, A. Fischer, D. Bloch,
M. Ducloy: Phys. Rev. Lett. 88, 243603
(2002)

[28] W. von Klitzing, R. Long, V. S. Ilchenko,
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S. Gulde, G. P. T. Lancaster, T. Deuschle,
C. Becher, C. F. Roos, J. Eschner, R. Blatt:
Nature 422, 408 (2003)

[112] T. Pellizari, S. A. Gardiner, J. I. Cirac,
P. Zoller: Phys. Rev. Lett. 75, 3788 (1995)

[113] A. S. Soerensen, K. Moelmer: Phys. Rev.
Lett. 91, 097905 (2003)

[114] L. You, X. X. Yi, X. H. Su: Phys. Rev. A
67, 032308 (2003)

[115] B. Weber, H. P. Specht, T. Müller,
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摘摘摘要要要: 近年来，光腔和冷原子气体的耦合系统受到了越来越多的关注。本文简要综述了近年来该

领域在理论和实验方面的一些进展，重点关注其中的超辐射相变，并围绕光腔–原子耦合这一特

征，分别介绍了超冷玻色气体和费米气体中的新奇量子相和量子相变。这些研究工作展示了该系

统在非平衡态物理、多体系统的量子模拟、人造规范势和人造自旋–轨道耦合等方向的价值和意

义。
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I. 导论

近几十年来，原子分子物理和光学领域发展了一

系列用于冷却、束缚、操控和测量原子、分子和光子

Received date: 2017-05-02
E-mail: *siang.zhang@ruc.edu.cn；† wzhangl@ruc.edu.cn

的技术。特别是随着磁束缚、光束缚、激光冷却、蒸发

冷却、Feshbach 共振、光晶格和高品质的光学共振腔

等技术的日益成熟，使得人们可以在纳米和纳开量级

控制原子外部自由度的同时，也能对原子内部状态进

行精确地制备和操控。这些实验手段为人们研究物质

在极低温下的量子效应、新奇物相以及光与物质的相

互作用提供了一个极佳的平台。

该领域的一个重要方向是研究光学微腔和冷原子

气体的耦合系统。从理论方面，耦合系统中的光学模

式和原子自由度相互耦合会带来很多新奇的物理现象。

首先，原子可以通过散射驱动光子进入腔光场，在光

腔中实现超辐射相变，同时伴随着原子系统发生对称

性破缺。在相变前后，原子系统的基态和激发态特征，

以及动力学行为都会受到光场反馈的影响。特别值得

注意的是，由于腔内光子会漏出腔外，导致腔光场存

在耗散并和环境发生耦合，该体系长时间后将达到动

力学稳态，而非热力学平衡态。这一特征不仅为研究

非平衡态物理提供了优秀的平台，而且漏出腔外的光

子还能提供非破坏性的测量手段。其次，在发生超辐

射相变之后，腔内光子和原子发生相干耦合，可以在原

子间诱导出等效的长程相互作用。这不仅将有助于在

碱金属超冷原子气体中实现和研究电荷密度波 (Charge

Density Wave，CDW)和超固 (supersolid)等新奇多体

物相，还可能使体系出现燕尾结构等非线性效应。另

外，还可以利用腔光场在多分量原子气体中实现人造

规范势和人造自旋–轨道耦合，为研究强磁场物理、非

文章编号: 1000-0542(2017)04-0125-23 125
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平庸拓扑物态等问题提供新的可能。从应用角度，光

腔–原子耦合体系兼顾了光学系统中丰富的测量操控手

段和原子系统扩展方便、耦合强度大、退相干时间长

等优势，有可能用来实现量子存储、量子中继等重要

技术应用。

本文将简要综述近年来在光腔–原子耦合系统的研

究中取得的一些进展。重点聚焦超冷玻色和费米气体

中的超辐射相变，以及与之相关的原子气体中的新奇

量子现象。

II. 背景：腔量子电动力学

当利用波导管等电介质把光波局限在有限空间中

时，光的模式会受到边界条件的限制。由此引起的有

限空间中真空场的变化会导致原子的自发辐射几率幅

或被加强或被减弱。基于此，人们设计了许多用途广

泛的光腔，可以用于测量光波波长、测量光谱以及激

光系统等等。根据被束缚光场的特点，光腔可以分为

驻波腔（如 Fabry-Perót 腔，简称 FP 腔）和行波腔

（如环形腔）等。

常用的驻波腔是 FP 腔，它由两面距离 lres 很近

（约 200 µm）且反射率 R 极高的镜子构成。实验操作
中常用两块近平面的球面玻璃代替平面的镜子。反映

光腔性质的一个重要参数是品质因数 F

F =
∆νFSR
∆νC

, (1)

其中 ∆νFSR 是不同本征模式之间的频率差，∆νC 是

通频带的半高宽，主要受镜子间距 lres 和品质影响。

以 ETH 的 Esslinger 实验小组的光腔为例 [1]，光腔间

距 lres ≈ 176 µm，球面玻璃的半径 R ≈ 75 mm。由

于边界条件要求波长 λ 满足 nλ/2 = lres，这使得沿

腔轴方向模式之间的频率差 ∆νFSR = c/2lres = 852

GHz。对于波长 λ = 785.3 nm 的光波，∆νC = 2.4

MHz。因此该光腔的品质因数可达 F = 3.42 × 105。

品质因数还决定了光腔的耗散能力。光子在腔中来回

反射 ⟨N⟩ = F/2π 次后，会通过镜子漏出光腔，其耗
散率为 κ = 2π∆νC。此外，腔中还存在垂直于腔轴方

向（横向）的模式 TEMnm，其中 n，m 为横向腔模

的量子数。在上述实例中，能量最低的横向模式标记

为 TEM00，与高能模式的间距 ∆νT = 18.6 GHz。

将原子置于这样的光腔内，当原子的基态与激发

态之间的跃迁频率 ωA = ωe − ωg（比如
87Rb 的 D2 谱

系）接近于腔共振的频率 ωC = 2πνC 时，由于原子的

尺寸远远小于光波波长，此时原子通过电偶极相互作

用与腔模耦合，其强度 ~g0 = d ·EC = d
√
~ωC/ε0Vcav。

这里 d 表示原子的电偶极矩，ε0 为真空的介电常

数，Vcav 表示腔的有效体积。在上述实验中，g0 达

到了 2π × 10.6 MHz。

III. 超辐射及 DICKE 模型

根据爱因斯坦的自发辐射理论，真空电磁场与单

个原子的相互作用会导致处于激发态的原子通过自发

辐射回到原子的基态。在这个过程中，自发辐射几率

幅主要依赖于原子的能级结构。1954 年，Dicke 将这

一过程推广到多原子体系，从理论上研究了 N 个全同

原子和单模光场之间的相互作用 [2]。在两能级近似下，

Dicke 发现所有原子趋向于协同向同一个方向辐射，且

自发辐射几率幅被提高了 N 倍，即 ΓN ∝ NΓ0，其

中 Γ0 是单个原子的自然自发辐射几率。这种相干效应

后来被称为超辐射 (superradiance)。

随着冷原子技术的发展和成熟，人们得以利用高

度可调且纯净的冷原子体系研究超辐射现象 [3−14]。经

过十几年的研究，人们已经对超辐射现象有了较为深

入的认识和理解。1999 年，Inouye 等人研究了 “雪茄

型” 玻色–爱因斯坦凝聚体 (BEC) 的瑞利散射 [3]。他

们用红失谐的线偏振光横向驱动 BEC，并且使得其线

偏振方向垂直于 BEC 长轴。实验发现，由于 BEC 在

空间的不对称性，散射光会沿着 BEC 长轴方向散射，

这种现象在文献中被称为物质波超辐射 (matter wave

superradiance)。在这一现象中，被原子自发散射的光

子沿着介质 (BEC) 长轴被原子受激瑞利散射，同时原

子获得光子的反冲动量，运动的原子与静止的原子相

位相干形成物质波。同时，物质波作为光栅散射驱动

光，形成物质波超辐射。实验还发现静止的原子数会

随着时间以比指数更快的形式衰减，从另一个侧面反

映了超辐射的性质。由于 BEC 的相位相干性，物质

波超辐射现象在 BEC 中具有失谐非对称性（相对于

原子的激发态），即红失谐加强超辐射而蓝失谐抑制

超辐射 [8−9]。物质波超辐射现象同样适用于不同统计

性质的介质，比如费米子或者热原子，但超辐射现象

保持失谐对称性 [11]。这里尤其值得注意的是，超辐射

现象不一定需要量子简并。2005 年，来自日本的研究

者 Yoshikawa 等人在实验上借助拉曼散射成功地在热

原子中观察到了拉曼物质波超辐射现象 [6]。他们在实

验中通过拉曼散射避开了物质波相干散射的影响，并
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发现热原子气体中的相干时间主要受温度影响。

由于精细和超精细劈裂以及电子之间的相互作用，

一般的原子能级结构较为复杂。但是，当原子最外层

只有一个电子时，内部满壳层电子被紧紧束缚在内层，

而对外层电子的影响可以忽略。因此，碱金属原子通

常具有相对简单的光谱结构，从而在理论和实验上得

到了广泛深入的研究。在冷原子物理中，人们常用的

是碱金属的 D2 谱系，其波长在可见光范围。由于能

量守恒，单色性极好的激光（频率 ωC）只能有效耦合

其频率附近的能级。为了物理清楚，我们可以假设原

子只有一个激发态能级（与基态频率差 ωA）能在单

模光场的作用下被显著激发，这一近似称为两能级近

似。此外，由于可见光的波长 λ （约 500 nm）远大于

原子尺寸（约 0.1 nm），在原子尺度内激光强度近似

为常数，因此可以忽略在原子尺度上光场强度的变化，

这一近似称为偶极近似。在两能级近似和偶极近似下，

描述单原子和单模光场相互作用的哈密顿量（本文取

自然单位 ~ ≡ 1）可以写为如下形式，

Ĥ = ωCâ
†â+

ωA

2
σ̂z + g0

(
â† + â

)(
σ̂+ + σ̂−

)
. (2)

其中 â† 和 â 是光子的产生湮灭算符， σ̂+ = |e⟩⟨g|
和 σ̂− = |g⟩⟨e|是原子的升降算符，σz = |e⟩⟨e|− |g⟩⟨g|，
g0 代表单光子拉比频率。除了利用真实原子以外，

利用人工原子也能实现上述模型 [15−16]。如果耦合

强度 g0 远小于光子频率 ωC，我们称为弱耦合极

限。目前为止，在直接利用可见光耦合原子的方案

中，使用原子芯片方案 [17] 达到了最大的耦合强度

（约为 200 MHz），但是其值仍然远小于可见光频率

（∼ 108 MHz）。在这种条件下，哈密顿量 (2)式中的能

量不守恒项 âσ̂− 和 â†σ̂+ 将变得不再重要，可以被舍

去。在量子光学中，这个近似被称为旋波近似 (Rotat-

ing Wave Approximation，RWA)，并由此可以得到常

见的单原子 Jaynes-Cummings (JC) 模型

Ĥ = ωCâ
†â+

ωA

2
σ̂z + g0

(
â†σ̂− + âσ̂+

)
. (3)

相反地，如果耦合强度 g0 达到了光子频率 ωC 的量级，

我们称为强耦合。此时，旋波近似不再适用，能量不

守恒项和能量守恒项将同等重要，并会导致一些有趣

的现象 [15−16]。

在弱耦合条件下，当有 N 个全同原子与单模光场

相互作用时，其有效哈密顿量写作

Ĥ = ωCâ
†â+

ωA

2

N∑
j=1

σ̂z,j +
g̃0√
N

N∑
j=1

(
âσ̂+,j + â†σ̂−,j

)
.

(4)

其中耦合系数重整为 g̃0 = g0
√
N。上式（4）被称

为 Dicke哈密顿量。自从 Dicke在理论上预言了上述模

型的超辐射相变后，人们对其能谱和波函数进行了仔

细的研究。当原子和单模光场共振时，Tavis 和 Cum-

mings 解析地给出了此模型的能谱 [18−20]。所以在文献

中，有时又把 Dicke 模型称为 Tavis-Cummings (TC)

模型。借助一些近似方法，后续的研究者得到了此模

型在非共振时的能谱 [21]。1973 年，Hepp 和 Lieb 指

出此模型在热力学极限下有一个量子相变 [22]，即当耦

合强度 g̃0 超过临界值 g̃cr0 =
√
ωAωC/4 时，腔光场有

宏观占据（⟨â†â⟩/N ̸= 0），同时会有有限大小的原子

数布居在激发态上。当温度升高时，热涨落会破坏原

子之间的相干性，因而其临界强度将随温度的升高而

增加（如图 1 所示）。这个转变在文献中也被称为超辐

射相变 [22−23]。需要注意的是，这里的超辐射相变是

热力学极限下的相变，不同于 Dicke 最初提到的动力

学超辐射现象。

图 1. 热力学极限下 Dicke 模型的超辐射相变 [24]。横
轴是相对耦合强度，纵轴是临界温度。图中 λc = g̃cr0 =√
ωAωC/4。

在实验上，为了实现强耦合并探索超辐射相变，

人们开始研究高品质光腔和原子的耦合体系。将 BEC

置于光腔中，可以实现集体耦合强度 ∼ 20 GHz，并

产生显著的真空拉比劈裂 [17,25]。但是，由于临界强

度 g̃cr0 ∼ ωA ∼ ωC，在光频腔中仍然无法直接观察到超

辐射相变。这使得人们思考能否在别的物理构形中实

现超辐射相变。其中一个可能是利用双光子拉曼过程，
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将原子两个能量接近的基态作为 Dicke 模型中的两能

级加以耦合 [26]。这一构想随后在实验中得以实现 [27]。

另外，还可以利用 BEC 的相干性，把 BEC 的基态和

激发态作为两能级从而实现超辐射相变 [28]。

除了能够显著提高光与物质（原子）相互作用的

强度以外，光腔不可避免的耗散同时为光腔–原子耦合

系统的研究打开了一扇新的大门 — 非平衡态。在这个

系统中，原子散射腔光场，后者反过来又改变原子气

体的状态，同时腔光场又不断耗散到环境。最终，耦

合系统的内部动力学自由度与外部环境达到动力学非

平衡稳态 (dynamical nonequilibrium steady state)。不

断耗散出来的光子，不仅会影响系统的稳态，同时也

提供了一个非破坏 (non-demolition) 观察原子体系演

化的绝佳途径。

对这个系统的描述，除了要考虑原子的内禀自由

度与光场之间的耦合，还要考虑光场强度随空间的变

化、原子的质心运动、原子的自发辐射和腔的耗散等过

程 [29]。在旋波近似下，原子与光场之间的耦合由 JC

模型给出

ĤJC = −∆paσ̂
+σ̂− −∆pcâ

† â+ gcuc(r)âσ̂
+

+ g∗cu
∗
c(r)â

†σ̂−. (5)

这里 up (uc) 表示驱动光（腔光场）的波模。例如对驻

波而言，up,c(r) = cos(kp,cr)，其中 kp 和 kc 分别表

示驱动光和腔光场的波矢。另外，上式中 gc 代表单光

子拉比频率，驱动光相对于原子跃迁频率和腔模的失

谐分别为 ∆pa = ωp − ωA 和 ∆pc = ωp − ωC。原子的

质心运动由以下哈密顿量描述

Ĥmech =
p̂2

2m
+ Vext(r). (6)

其中 Vext(r) 包含所有的外加约束势和光晶格势。 驱

动光的动力学哈密顿量则具有以下的形式

Ĥpump = iηc
(
â† − â

)
+Ωpup(r)σ̂

+ +Ω∗
pu

∗
p(r)σ̂

−. (7)

注意上式中包含了两种驱动方式，一种是驱动光直接

照射在原子气体上（即原子驱动，atom pumping，驱

动光和原子耦合的强度为 Ωp），另一种驱动光直接

驱动腔模，并间接耦合原子气体（即腔驱动，cavity

pumping，驱动光和腔的耦合强度为 ηc）。在理论研究

中，一般我们只考虑一种驱动方式，即单纯的原子驱动

（ηc = 0, Ωp ̸= 0）或单纯的腔驱动（ηc ̸= 0, Ωp = 0）。

综上所述，描述原子气体单粒子动力学行为的哈密顿

量为 Ĥ0(r) = ĤJC + Ĥmech + Ĥpump。

在实验中，我们通常把一团处于简并温度以下的

超冷原子气体置于光学腔中，并在垂直于腔轴方向

（原子驱动）或沿腔轴方向（腔驱动）用频率为 ωp 的

激光驱动，同时使驱动激光频率相对于原子的共振频

率 ωA 的失谐远远大于原子激发态的线宽，即 |∆pa| =
|ωA −ωp| ≫ γ。这时，原子处在激发态 |e⟩ 的概率可以
忽略，从而可以不考虑自发辐射的影响，原子如一个

电偶极矩绝热地跟随光子运动。这个极限被称为色散

极限 (dispersion limit)。此时，在驱动光的旋转坐标系

下，通过绝热消除哈密顿量 Ĥ0(r) 中原子的激发态自

由度，腔–原子耦合系统的单粒子哈密顿量 H̃0(r) 可以

写为：

H̃0(r) =
p̂2

2m
+ Vext(r)−∆pcâ

†â+ iηc
(
â† − â

)
+

1

∆pa

[
Ωpup(r) + gcuc(r)â

†][
Ω∗

pu
∗
p(r) + g∗cu

∗
c(r)â

]
. (8)
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图 2. 原子气体中的 Feshbach 共振。上图是超冷玻色气体在
不同磁场下的粒子数。可以看到在共振点附近，由于散射长
度发散导致三体损失增大，原子数量大幅减少。下图是通过
飞行时间 (time-of-flight) 荧光成像技术反推出的 as 散射长
度。该图来自参考文献 [30]。

除了单粒子的动力学行为，原子之间的相互作用
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对原子系综的性质也有非常重要的影响。原子之间的

相互作用在真实的系统中是广泛存在的，相互作用形

式往往千差万别，不同组分，不同温度甚至不同维度

都会改变相互作用的形式。一般而言，两个碱金属原子

进行散射时，它们之间的短程相互作用主要受最外层

电子库仑相互作用影响，而长程相互作用主要来自诱

导的偶极相互作用，即范德瓦尔斯势 V (r) ∝ 1/r6。在

研究两个原子的散射问题时，如果体系的角动量守恒，

可以利用分波法将散射过程分为 s-，p-，d-波等。当原

子气体的温度足够低的时候，由于复杂的短程相互作

用被离心势所屏蔽，原子之间的散射将主要受长程相

互作用影响。通过仔细的研究，人们发现当气体的温

度足够低 (∼ nK)且密度足够稀薄 (∼ 1013−1015cm−3)

时，只用一个参数 — s 波散射长度 as — 就可以完全

刻画原子之间的相互作用。此时，原子之间的相互作

用可以用一个简单的接触势近似描述

V (r′ − r) = Usδ(r
′ − r) =

4π~as
m

δ(r′ − r). (9)

随着对 Feshbach 共振技术的挖掘和利用，人们发

现可以通过外磁场调节 s 波散射长度

as(B) = abg

(
1− ∆

B −B0

)
. (10)

这里的 abg 是原子之间的背景散射长度，B0 是 Fes-

hbach 共振发生的位置，∆ 为共振宽度。 从公式

（10）明显看出，散射长度 as 可以从 −∞ 连续地

调节到 +∞，从而实现对相互作用强度 Us 的调节。

1998 年，Inouye [30] 等在钠原子 (23Na) BEC 中观察

到了 Feshbach 共振（见图 2 ）。

此外，在温度接近量子简并温度时，原子的量子

统计规律也会显著影响体系的性质。在超冷原子气体

中，由于原子的德布罗意波长 λd =
√
h2/3mkBT 和原

子间距 d 量级接近，原子变得不可区分，这时玻色子

和费米子的多体波函数分别具有偶宇称和奇宇称。这

种对称性的要求将极大地改变系统的热力学和动力学

行为。对于玻色子，由于玻色统计允许多个粒子占据

同一个量子态，当温度足够低时，所有玻色子凝聚在

能量最低的状态 — 玻色–爱因斯坦凝聚，相干效应使

得原子气体表现得像一个原子。而对于费米子，由于

泡利不相容原理，同一个量子态只允许最多占据一个

粒子，体系会形成费米面，并在相互作用的影响下表

现出超导、磁性等丰富多彩的性质。

在研究多体系统时，一个常用的方案是使用二次

量子化语言。这时，玻色子和费米子分别满足对易关

系如下：

[Ψ̂(r), Ψ̂†(r)] = Ψ̂(r)Ψ̂†(r′)− Ψ̂†(r′)Ψ̂(r)

= δ(r − r′), 玻色

{Ψ̂(r), Ψ̂†(r)} = Ψ̂(r)Ψ̂†(r′) + Ψ̂†(r′)Ψ̂(r)

= δ(r − r′), 费米 (11)

上式中 Ψ̂(r) 和 Ψ̂†(r) 分别表示 r 处的湮灭和产生算

符。在这个记号下，单原子哈密顿量写作

Ĥ0 =

∫
drΨ̂†(r)H̃0(r)Ψ̂(r). (12)

原子间的 s 波相互作用则写为

Ĥint =


Us

2

∫
drΨ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r) 玻色

0 费米

(13)

注意由于交换反对称性的限制，同组分费米子之间的 s

波相互作用被禁戒。这样，腔–原子体系的整体哈密顿

量为 Ĥtot = Ĥ0 + Ĥint。

由于光腔是一个耗散系统，光子主要通过原子的

自发辐射和光腔的耗散损失。这两项耦合一般可以通

过量子主方程刻画：

∂ρ̂

∂t
= −i [Htot, ρ̂] + (Lcav + Latom) ρ̂. (14)

式中 ρ̂ 代表光和原子复合系统的总密度矩阵，Lcav

和 Latom 分别刻画腔和原子的耗散，在 Born-Markov

近似下，分别写作：

Lcav = −κ
(
â†âρ̂+ ρ̂â†â− 2âρ̂â†

)
, (15)

Latom = −γ
(
σ̂†σ̂ρ̂+ ρ̂σ̂†σ̂

− 2

∫
d2uN(u)σ̂e−ikAu·rρ̂eikAu·rσ̂†

)
. (16)

其中 κ 是腔的耗散频率，γ 是激发态原子 |e⟩ 的自发
辐射几率幅，kA 是伴随自发辐射原子获得的沿 u 方

向的反冲动量，N(u) 是散射光子的角分布函数。为

了使得原子对驱动光的散射最有效，实验中通过调节

光腔的最低能量模式 TEM00 的频率 ωC 与驱动光的

频率近似共振，即 |∆pc| ≈ κ。同时，由于横向模式的

能级差 ∆νT ≫ κ，腔的横向高能模式的影响可以忽

略。此外，目前实验已经能够使原子与腔耦合的拉比

频率 g0 达到腔模的线宽 κ 的量级，从而实现了强耦

合 g20/κγ ≫ 1 [17,25]。
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至此，腔–原子耦合体系的性质可以通过联立求解

哈密顿量 (11) 和 (13) 式，以及主方程 (14) 式得到。

下面，我们将分别针对玻色和费米气体的情况加以详

细讨论。

IV. 光学腔中的超冷玻色气体

在本章中，为了叙述方便并保持物理图像清晰，

我们假设驱动方式是原子驱动，即 ηc = 0 而 Ωp ̸= 0，

并且假设驱动光的波矢 kp 垂直于腔轴。在这种情况

下，体系的总哈密顿量简化为

Ĥtot = −∆pcâ
†â+

Us

2

∫
drΨ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r)

+

∫
drΨ̂†(r)

{
p̂2

2m
+ Vext(r)

+
1

∆pa

[
Ωpup(r) + gcuc(r)â

†]
[
Ω∗

pu
∗
p(r) + g∗cu

∗
c(r)â

]}
Ψ̂(r). (17)

原子算符和光场算符的动力学演化过程由海森堡方程

决定

i∂tΨ̂(r, t) = [Ψ̂(r, t),Htot]−

=

[
p̂2

2m
+ Vext(r) +

1

∆pa
(Ωpup(r)

+ gcuc(r)â
†)(Ω∗

pu
∗
p(r) + g∗cu

∗
c(r)â)

]
Ψ̂(r, t)

+ UsΨ̂
†(r, t)Ψ̂(r, t)Ψ̂(r, t),

i∂tâ(t) = [â(t), Ĥtot]− − iκâ(t)

=

∫
dr

[
|gc|2

∆pa
|uc(r)|2â(t)+

Ω∗
pgc

∆pa
u∗p(r)uc(r)

]
Ψ†(r, t)Ψ̂(r, t)− (∆pc + iκ)â(t). (18)

注意在上式中，我们唯象地引入了光场的耗散

项 −iκâ。

在温度足够低且腔光场的光子数足够多的时

候，原子和光场的涨落以及它们之间的纠缠可以忽

略不计 [31,32]，这时体系的描述变得极为简单：原

子处在玻色–爱因斯坦凝聚态，而光场处在一个相

干态（或者真空态）。这时，可以对算符做如下近

似 Ψ̂(r, t) → ψ(r, t)， â(t) → α(t)，并得到腔-BEC

系统的含时动力学演化方程 (Time-dependent Gross-

Pitaevskii equation，TDGP equation)。为描述原子系

综和光场的耦合效果，我们定义 ∆̃pc = ∆pc − NξcB

代表原子感受到的有效失谐，其中 N 为总原子数，

ξc = g2c/∆pa，B ≡ (1/N)
∫
drψ∗(r, t)u2g(r)ψ(r, t) 描

述了原子气体密度与腔光场之间的重叠程度，也被称

为 Bunching 参量。如果 |∆̃pc| ≫ κ ≫ ωR，原子气体

动力学演化时间 1/ωR 最为缓慢，而光子从光腔的一侧

漏出之前 (t < 1/κ)，光场已经在 1/∆̃pc 的时间尺度内

达到动力学稳态。在这样的系统中，原子气体和腔光

场相互影响，同时腔光场又通过耗散和环境耦合，最

终系统将达到稳态，其稳态方程为

α =
NηpΘ

∆̃pc + iκ
,

µψ0(r) =

[
p̂2

2m
+Vext(r)+Vad(r)+Us|ψ0(r)|2

]
ψ0(r).

(19)

其中 µ 是原子气体的化学势，ηp = Ωpg
∗
c/∆pa。 在上

式中，序参量 Θ 定义为 Θ = (1/N)
∫
dru∗p(r)uc(r)

|ψ0(r)|2，对应原子气体的 Z2 对称性自发破缺。

当 Θ = 0 时，原子气体沿腔轴均匀分布；而当 Θ = ±1

时，原子气体局限到偶格点 (kx = 2nπ) 或者奇格点

(kx = (2n + 1)π)。由于腔光场的有效动力学演化特征

时间 1/∆̃pc 远小于原子气体的特征时间， 因而原子会

感受到一个由光子调制的有效绝热势

Vad(r) =
1

∆pa

(
Ωpup(r) + gcuc(r)α

∗)

(Ω∗
pu

∗
p(r) + g∗cu

∗
c(r)α

)
= Vp|up(r)|2 + ξc|α|2|uc(r)|2 + Vpc(r). (20)

这里 Vp = |Ωp|2/∆pa 是驱动光诱导的沿驱动方向的

光晶格振幅，第二项表示由腔光场诱导的光晶格，其

大小依赖于腔光子数 |α|2 和耦合强度 ξc， 最后一

项 Vpc(r) = ηpαup(r)u
∗
c(r) + η∗pα

∗u∗p(r)uc(r) 代表腔

光场和驱动光之间的相互散射。2007 年，瑞士 ETH

的 Esslinger 小组实现了上述的实验条件 [25]。

A. 自自自组组组织织织及及及超超超辐辐辐射射射相相相变变变

在腔驱动中，所有的原子都同时和同一个模式的

腔光场耦合，腔光场的大小 α 依赖于原子气体的分布，

反过来又会影响原子系统状态。在原子驱动下，原子

和光场的耦合依赖于空间，不同位置散射的腔光场的

振幅和相位也是空间依赖的，且由于相邻格点之间距

离为半个波长，散射的光子的相位正好差 π，所以相邻

格点散射的腔光场相互抵消。因此，最初人们认为这
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样的系统中不会有腔光场的形成。但之后的研究发现，

密度涨落（热涨落或者量子涨落）可以辅助腔光场的

形成，腔光场反过来正反馈初始的密度涨落，最终使

得原子气体在空间上形成周期性分布，腔光场有宏观

占据 [33−37]，且原子气体在空间上的分布周期和腔光

场的周期一致（Z2 对称性的破缺）
[28,38]。 对于原子

气体，这种相变被称为自组织 (self-organization)。对

于腔光场而言，这种相变被称为超辐射相变。后面我

们会说明，在临界点附近，超辐射相变等价于 Dicke相

变。伴随着原子气体形成新的分布，原子的动能也被

腔光场通过耗散 κ 带出腔，所以原子气体的温度也会

被降低到腔的展宽 κ 的量级 [33,34]。上述现象首先被基

于半经典的 Fokker-Planck方程的数值模拟所预言 [33]。

如图 3 所示，随着时间的推移，原子沿腔轴方向的运

动最后都被束缚形成棋盘状（checkerboard，见上图），

原子气体沿腔轴的温度会由于腔场的耗散效果而降低

（见下图）。这一数值结果随后被实验证实 [34]。值得注

意的是，对于自组织的形成，原子数或者驱动光强存

在一个阈值，只有在阈值之上才可能出现相变 [33,37]。

如同热原子中的自组织相变，玻色–爱因斯坦凝聚

体也会有类似的现象。 不失一般性，我们用沿腔轴方

向束缚的准一维气体（取为 x 方向）进行说明。 考虑

一个沿 x 方向放置的 FP 腔，腔模为 uc(x) = cos(kx)，

腔内原子沿横向方向（垂直于腔轴）的运动被束缚在

基态。 假设使用沿 y 方向的平面波驱动原子气体，

即 up(y) = exp (iky)， 把横向自由度积分后，体系的

哈密顿量为

Ĥtot = −∆pcâ
†â+

g1D
2

∫
dxψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)

+

∫
dxψ̂†(x)

[
−~2∂2x
2m

+ Vext(x) + ξcâ
†â cos2(kx)

+ ηp(â
† + â) cos(kx)

]
ψ̂(x). (21)

式中 g1D 表示原子在一维方向的有效相互作用强度，

Vext(x) 是用于约束原子的外加束缚势。 简单起见，我

们暂时省略 Vext(x) 的影响。方括号中第三项是由腔光

场形成的光晶格，最后一项是由原子散射驱动光形成

的干涉项，散射的能力由 ηp 衡量。当 |∆pc| 主导整个
体系的动力学行为时，光子将绝热地跟随原子气体运

动，这时光子的状态为

â =
ηpΘ̂

∆pc − ξcB̂ + iκ
, (22)
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图 3. 上图：在临界驱动强度以上，40 个 85Rb 原子在前 40
µs 中的运动轨迹。不同颜色代表不同原子，其中大多数原
子最终形成棋盘结构的分布。该图来自参考文献 [36]。下图：
原子气体沿腔轴的相空间体积（海森堡不确定性）随时间的
演化。实（虚）线分别代表在临界强度之上（下）。红色和黑
色的实线分别代表原子数为 40 和 160 的情况。该图来自参
考文献 [33,36]。

这里 Θ̂ =
∫
dxψ̂†(x) cos(kx)ψ̂(x)，B̂ =

∫
dxψ̂†(x)

cos2(kx)ψ̂(x)。注意算符 Θ̂ 和 B̂ 对易，所以不会有

顺序问题。 在平均场近似下，腔-原子耦合系统的稳态

行为由稳态方程 (22)和 BEC的 Gross-Pitaevskii (GP)

方程共同描述

α =
ηpΘ

∆pc − ξcB + iκ
,

µψ0(x) =

[
−~2∂2x
2m

+ ξc|α|2 cos2(kx)

+ ηp(α+ α∗) cos(kx) + g1D|ψ0(x)|2
]
ψ0(x).

(23)



132 余东洋等: 光腔中的超冷原子气体

这时绝热势中的干涉项为

Vpc =
2η2p∆̃pcΘ

∆̃2
pc + κ2

cos(kx), (24)

且 Θ =
∫
dx cos(kx)|ψ0(x)|2。设光腔和驱动光的有效

失谐 ∆̃pc，以及驱动光相对于原子激发态的失谐 ∆pa

均为红失谐（∆̃pc,∆pa < 0），当驱动光功率很小或者

粒子数较少时，由涨落导致的腔光场 |α| 较小（特别是
高温时），导致 Vpc(x) 不足以长时间束缚原子

[37]。这

时由于被不同位置的原子散射的腔光场随机抵消，此

时腔内将没有宏观数目的腔光子。但是，随着驱动光

的功率不断增强，等效的 |ηp| 随之增大，量子涨落将
越来越强。可以设想，某时刻涨落足以使原子气体更多

地局限在偶格点 kx = 2nπ （Θ > 0），而 Vpc(x) 将在

偶数格点极小而在奇数格点 kx = (2n + 1)π （Θ < 0）

极大，使得奇数格点的原子被更多地吸引到偶数格点。

而光子的布拉格散射将放大最初的涨落使得原子被更

多地吸引到偶数格点。这样的放大过程最终被相互作

用（气体稠密）或者动能（气体稀薄）所平衡，因为

这两种作用都倾向于原子均匀分布。类似地，原子也

可以汇聚到奇数格点。 图 4 展示了 BEC 在横向平面

波驱动下，在临界值 ηcrp 之上发生的自组织相变。可

以看到当驱动光超过一定临界值后，相干性迅速建立，

Vpc(x) 振幅增加，原子的波函数在空间上越来越局域

化。注意对于单分量的玻色气体而言，超辐射现象依赖

于腔光场对原子气体密度涨落的正反馈，这要求 ∆̃pc

和 ∆pa 必须为红失谐。如果不是红失谐，则腔光场将

压制原子气体的密度涨落，超辐射相将被抑制。

这种腔–原子耦合体系中的自组织现象与光晶格中

玻色气体的超流–莫特 (Mott) 绝缘体相变是不同的。

一方面，前者在形成自组织现象的初期（ηp & ηcrp ），

原子的波函数并没有完全的局域化；另一方面，即使

在深自组织区域（ηp ≫ ηcrp ）时，气体的压缩率依然不

为零（莫特绝缘体压缩率为零）；最后，研究显示在热

力学极限下，无论驱动光多强，总有一部分原子分布

在原子数较少的格点 [36]。

上述 BEC 的自组织现象也可以通过 Dicke 相变来

理解。在原子间相互作用比较弱的情况下，当玻色气

体处于 BEC 状态时，原子大部分凝聚在 |k = 0⟩ 的状
态。原子吸收一个光子变为 |k = ±kR⟩，而此态正好可
以加强光子的布拉格散射，使得更多的光子进入腔中。

当驱动光强度 ηp 在临界点附近时，腔光场较弱，原子

被散射到更高动量的概率很小，因而把 BEC 的波函数

图 4. 上图：腔-BEC 耦合系统超辐射序参量 Θ 随驱动光强
的变化。当驱动强度超过临界值

√
Nηcrp = 65.6ωR 后，伴随

着腔光场的建立，序参量的出现意味着原子沿腔轴形成周期
的分布，破坏了原有的 Z2 对称性。下图：在超辐射相中对
应于驱动强度分别为

√
Nηp = 100ωR（黄粗线）和

√
Nηp =

300ωR （蓝细线）时，原子波函数 |ψ0(x)|2 （实线）以及相
应的由腔光场产生的绝热光学势 ξc|α|2 cos2(kx)+Vpc(x)（虚
线）在空间的分布。图中所用参数为 µ0 = 10~ωRλ，Nξc =
−100ωR，∆pc = −300ωR。该图来自参考文献 [37]。

写作

ψ̂(x) =

√
1

L
Ĉ0 +

√
2

L
Ĉ1 cos(kRx). (25)

式中 L 表示原子气体的尺寸，原子总数 N = Ĉ†
0Ĉ0 +

Ĉ†
1Ĉ1 是守恒量。引入 Schwinger 表象 Ŝ+ = Ŝ†

− =

Ĉ†
1Ĉ0 和 Ŝz = 1/2(Ĉ†

1Ĉ1 − Ĉ†
0Ĉ0)，可以得到如下等效

双模哈密顿量

Ĥ = −∆̃pcâ
†â+ ωRŜz +

η̃p√
N

(â† + â)
(
Ŝ+ + Ŝ−

)
+
ξcN

4
â†â

(
1

2
+
Ŝz

N

)
+ ωRN. (26)

这里，算符 Ĉ0 或 Ĉ1 代表湮灭一个动量为 0 或 ±kR
的粒子， ∆̃pc = ∆pc −Nξc/2，η̃p =

√
Nη。 哈密顿量

(26) 式 的第一项描述原子气体对腔共振频率的移动，

第二项描述原子吸收或者放出一个光子所获得的反冲
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动能 ωR，第三项是原子和光场之间的相互作用。这三

项正好对应的就是 Dicke 模型。第四项表示原子对腔

共振频率的动力学移动，在相变点附近可以被忽略。

此外，通过虚时演化分析不含时 GP 方程 (23) 式

可以得到其临界驱动光强度。在相变点附近，假定原

子的波函数为 ψ(x) = ψ0(x)[1 + ϵ cos(kRx)]，ϵ 为无穷

小量，则正常态失稳的条件就是激发态的衰减速率慢

于基态的衰减速率。由此得到临界驱动光强为

η̃crp =
√
Nηcrp =

1√
2

√
∆̃2

pc + κ2

−∆̃pc

(ωR + 2µ0). (27)

令 gcr =
√
Nηcrp ，ωC = −∆̃pc，ωA = 2(ωR + 2µ0)（考

虑了由于相互作用导致的能级移动），上式恰好是开放

系统 Dicke 哈密顿量发生超辐射相变的临界值

gcr =

√
ω2
C + κ2

4ωC
ωA. (28)

综上所述，该体系中的自组织（超辐射）相变可以被

归为 Dicke 相变一类。

B. 元元元激激激发发发

在这一节里，我们将运用一阶线性涨落理论分

析腔-BEC 耦合系统的一阶线性激发谱。在临界点附

近，腔光场很小，此时原子体系只有一小部分被激

发到 cos(kRx) 的状态
[39,40]，二能级近似的条件成

立 [39,41]。当进入较深的超辐射相时，原子的更高激

发态也将被显著激发。类比于凝聚态物理中的极化

子，与腔光场耦合的低能激发被称为极化激元 (po-

lariton) [37,41]。 在临界点附近，最低能量的极化激

元在动量 |k| = kR 附近的能隙逐渐软化，直到临界

点时变为零，这一支特殊的极化激元又被称为旋子

(roton) [42,43]。在临界点附近，人们发现旋子激发谱

的临界指数为 −1，而不是封闭系统 Dicke 模型预言

的 −1/2 [41,44,45]。产生这个区别的原因是由于腔-BEC

耦合系统的低能激发通过与腔光场的耦合获得了耗散

的特性。这也使得人们可以通过直接测量耗散光子无

损地探测原子体系量子态。在实验上，原子体系的耗

散要比预期的大 [46]，这是因为有限尺寸效应耦合了原

子不同的集体激发模 [43]。

为了简单起见，我们仍然采用上一节的一维模型。

同时，为了抓住腔和物质之间耦合的物理，暂时忽略

原子之间的相互作用。由于（26）式中最后一项可以

忽略，我们可以考虑其对应的 Dicke 模型的稳态解。

令 α = ⟨â⟩，β = ⟨Ŝ−⟩，w = ⟨Ŝz⟩，可以得到

i∂tα = (−∆̃pc − iκ)α+
η̃p√
N

(β∗ + β),

i∂tβ = ωRβ + 2
η̃p√
N

(α∗ + α)w,

i∂tw =
η̃p√
N

(α∗ + α)(β∗ − β). (29)

这里 w2 + |β|2 = N2/4 为守恒量。上面这个方程组始

终有一个平庸解 α = β = 0 和 w = −N/2， 代表腔
内没有光子，同时所有的原子都处于其基态 k = 0。

但是当 η̃p > η̃crp = 1/
√
2
√(

∆̃2
pc + κ2

)
ωR/(−∆̃pc) 时，

将出现另外一个解，即腔内出现宏观占据的光子和部

分原子处于激发态 k = kR，这时有

α = ±
√
N

η̃p

−∆̃pc − iκ

√
1−

(
η̃crp
η̃p

)4

,

β = ∓N
2

√
1−

(
η̃crp
η̃p

)4

,

w = −N
2

(
η̃crp
η̃p

)2

. (30)

由于在临界点附近，原子被激发到激发态 k =

±kR 的概率很小，可以引入 Holstein–Primakoff 变

换： Ŝz = b̂†b̂ − N/2，Ŝ+ = b̂†
√
N − b̂†b̂，Ŝ− = Ŝ†

+。

这里 b̂ 是新的玻色场，满足对易关系 [b̂, b̂†] = 1。 在热

力学极限下，涨落很小，其激发谱可以用线性涨落的

方式考虑： 当 η̃p < η̃crp 时（即正常相），

ĤN
ex = −∆̃pcâ

†â+ ωRb̂
†b̂+ η̃p(â

† + â))(b̂† + b̂). (31)

当 η̃p & η̃crp 时（即超辐射相），经过变换 â → α + ĉ

和 d̂ = β/
√
N + d̂，可得

ĤSR
ex = −∆̃pcĉ

†ĉ+ ωRd̂
†d̂+ gcd(ĉ

† + ĉ))(d̂† + d̂)

+ gdd(d̂
† + d̂)2. (32)

这里的耦合参数 gcd = η̃p/8
(
5 + 3(η̃crp /η̃p)

4
)
，gdd =

ωR/8
(
(η̃p/η̃

cr
p )2 − (η̃crp /η̃p)

2
)
。 在 ωR ≪ κ≪ |∆̃pc| 时，

激发谱为

ωex = ωR

√
1−

( η̃p
η̃crp

)2 [
1 +

1

2

ω2
R

∆̃2
pc + κ2

( η̃p
η̃crp

)2]

− i
κω2

R

∆̃2
pc + κ2

( η̃p
η̃crp

)2
. (33)

激发谱的频率为 Re(ωex)，而其耗散为 Im(ωex)。

当 η̃p = 0，激发谱 ωex = ωR，代表 BEC 的第一个
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集体激发频率。而当 η̃p 越来越趋近于 η̃crp 时，其激发

谱的频率也逐渐变为零，说明 BEC 逐渐获得了光子的

性质。

图 5. 腔-BEC 系统中低能激发的 (a) 激发频率 Re(ωex) 和
(b) 耗散率 Im(ωex)。图中展示了能量最低的 6 支 BEC 主导
（类原子）和 1 支腔主导（类腔）的集体激发模式。图 (a) 和
图 (b) 的颜色一一对应。为了比较方便，类腔模式的激发频
率和耗散率分别被除以 5 和 4000（黑色双虚线），能量最低
的类原子模式（红实线）的耗散率 γ1 也被除以 2。其余的参
数与图 4 的上图相同。该图来自参考文献 [37]。

随着驱动光的增强，BEC 的更高能级集体激发也

会有宏观占据，两能级近似将变得不再适用，此时需

要考虑更多激发态的影响 [37,40]。图 5 展示了腔-BEC

耦合系统中集体激发谱随驱动光强度 η̃p =
√
Nη 的变

化趋势。在临界点
√
Nη = η̃p = η̃crp （这里取 65.612

ωR）以下，BEC 的激发谱（类原子）是两重兼并的。

在正常相中，BEC 的每一个集体激发有一支（图 5 中

洋红点线、靛蓝点虚线、红双点划线）与腔模脱耦，即

使进入自组织区域，它们也只与 BEC 的其它模式耦

合，因此耗散率始终为零；而类原子激发中能量最低

的一支（图 5 中红实线）则与腔模耦合，混合了原子

的集体激发和腔光场在稳态附近的涨落。我们可以看

到类原子的这支激发频率（红实线）随着驱动光强增

强而逐渐软化，在临界点上激发态能量变为零，而耗

散率变为有限值（在临界点附近耗散率的小凹陷是由

于数值精度造成的），意味着系统的能隙关闭从而导致

相变发生。这些结果进一步佐证了前面关于两模 Dicke

模型的讨论。

随着驱动光强 η 的继续增大，类原子的高能集体

激发模式也会与腔模耦合，从而获得了光子的耗散特

性（绿虚线和蓝虚线）。但是在强驱动光极限 η → ∞
时，所有原子都被局限到腔模的波谷位置，导致只

有 BEC 的第二支集体激发（红实线）能与腔模耦合。

因此，除了这一支获得有限的耗散率，其余的两支

（包括能量更高的）的耗散速率都将变为零（绿虚线

和蓝虚线）。这三支都混合了 BEC 的集体激发和腔

光场在稳态附近的涨落，这一点与固体物理中类光

声子和光子之间耦合形成极化激元的过程是类似的。

在这个意义上，这三支激发谱又被称为极化激元。在

强驱动极限下，由于所有原子都会感受到一个简谐

势 η̃p cos(kRx) ≈ η̃pk
2
Rx

2，因此其激发频率将变为等间

距的简谐振子的频谱。

类原子激发谱中能量最低的一支（红实线）代表

着腔-BEC 耦合系统的第一激发态的能隙。由于其动量

为 kR 且其激发频率在临界点附近被软化，因而这一支

极化激元也具有旋子的特征 [42,43]。2012 年，Esslinger

小组通过布拉格光谱的方法，实际测量了二维体系中

极化激元的能隙随着驱动光光强变化的趋势（图 6）。

实验同时测量了处于激发态 |kx = ±kR, kz = ±kR⟩ 的
原子数 Ne 和腔光子数 Nph。由于在临界点附近只有

激发态 |kx = ±kR, kz = ±kR⟩ 有宏观占据，实验结果
和基于 Dicke 模型的理论基本符合。对于有超辐射相

变的情形 (V < 0)，随着驱动光光强从弱极限扫过临界

点，腔-BEC 耦合系统从正常相过渡到超辐射相，激发

谱的能隙先关闭再打开；相反地，对于 V > 0 的区域，

由于腔光场趋向于压制原子气体的密度涨落，因而没

有超辐射相变，激发谱的能隙随着驱动光的增加而增

加。由于探测光的动量为 kR，上述测量反映的是系统

在 p = ~kR 的激发谱，所以这个实验证实了在腔 -BEC

耦合系统中类旋子激发谱的存在。另外，上述结论通

过测量原子密度的静态响应率也得到了证实 [42]。

C. 相相相变变变临临临界界界指指指数数数

在腔–原子耦合体系中，原子与腔光场耦合，腔

光场与环境相互作用导致腔光场不断耗散到环境，因

此环境会间接影响原子气体的动力学演化，最终耦合
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图 6. 腔-BEC 耦合体系的低能激发。这里同时测量了来
源于原子的信号（处于激发态 |kx = ±, kz = ±⟩ 的原子
数 Ne，蓝色）和来源于光子的信号（红色）。V = ~η2p/∆̃pc

代表原子感受到的束缚势的振幅。为了与有超辐射相变的
情形对比（V < 0，实心圆），图中展示了没有超辐射相
变情形（V > 0，空心圆）。灰色阴影区域代表基于双模
模型的理论预测（包含了实验中的不确定性）。其余的参
数设置为：原子数 N = 1.7 × 105，对于 V < 0 的情形
取 ∆̃pc = −2π × (19.8, 23.2) MHz，对于 V > 0 的情形

取 ∆̃pc = 2π × 15.1 MHz，驱动光的强度 P 用临界强度 Pcr

标度。该图来自参考文献 [42]。

系统达到了动力学稳态。这一动力学稳态与封闭系统

的热力学平衡态在各方面都可能存在本质的差别。以

前面讨论过的 Dicke 模型为例，对于封闭系统的平衡

态，平均场预言正常相在零温时的光场涨落 ⟨δâ†δâ⟩ebs
为 [41,44]

⟨δâ†δâ⟩ebs =
η2

ω2

√
1−

(
η
ηcr

)2 ∝ |η − ηcr|−1/2
, (34)

其临界指数是 −1/2，与一般的平均场模型一致。而对

于动力学稳态，平均场理论结果变为

⟨δâ†δâ⟩dss =
η2

2ωω0

(
1−

(
η
ηcr

)2 ) ∝ |η − ηcr|−1
, (35)

其临界指数是 −1（图 7）。此外，原子算符的涨落（即

被激发到 kR 态的数目）⟨δb̂†δb̂⟩ 也具有类似的临界行
为 [44]。由此可见，非平衡态稳态将极大地影响量子相

变的性质。

2013年，Esslinger小组通过实时测量光场的耗散，

发现正常相中的腔光场涨落的临界指数在 −0.9(±0.1)，

与平均场理论的预测基本一致 [46]。但是，从图 8 可

以发现，基于腔光子单通道耗散的理论预测（黑虚线）

明显高于实验所测数据（红色实心圆）。只有人为地把

原子激发态的耗散 γ（灰虚点线）也考虑进来，才能使

得理论与实验相符（红实线）。同时，开放系统的光子

图 7. 开放系统（红色实线）和封闭系统（蓝色虚线）在趋近
于临界驱动强度 yc 时密度涨落的临界行为。开放系统的耗散
率 κ = 2ωR，其余的参数为 ∆pc = −2ωR，ξc = 0。该图来
自参考文献 [44]。

涨落也明显高于闭合系统的涨落（黑实线）。实际上，

实验中不可避免的有限尺寸效应会耦合 BEC 的高能激

发态与类旋子激发态，从而使得原子的高能激发态扮

演了一个附加的热库，为旋子激发提供了一个新的耗

散通道 γ。这一效应必然依赖于驱动光强和体系尺寸

的大小，并且会压制由于腔光场导致的密度涨落，从

而导致腔光场涨落的减小。有限尺寸效应同时会使得

临界点附近的光场涨落添加一个次发散项 |η − ηcr|−3，

但并不会改变临界指数 [43]。另外，如果考虑非单模的

热库，非平衡态的临界行为也会被相应地改变。例如，

计算发现 sub-ohmic 热库会通过其低能态密度影响开

放系统中的临界指数，使得其绝对值低于 1 [47]。

图 8. 发生超辐射之前腔内涨落的光子数。红色圆点是实验
结果，黑色实线是闭合系统的理论结果，黑色虚线是基于腔
光子单通道耗散的理论预测，红色实线是考虑原子激发态耗
散（灰色虚点线）后的结果。该图来自参考文献 [46]。
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除了涨落的临界指数以外，弛豫时间、相干长度

等物理量的临界指数也能反映相变的类型和性质。在

自组织（超辐射）临界点附近，由于旋子的软化，系统

的相干长度发散，其弛豫时间变得无穷长，并服从幂

律形式

τ ≈ |ηp − ηcrp |−zµνµ , (36)

式中 zµνµ 是只依赖于相变类别的普适量（µ 标记驱

动相变的方向，即从正常相驱动到自组织相或者反过

来）。实验上，从不同方向驱动系统通过临界转变驱动

强度 ηcrp ，人们发现从均匀相驱动到自组织相的临界指

数 z1ν1 = 0.75，而从自组织相驱动到均匀相的临界指

数 z2ν2 = 0.18 [48]。这一结果与 Kibble-Zeruk 机制预

测的临界指数 zµνµ = 0.5（包括两个驱动方向）差别

较为明显，其中的机制还有待进一步研究。

D. 单单单分分分量量量的的的玻玻玻色色色–哈哈哈伯伯伯德德德模模模型型型

在超辐射相变发生后，腔内的光场会形成一个具

有周期性的驻波场，原子的运动状态由准动量标记。

和传统的光晶格不同的是，腔光场不再是 “经典” 的保

守势，而是会产生反馈效果的势场。这种效应会产生

非线性的相互作用，并有可能导致光学双稳现象、甚

至更为复杂的三稳现象和一些 “燕尾” (swallowtail) 结

构。

简单起见，考虑一维单组分玻色气体在单模腔中

的运动，且原子被束缚在最低的能带（单带近似），而

光腔被原子驱动或者腔驱动。在热力学极限下，如果

不考虑原子和腔光场之间的纠缠，所有原子将感受到

一个平均的腔光场，此时总哈密顿量简化为

Ĥ ∼= −∆pcâ
†â+ iηc(â

† − â) + Ĥ0 + Ĥ1 + ĤLM,

Ĥ0 = −t0
∑
⟨i,j⟩

(b̂†i b̂j +H.C.) +
g1D
2

∑
i

n̂i(n̂i − 1),

Ĥ1 = ξcâ
†â
(
D̂s + B̂s),

ĤLM = ηp
(
â+ â†

)(
D̂d + B̂d

)
. (37)

上式中 Ĥ0 是背景晶格上的玻色–哈伯德模型（Bose-

Hubbard Model, BHM）， Ĥ1 描述腔光场对光晶

格势的影响， ĤLM 描述驱动光与腔光场的干涉，

其中在位密度 D̂ε =
∑

i J
ε
iin̂i 和最近邻格点跃

迁 B̂ε =
∑

⟨i,j⟩ J
ε
ij(b̂

†
i b̂j + b̂†j b̂i) 分别描述了原子的

密度和动能与光场之间的耦合。耦合系数 Jε
ij =

∫
drfε(r)w

∗
i (r)wj(r)，积分内核

fε(r) =

{
u∗c(r)uc(r), ε = s,

u∗p(r)uc(r), ε = d.
(38)

如第 IV.A 小节所述，在腔光场的特征频率足够大时，

腔光场将跟随原子气体运动，因而可以消去光场，得

到原子运动的有效哈密顿量。比如，在原子驱动情形

下，物质场和光场之间的干涉项 ĤLM 写为

ĤLM = ηeffp
(
D̂† + B̂†)(D̂ + B̂

)
. (39)

式中 ηeffp = 2∆̃pcη
2
p/(∆̃

2
pc + κ2) 刻画了原子之间被腔光

场诱导出的有效长程相互作用的强度，可以通过激光

驱动强度 ηp 和激光失谐 ∆pc 等调节。

图 9. （a）单个格点上有 n 个粒子占据的概率 pn 和（b）
粒子数涨落随散射长度 as 的变化。图（a）中实线是原子
气体位于光腔产生的光晶格中的情况，虚线是没有腔但有相
同深度的经典光晶格 Veff 的情况。此外，ξc = −κ，∆pc =
−3.75κ，Veff = −4ER。图（b）中虚点线对应于经典光晶格
情况，其余的线对应不同的失谐。该图来自参考文献 [49]。

除了为原子提供一个平均的周期势之外，腔光场
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的量子涨落也会影响原子气体的状态。一方面，对于原

子和腔耦合较弱或者腔光子很少的情况，较大的腔光

场涨落会使得系统的基态表现出较为复杂的行为 [49]。

比如，当腔光子数 nph = 0 时（没有外加束缚势和较

弱的接触相互作用），腔光场不影响原子气体的长程关

联；但是当 nph = 1时，此时的腔光场趋向于阻止原子

在空间的移动，破坏原子气体的长程关联，因而原子

的基态往往是不同物质相的叠加态（图 9(a)）。腔光场

的涨落还会增加 Feshbach 共振 BEC 区域的粒子数涨

落，同时压制 BCS 区域的粒子数涨落（图 9(b)）。另

一方面，如果外加较深的背景光晶格使得原子的跃迁

矩阵元 (J s
ij) 只是微弱的依赖于腔光场（腔光场涨落相

对较小），由腔光场诱导的相邻格点的跃迁仍然会改变

原子系综的稳态，这一点在腔驱动和原子驱动的情形

均可以看到。

图 10. 腔驱动情况下玻色–哈伯德模型的相图。横轴为耗散率
和驱动光强的比值 κ/η，纵轴为重整后的化学势 µ̃/g1D。该
图来自参考文献 [50]。

比如在腔驱动的情况下，由于腔的非线性效应和

相互作用对粒子数密度的影响，莫特绝缘态会出现许

多亚稳态 [50,51]，系统在不同失谐下的相图也会表现出

较大的差异（图 10）。当 ∆pa < 0 时，原子趋向于聚

集在波腹上，使得原子和腔的耦合极大，这时腔的非

线性效应最为显著；而如果 ∆pa > 0，原子聚集在波

节，使得原子和腔的耦合极小。因而在强驱动极限下，

相图和标准的玻色–哈伯德模型一致。但是当驱动光较

弱时，相图中出现了许多双稳态区域，甚至有些莫特

绝缘态还出现在了化学势为负的区域。

图 11. 原子驱动情况下玻色–哈伯德模型的相图。横轴为耗
散率与驱动光强的比值，纵轴是重整后的化学势（相对于每
个格点上仅有一个粒子时的在位相互作用特征能量 U1）。黑
色箭头代表密度 n0 = 1 时发生超辐射相变的位置。其他参
数为 ∆pc = −50 κ，ξc = −0.1 κ，g1D/ERλ = 4.74× 10−4。
该图来自参考文献 [58]。

在原子驱动的情况下，由于原子的在位相互作用

能依赖于腔光场的大小。腔光场越大，在位相互作用

能越大。这不仅使得超流到莫特绝缘体转变的临界驱

动光强变大，也使得莫特绝缘体的各区域 (lobes) 之间

出现间隙（图 11）。在弱驱动极限 s0 → 0 或者坏腔极

限 κ → ∞ (κ/s0 → ∞) 下，系统进入均匀的超流相

（平均光子数为零）。随着驱动光的增强或者腔的耗散

下降，系统将进入超辐射相，使得原子在空间形成周期

为 λ的莫特绝缘体。在超流和绝缘体之间，原子系综可

能既具有超流的非对角长程序也具有电荷密度波的对

角长程序。比如在填充数 n0 = 1 且 0.6 < κ/s0 < 0.78

时，原子气体既有固体的周期性又有超流的相干性，

因而又称这种状态为超固相 (supersolid)。对超固相的

寻找和研究是凝聚态物理的重要课题之一 [28,52−57]。

以往的研究大多聚焦具有长程相互作用的体系，比如

具有偶极相互作用的 BEC [54]。在腔-BEC 耦合系统

中，由于原子和同一个模式下的腔光场相互作用，使

得原子之间具有等效的长程相互作用，因而在某些参
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数区间可能出现超固相。

图 12. 在失谐 ∆pc（即图中 ∆c）和晶格深度 V2D 平面的相
图。相图中包括超流相 SF（红色）、超固体相 SS （紫色）、
电荷密度波相 CDW（蓝色）和莫特绝缘体相（黄色）。黑
色实心点代表电荷密度波的建立，白色空心点代表超流性的
消失，斜线区域代表 CDW 和 MI 的共存区域。图中填充
数 n0 ≈ 1。该图来自参考文献 [57]。

在 2016 年的实验中 [57]，Esslinger 小组将由

约 4.2 × 104 个 87Rb 原子组成的 BEC（温度为 42

nK）传送到一个光腔中，通过沿腔轴和垂直于腔轴

两个方向加一个经典光晶格，同时在另一个正交的方

向加一束强光把原子气体切成二维气体。由于驱动光

与腔的失谐 |∆pc|/2π ∼ 10 MHz 远大于腔的耗散频

率 κ/2π ∼ 1 MHz，而后者又远大于原子运动的特征频

率 ωR/2π ∼ 1 KHz，因此可以安全地绝热消除光子自

由度，得到腔中扩展的玻色–哈伯德模型

Ĥ = −t0
∑
⟨e,o⟩

(b̂†eb̂o +H.C.) +
Us

2

∑
i∈e,o

n̂i(n̂i − 1),

+
Ul

K

(∑
e

n̂e −
∑
o

n̂o

)2
−
∑
i∈e,o

(µ− Vi)n̂i, (40)

上述哈密顿量的前两项代表传统的玻色–哈伯德模

型，而第三项代表由腔光子诱导的原子之间的长程

相互作用，其系数 Ul = K~|ηM0|2∆̃pc/(∆̃
2
pc + κ2) ∝

V2D/∆̃pc，V2D 为背景光晶格深度。另外， ∆̃pc =

∆pc − δc，M0 代表原子和光场之间的重叠程度，

δc 代表原子气体对腔的频率移动。这个体系中的

电荷密度波序可以用奇偶格点的粒子数失衡 Θ =

|
∑

e ne −
∑

o no|/|
∑

e ne +
∑

o no| 表征。当 ∆̃pc > 0

时，长程相互作用会使得原子之间的能量升高，因

而此时只有超流相或者莫特绝缘体相。当 ∆̃pc < 0

时，Ul < 0，这时系统将有可能具有电荷密度波序

（Θ ̸= 0）。

该实验通过测量光子数反推 Θ（图 12 黑实心点），

并通过时间飞行 (time-of-flight) 测量原子气体的空间

相干性（图 12 白空心点）。一方面，当失谐 |∆pc| 较
小时，较浅的晶格使得气体被原子的动能所主导，因

而表现为空间均匀的超流态（红色，SF）。而较深的

晶格则会压制原子的动能，但是由于腔光场较强使得

电荷密度波序得以建立。在这两者之间，气体既有超

流特性又有电荷密度波序，此时被称为超固相（紫色，

SS）。另一方面，随着失谐 |∆̃pc| 的增加，腔光场也随
之减小，因而在较深的晶格下，原子气体表现为莫特

绝缘体（黄色，MI）。值得注意的是，腔光场和经典光

晶格的竞争有可能导致双稳态，如图 12 中的斜线区

域。在理论上，人们对该体系中的超固相进行了一系

列的研究。平均场理论给出的相图和实验结果定性吻

合 [59−62]。注意到由于前述实验是通过调节背景光晶

格深度 V2D 的方式调节在位相互作用 Us，在调节的

同时也改变了长程相互作用，因此并不能独立解析出

在位相互作用 Us 的影响。此外，动力学平均场方法

（Dynamical Mean Field Theory, DMFT）也确认了二

维系统中超固相的存在 [63,64]。同时由于在位相互作用

趋向于使得原子气体均匀分布，因而会提高发生超辐

射相变的临界值 [63]。随后的进一步研究指出，动力学

平均场方法在定量上仍然不精确 [65]。值得一提的是，

当腔光场足够强时，将不仅与原子的密度耦合，而且

还与原子的动能耦合，这使得原子体系形成了一些新

奇的物相 [59]。

另一方面，当腔的耗散率 κ 与原子的动能 ωR 相

当时，腔光子不再绝热地跟随原子运动，导致绝热近

似失效。此时腔光子不仅会诱导原子之间的全局相互

作用，还会有其他的动力学效应。虽然如此，腔-BEC

耦合系统仍然可以达到动力学稳态 [48,65]。当驱动光和

腔的有效失谐 ∆̃pc < 0 时，腔光场放大原子气体的密

度涨落，因而仍然会发生超辐射相变。当腔光场超过

一定临界值时，原子体系的空间相干性将会消失，成

为莫特绝缘体，如图 13 所示。在这个实验中，原子的

有效失谐 |∆̃pc| 与腔的耗散速率 κ 在相同量级，填充

数 n0 ≈ 20。 图中 HSF 代表仅有空间相干性的均匀

超流相，SSF 代表同时具有电荷密度波序和空间相干

性的超固相，而 SMI 代表仅有电荷密度波序的自组织

莫特相。由于腔和原子运动的特征时间相当，人们在

实验中也观察到了可能由动力学效应导致的 “磁滞效
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应” [48]。

图 13. (a) 腔光子数 Np 随有效失谐 ∆̃pc（即图中 δeff）和驱
动光强度（图中 ϵp）的变化趋势。图中 HSF 代表均匀超流
相，SSF 代表超固体相，SMI 代表莫特相。(b) 沿图 (a) 中
的路径 ABCD，光子数和动量分布半高宽 W 的变化趋势。
在 B − C 之间，腔光子数有限而原子仍然具有空间相干性，
体系处于 SSF 相。(c) 沿 ABCD 路径，体系经过图(b) 中由
箭头标记的位置 1-8 时，原子在 ky − kz 平面内的动量分布。
该图来自参考文献 [65]。

E. 自自自旋旋旋–轨轨轨道道道耦耦耦合合合的的的玻玻玻色色色气气气体体体

自旋–轨道耦合效应往往会强烈地改变单粒子的色

散关系和自旋成分，从而极大地影响体系的性质，出

现新奇的基态物相和低能激发 [66,67]。在冷原子物理

中，现有的实验一般通过微波或者拉曼过程耦合原子

不同超精细能级形成人工自旋–轨道耦合。当把原子

气体置于光腔中时，腔光场和原子气体的相互影响使

得腔–原子耦合系统往往表现出一些非线性效应。最简

单的实现人造自旋-轨道耦合的方案是通过微波直接耦

合原子不同超精细能级，使得不同分量的原子相干并

伴随动量转移。即使在这样简单的构形里，光腔也会

使得系统表现出一些不同于传统的光力系统的性质。

腔–原子耦合系统在某些参数区间内甚至表现出三稳现

象 — 存在两个亚稳态和一个基态 [68]。在拉曼过程产

生的自旋–轨道耦合系统中，原子的两个基态与一个高

能激发态通过两束拉曼光耦合。当两束拉曼光的单光

子失谐远远大于激发态的线宽时，激发态的占据可以

忽略不计，此时原子的两个基态发生相干形成自旋–轨

道耦合。如果其中一束拉曼光借助于腔光场实现，则

腔的非线性和耗散效应也将通过拉曼过程进入到系统，

使得系统出现燕尾结构 (swallowtail) [69] 等非线性效

应 [70−73]。

例如，可以沿垂直于腔轴的方向使用两束大失谐

（相对于原子跃迁频率红失谐，∆pa < 0）的平面波（探

测光，拉比频率 Ω2）和驻波（驱动光，拉比频率 Ω1）

驱动原子，同时选择恰当的驱动光偏振方向使得它们

耦合原子的不同基态能级，通过压制 σ− 光使得腔光

场同时能耦合驱动光所耦合的能级（拉比频率 g0），

这时原子将通过两种拉曼过程耦合起来，即 Ω2 − Ω1

和 Ω2 − g0。描述该系统的有效哈密顿量为
[74]

h =

[
−δ/2 M̂−(x, y)

M̂†
−(x, y) δ/2 + M̂z(x, y)

]
. (41)

其中 δ 是有效的双光子失谐，M̂z(x, y) = U1 cos
2(ky)+

U0â
†â cos2(kx) + η(â† + â) cos(kx) cos(ky) 代表赝自旋

朝下的粒子感受到的由驱动光和腔光场产生的晶格势。

在一般的实验中，驱动光的拉比频率 Ω1 比腔的拉比频

率 g0 大很多，比如 Ω1/g0 = 10，因而影响主要来源于

驱动光的晶格势 (U1) 和驱动光与腔光场之间的散射 η。

此外， M̂−(x, y) = [−Ωcos(ky) + Ωcâ cos(kx)]e
−iky

描述两种拉曼过程产生的自旋–轨道耦合效应，其

中 Ω = −Ω1Ω2/∆pc，Ωc = g0Ω2/∆pc。这时的腔光

场振幅 α = ⟨â⟩ = (ηΘ+ΩcΞ)/(−U0B+ iκ)，其中 B =
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⟨Ψ↓| cos2(kx)|Ψ↓⟩， Θ = ⟨Ψ↓| cos(kx) cos(ky)|Ψ↓⟩
和 Ξ = ⟨Ψ↓| cos(kx) exp(iky)|Ψ↑⟩ 分别衡量了自旋朝
下的粒子对腔频率的移动、对驱动光的散射能力以及

拉曼过程对探测光的散射能力。

图 14. (a) 具有腔诱导的自旋–轨道耦合的两分量玻色气体
的相图。图中 Ω 是探测光驱动的自旋–轨道耦合强度，η 是
驱动光强度。固定驱动光强度 η = 0.7EL/~ 时，腔光场的
期望值 α 和原子体系序参量 Θ 随自旋–轨道耦合强度 Ω 的
变化趋势如 (b) 和 (c) 所示。图中其他参数为：双光子拉
曼失谐 δ = −4EL/~，驱动光与腔光场的单光子拉比频率
比 Ω1/g0 = 10。该图来自参考文献 [74]。

如图 14(a) 所示，在 Ω1 ≫ g0 的条件下，随着探

测光 Ω2 的变化，该系统在零温可以出现三个截然不

同的物相：棋盘相（超辐射）、条纹相（正常态）和

涡旋-反涡旋晶格相（超辐射）。首先，当探测光 Ω2

较小时，只有自旋朝下的粒子散射驱动光 (Θ ̸= 0)，

而自旋朝上的粒子不散射光子 (Ξ ≈ 0)。因此只有驱

动光的强度超过临界值时，腔光场才会有宏观占据

(α = ⟨â⟩ ̸= 0)，此时自旋朝下的粒子形成棋盘结构。

由于不可避免的背景散射会使得自旋朝上与自旋朝下

的粒子之间存在相互作用，自旋朝上的粒子的空间分

布也会受到影响，具体形式依赖于散射长度。以铬原

子 (Chromium，Cr)为例，由于不同赝自旋之间的散射

长度为 a↑↑ = a↑↓ = 112aB 和 a↓↓ = 87.5aB（aB 是玻

尔半径）满足不相容 (immiscible) 条件 a2↑↓ > a↑↑a↓↓，

因此自旋朝上的粒子将聚集在自旋朝下粒子密度最

小的地方。其次，当逐渐增加探测光的强度 Ω2 时，

由 Ω2 − Ω1 组成的拉曼过程形成自旋–轨道耦合。这种

自旋–轨道耦合效应等价于一个空间位置依赖的有效磁

场 B = (Bx, By) ≈ −Ωcos(ky)(cos(ky), sin(ky))，其

周期为 π/k。这个有效磁场将压制腔光场的形成（后

者的周期为 2π/k），因而随着 Ω (Ω2) 的增强，腔光场

将逐渐消失，最终进入一个由 Ω1 − Ω2 主导的物质相

――条纹相。这时垂直于腔轴方向原子形成条纹状的分

布 (α = 0)，见图 14(b)。最后，当进一步增强 Ω 时，

通过 Ω2 − g0 散射光子的拉曼过程也开始显现作用，此

时的腔光场主要来源于通过拉曼过程散射的探测光，

即 Θ ≈ 0 和 Ξ ̸= 0（图 14(c)）。这时由于拉曼过程起

主导作用，两种组分的原子将在空间形成相同的分布

(miscible)。 注意到该体系中的拉曼过程相当于引入了

有效磁场，一方面使得原子的自旋形成磁性结构，另

一方面使得原子波函数的相位形成涡旋–反涡旋晶格阵

列（周期 2π/k）。这一等效磁场的强度可以达到几个

特斯拉量级，这使得腔–原子气体耦合系统成为研究量

子霍尔效应的一个新平台。

V. 光学腔中的超冷费米气体

如前所述，当温度足够高时，遵从麦克斯韦–玻尔

兹曼统计的热原子气体会在足够强的横向驱动下出现

超辐射（自组织）相变 [33,34]。但是，随着温度的逐渐

降低，不同的量子统计性质使得耦合系统表现出截然

不同的性质。对于玻色子，当温度足够低的时候，几

乎所有的原子都会凝聚到能量最低态，这使得超辐射

相变更容易发生。对于费米子而言，其在低温下是否

仍然能够发生超辐射相变？相变的发生条件和特征是

否会出现变化？近期的研究发现，一方面，对于单分

量 (spinless) 费米气体，泡利不相容原理并没有禁戒

超辐射相变，相反在某些参数区间，超辐射的不稳定

性会被极大地增强，而维度和光腔的耗散也会产生显

著的影响；另一方面，当原子的自旋自由度参与到系

统的动力学演化，该复合体系的性质会变得更为特殊

和有趣，出现非平衡态的腔诱导配对 [75]、人造规范

势 [76−78] 等新奇物理现象。

A. 单单单分分分量量量费费费米米米气气气体体体

将简并的单分量费米气体置于驻波光腔中，同时

沿横向驱动原子气体。描述其运动的哈密顿量与玻色

气体具有相同的形式（见 (17)式）。由于费米统计，原

子算符遵循反对易关系 {Ψ̂(r), Ψ̂†(r′)} = δ(r− r′)，同

时原子之间的接触相互作用被泡利不相容原理所禁戒，

即 Us = 0。在热力学极限下，光场的涨落可以忽略不

计，我们采用平均场的方式处理腔光场 ⟨â⟩ = α。在红
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失谐的驱动光情形下，光场的涨落仍然会扩大原子气

体的密度涨落，但是由于泡利不相容原理，使得原子

气体的超辐射相变受到气体密度和维度的影响。理论

研究发现 [79]，腔光场的建立一方面会加深沿腔轴的晶

格深度 ξc|α|2 cos2(kRx)，另一方面会散射近共振的驱
动光（ωp ≈ ωc）进入光腔 ηp(α + α∗) cos(kRx)，而沿

驱动光的晶格深度也会受驱动光的影响。通过二阶微

扰论可得临界驱动强度

ηcrp
√
N =

1

2

√
∆̃2

pc + κ2

−∆̃pc

ER

f
, (42)

这里的参数定义与玻色气体的情形保持一致。式中 f

是一个与统计特性、驱动强度、原子气体密度和维度

有关的量。

图 15. (a) 一维、(b) 三维、(c) 二维单分量费米气体发生超
辐射相变的临界参数 f 随填充数 ν 的变化。参数 f 和临界
驱动强度的关系如公式（42）所示。图中 V0 为驱动光的强
度，虚线代表同样参数下玻色气体的情况。(d) 不同填充数
下参数 1/f 随 V0 的变化趋势。图中虚线和实线的交点代表
相应情况下的超辐射相变点。该图来自参考文献 [79]。

图 15 展示了不同维度下 f 随原子填充数 ν（气

体密度）的变化关系 [79]。对于玻色气体而言，由于

粒子可以占据同一个格点，因此其临界强度不受气体

密度和维度的影响（图中虚线）。但是对于费米气体而

言，由于统计性质的影响，费米子能够获得的相空间

受到气体密度和维度的强烈影响（实线）。在低密度时

(ν → 0)，费米气体比玻色气体更容易发生超辐射相

变。在高密度时，泡利不相容原理则会压制超辐射相

图 16. 上图：一维单分量费米气体的相图。主图由蓝色实
线区分三个物相（温度 kBT/Er = 0.01）：费米液体 (Fermi
Liquid，FL)、超辐射 Peierls 绝缘体 (Superradiant Peierls
Insulator，SPI) 、超辐射电荷有序费米液体 (Superradiant
Charge Ordered Fermi Liquid，SCOFL)。黑色虚线代表温
度 kBT/Er = 0。插图代表超辐射相变在费米面附近从无能
隙（虚线）变为有能隙（实线）。该图来自参考文献 [80]。下
图：二维单分量费米气体的相图。图中 (a) 和 (b) 分别代表
填充数 nF = 0.5 和 1.5 的情况，蓝色实线代表二阶相变，红
色双线代表一阶相变，斜线区域代表不稳定区域。该图来自
参考文献 [81]。

变 [79−81]。特别地，当费米面和腔光场的波矢发生嵌

套 (nesting) 时，超辐射相变被极大地增强。这一机制

与固体中的 Pierels 相变类似。由于一维费米气体的费

米面是两个离散点，当填充数 ν = 0.5 费米面发生嵌

套时，效果最为显著，导致临界驱动强度 ηcrp → 0，如

图 15(a)和图 16（上）所示。此时，任意有限的腔光场

都可以在费米面打开能隙，使得原子气体表现为绝缘

体（图 16（上）的 SPI 区域）。当填充数远离半满时，

有限的腔光场并不能在费米面附近打开能隙，因而原

子气体表现为金属（图 16（上）的 SCOFL 区域）。与

玻色体系类似，超辐射相变既可以是连续相变也可以

是一阶相变（图 16）。在二维和三维体系中，由于费米
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面不能完全匹配，嵌套效果虽然会增强超辐射，但临

界驱动强度不能达到零，如图 15(b) 和 (c) 所示。当填

充数占据到更高能带时，费米面的复杂结构将会带来

更为丰富的现象。特别地，当沿腔轴方向的晶格深度

超过驱动方向的晶格深度时，原子将趋向于更多地沿

腔轴排列，从而增强超辐射。这时将发生一个腔光场

较小到较大的一阶相变，如图 16 （下）图所示。这两

个相通过不同的密度绝热地联系起来，类似于气液相

变。

有限大小的耗散或者温度都会抑制腔光场的建立，

但是上述诸多现象在实验范围内仍然可以被探测，比

如借助于时间飞行测量或者光腔的漏光光谱 [80]。值

得注意的是，费米气体虽然具有不同于玻色气体的特

性，但是在高密度极限下，费米气体的超辐射相变与

玻色气体的相变类似。在临界点附近，仍然可以等价

为 Dicke 模型 [82]。

B. 两两两分分分量量量简简简并并并费费费米米米气气气体体体

随着自旋自由度的引入，光腔中两分量费米气体

会表现出更为丰富的物理。首先，由于不同分量原子

之间的 s 波散射长度可以通过 Feshbach 共振技术进行

调控，原子之间的相互作用可以从弱吸引相互作用经

过幺正区域连续调节到弱的排斥相互作用，使得体系

发生 BCS-BEC 过渡。在 BCS 区域 (as < 0)，低能激

发服从费米统计，其超辐射相变主要表现为费米体系

的特征，比如临界驱动强度的密度依赖；在 BEC 区域

(as > 0)，两个不同分量的费米子形成复合玻色子，低

能激发服从玻色统计，其超辐射相变主要体现出玻色

体系的特征，其临界驱动强度基本与密度无关。在幺

正区域 (1/kFas → ±0)，低能激发则会同时表现出两

种统计特性。因此，在 BCS-BEC 过渡中，超辐射相

变临界驱动强度强烈地依赖于原子间相互作用和原子

密度 [83]。

此外，在不同分量费米子之间也可以实现人造规

范势和人造自旋-轨道耦合。具有自旋-轨道耦合的费

米系统会产生极为丰富的物理现象，比如自旋霍尔效

应 [84]、拓扑绝缘体 [85]、Majorana 费米子 [86]、Weyl

半金属 [87] 等。在势阱和光晶格中的超冷费米气体中，

目前已经实现了多种类型的自旋–轨道耦合 [88−90]，在

理论上对其中的配对物理和拓扑性质也进行了深入的

研究 [91,92]。在光学腔中，腔光场和自旋–轨道耦合的

相互叠加使得原子气体展现出了和自由空间不同的性

质和现象，如拓扑超辐射和拓扑超流等 [77]。同时，腔

光场的耗散通道也使得人们可以非破坏地研究多体体

系的动力学行为和非平衡态相变。

图 17. 利用 FP 腔在两分量费米气体中实现人造自旋–轨道
耦合的方案。本方案中垂直于腔轴方向加一束驱动光 ωA 驱
动 A 模式，两分量的超冷原子只能沿腔轴运动，同时沿腔轴
方向加一束大失谐的线偏振光驱动腔的另一支模 B。该图来
自参考文献 [93]。

考虑将处于量子简并温度以下的费米气体（比

如 6Li）装载到 FP 腔中，沿垂直于腔轴方向驱动原

子（偏振方向沿腔轴），超辐射相变将使得光腔的一支

振动模式被激发（模式 A）。同时，光腔的另一个模式

(B) 被大失谐的线偏振光驱动，如图 17 所示。为了使

更多光子被散射到光腔中，纵向驱动光和腔光场的 A

模近共振，且相对于原子的激发态是大的蓝失谐。这

时激发态的占据数很小，可以被绝热消除。为了简单

起见，假设垂直于腔轴的两个方向都存在强的束缚势，

约束强度 ~ω⊥ 远大于原子气体的费米能 EF。 这时，

费米气体等效为沿腔轴方向的准一维费米气体，其等

效哈密顿量为 [77]

Ĥ0 = −∆pcâ
†â+

∑
σ

∫
dxΨ̂†

σ(x)

[
−~2∂2x
2m

+ (V0 + ξAâ
†â) cos2(k0x) + ξσmz

]
Ψ̂σ(x)

+ ηA(â
†+â)

[∫
dxΨ̂†

↑(x) cos(k0x)Ψ̂↓(x)+H.C.

]
.

(43)

式中 â 和 Ψ̂σ(x) 分别是腔模 A 和原子场的场算符，

∆pc = ωp − ωA 为驱动光相对于腔模 A 的失谐，V0 腔

模 B 提供的背景光晶格，ξA = g2A/∆pa 为单个原子对

腔模 A 的频率移动，ηA = sgAΩA/∆pa 是有效拉比频

率，mz 为沿 z 方向的磁场。这里 s = exp(−k20ρ2/8)，
∆pa = ωp − ωeg > 0)，ξσ = ±1。如果腔光场不为零，

哈密顿量（43）式的第三项描述了由腔光场诱导的自

旋–轨道耦合。
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对腔光场应用平均场近似 ⟨â⟩ = α，当腔光场的动

力学特征频率远大于原子的反冲能量 Er = ~2k20/2m
时，费米气体和腔光场最终达到如下稳态

α =
ηA
∫
dx cos (k0x)

[
⟨ψ̂†

↓ψ̂↑⟩+H.C.
]

∆pc + iκ− ξA
∑

σ

∫
dx⟨ψ̂†

σψ̂σ⟩ cos2 (k0x)
. (44)

当没有驱动光时，磁场会把系统分为正常费米气体

(mz < mc) 和完全极化费米气体 (mz > mc)。当驱

动光足够强时，通过拉曼过程原子将散射足够多的光

子进入腔并与耗散过程达到平衡，这时发生超辐射相

变 α ̸= 0。更为重要的是，拉曼过程将引起不同能带间

的自旋翻转过程，使得基于瓦尼尔 (Wannier) 表象的

单带近似不再适用。当磁场较小时 (mz < mc)，驱动

光诱导的有限腔光场将在费米面附近打开能隙的同时

翻转原子的自旋，系统进入了一个拓扑超辐射态。这

个非平庸拓扑态的拓扑性质可以由第一布里渊区内自

旋结构的非零环绕 (Winding) 数刻画（如图 18 所示），

同时会伴随一对零模边缘态 (edge state) 的产生。当磁

场大于临界磁场时 (mz > mc)，计算表明存在两种不

同的超辐射相：一种是拓扑平庸超辐射相，而另一种

相与弱磁场极限的拓扑非平庸相一致。这里的拓扑非

平庸态来源于特殊的拉曼构形：腔光场所形成的拉曼

光晶格的周期是背景晶格周期的两倍，它们在波节处

相交，因而使得拉曼场耦合同格点上的 s 和 p 能带，

同时带间的耦合强度反比于能级差，所以不同分量对

应的耦合强度不同。这种特性使得系统的能隙随着驱

动光强度 ηA（或者腔光场 α）的增强经历了先闭合再

逐渐打开的过程。通过对角化哈密顿量（43）式，可以

得到在 mz–ηA 平面的相图，如图 19 所示。

图 18. 第一布里渊区内拓扑超辐射相 (a) 和普通超辐射相
(b) 中典型的自旋分布。其中红色实线代表自旋沿 z 轴分量，
黑色虚线代表自旋沿 y 轴分量。插图显示了动量空间中自旋
的结构。该图来自参考文献 [77]。

由于腔光场会不断通过腔耗散，一方面，系统最

终达到的状态并非热力学平衡态而是动力学稳态；另

一方面，系统的持续耗散过程也为观察原子系综提供

了一个很好的通道。在半满填充时，费米面的波矢满

图 19. 具有腔诱导自旋–轨道耦合的无相互作用一维费米气体
的相图。当等效磁场 mz < mc 时，系统随驱动光强度 ηA 的
增加，从正常金属相 (M) 进入拓扑非平庸超辐射相 (TSR)。
当 mz > mc 时，系统在弱驱动时为极化的绝缘体 (I)，经过
超辐射相变后进入拓扑平庸的超辐射相 (SR)，随着驱动进一
步增强变为非平庸的超辐射相 (TSR)。图中黑色虚线、绿色
点线和蓝色点划线代表二级相变，红色实线代表一级相变。
在临界磁场 mc 处存在一个四相点。插图显示了沿不同轨迹
（黄色箭头）跨越相变线时，能带结构的变化。其中蓝色实线
为箭头起点的情形，粉色点线为相变点的情形，灰色虚线为
箭头终点的情形。该图来自参考文献 [77]。

足 2kF = k0，因而费米面嵌套效应将显著增强超辐射

相变，导致在热力学极限下任意有限的驱动强度都可

以引发超辐射相变（图 19 中的有限驱动强度归因于有

限尺寸效应），同时在腔光场中留下了特征。例如，腔

内光子数的一阶导数 ∂|α|2/∂ηA 会在能隙闭合时表现
出一个峰状结构。结合自旋选择的时间飞行测量，在

实验上将有可能测量并区分这两种超辐射相。

接下来，我们考虑原子之间的相互作用的影响。

这部分哈密顿量的形式如下 [93]

ĤI = −g1D
∫

dxΨ̂†
↑(x)Ψ̂

†
↓(x)Ψ̂↓(x)Ψ̂↑(x). (45)

这里 g1D 是不同组分之间的有效相互作用强度，可以

通过 Feshbach 共振调节 s 波散射长度 as 或者通过约

束诱导共振调节横向束缚势频率 ω⊥（或束缚势特征长

度 ρ ≡
√
~/mω⊥）来达到改变 g1D 的目的

g1D = −4π~2as
m

1

2πρ2

(
1− C as√

2ρ

)−1

, (46)

式中 C = 1.4603。当 g1D > 0时，原子之间的有效相互

作用将是吸引相互作用，相反动量和自旋的原子将由

于 BCS 不稳定性形成弱束缚的库伯对 (Cooper pair)，

同时费米面将失稳并打开一个能隙，体系进入超流态。
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腔光场辅助的自旋–轨道耦合效应会使费米面发生自旋

混合，配对态的性质也会发生改变。平均场理论研究

表明 [93]，虽然在较大参数范围内发现了超流态和超辐

射共存的区域，但是大多数时候并不是原子气体的基

态（图 20）。对于费米超流与费米超辐射两种不同序的

共存以及其中的拓扑性质有待进一步研究。

图 20. 具有腔诱导自旋-轨道耦合的一维费米气体在有相互作
用时的零温相图。相互作用强度 g1Dn

avg
↑ /EF 从左至右依次

为 0.25, 0.28, 0.8，其余参数与图 19 一致。随着相互作用强
度的增强，超流 (SF) 的区域变大，正常态（N，包括完全极
化 (FP) 和部分极化 (PP)）的区域变小。图中实线表示一阶
相变，虚线表示二阶相变，点线表示拓扑相变。该图来自参
考文献 [93]。

VI. 总结

本文简要综述了光腔–原子耦合系统中的超辐射相

变，并针对超冷玻色气体和费米气体分别介绍了近年

来的一些理论和实验进展。从前面的叙述可以看出，

原子通过散射驱动光进入光腔，可以在腔内诱导出超

辐射相变，腔内光场模式出现宏观占据，同时伴随着

原子在空间的分布出现对称性破缺。发生超辐射相变

之后，原子在腔光场形成的驻波场中运动，反过来腔

光场又受到原子的作用和反馈，二者相互耦合，在长

时间极限下共同达到稳态。和自由空间中外加的光晶

格相比，超辐射相变后腔光场的主要区别有以下两点。

第一，腔光场通过耗散和环境发生耦合，因此体系达

到的是动力学稳态，而非热力学平衡态；第二，腔光

场和原子发生相干耦合，因此会在不同的原子间诱导

出等效的长程相互作用。这些特点不仅会导致该体系

的物质相和物质相变具有和传统光晶格系统不同的行

为，还为探索非平衡物理、发展非破坏实时测量技术、

寻找多体新奇物态等研究提供了丰富的思路。
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Ultracold atomic gases in optical cavities
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The hybrid system of optical cavity and ultracold atomic gas has caught great attention in recent

years. This review article focuses on the up-to-date progresses in both theory and experiment

worldwide, especially on the superradiant transition and some interesting quantum phases in Bose

or Fermi atomic ensembles. It is shown that the hybrid system is highly valuable in the exploration

of many interesting physics including non-equilibrium states, quantum simulation of many-body

systems, and synthetical gauge field and spin-orbit coupling.

Key words: Cavity-QED, Ultracold atomic gases, Superradiant transition, Non-equilibrium state
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